Power Control and Beamformer Design for
the Optimization of Full-Duplex MIMO Relays
in a Dual-Hop MISO Link

Umut Ugurlu, Risto Wichman, and Taneli Riihonen

Aalto University School of Electrical Engineering
P.O. Box 13000, FI-00076 Aalto, Finland
Email: firstname.surname @aalto.fi

Abstract—This paper studies the optimization of a dual-hop
multi-input single-output (MISO) link with a full-duplex multi-
input multi-output (MIMO) relay connecting the end nodes based
on the amplify-and-forward or decode-and-forward protocol. The
direct end-to-end link is considered weak, hence interpreted as
interference by the dual-hop relay link. We observe a duality
between the first and second hops in terms of transmit powers,
and show that one of them always optimally converges to its
upper bound. In addition, we combine the minimum mean
square error-based receive beamformer with the optimal transmit
powers as an iterative approach is not guaranteed to converge to
global optimum. Moreover, we introduce a new figure of merit to
approximate the optimal transmit beamformers, which is based
on the maximization of the signal-to-leakage-plus-noise ratio, and
present an iterative algorithm to jointly optimize the receive
and transmit beamformers as well as the transmit powers. The
numerical results demonstrate that the joint iterative algorithm
can achieve higher data rates with the leakage-based transmit
beamformers than those with conventional transmit filtering.

I. INTRODUCTION

Full-duplex systems can perform simultaneous transmission
and reception in the same frequency band, hence avoiding
the rate loss inherent to conventional resource division-based
duplex modes [1]. Therefore, full-duplex systems can promise
up to twice the data rate offered by spectral or temporal
division-based duplex systems in link level.

A promising application of full-duplex mode is relay-
ing. The most common relay strategies are amplify-and-
forward (AF) and decode-and-forward (DF), both of which
are considered in this paper. The AF protocol requires less
computations, whereas the DF protocol is more effective under
low signal-to-noise ratio (SNR) conditions. The transmitted
signal from a full-duplex relay is unintentionally received by
its own receiver. This self-interference signal can be partly
mitigated by physical isolation between the transmit and
receive antennas [2]. However, the residual self-interference
may still severely degrade the achievable transmission rates.
The optimal transmit power control and beamformer design
can combat the residual self-interference, hence achieving
higher data rates.

We study the optimization of full-duplex multi-input multi-
output (MIMO) relays in a dual-hop multi-input single-
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output (MISO) link that is coupled with a weak direct end-to-
end connection, which we interpret as interference at the re-
ceiver. We design optimal power control, receive and transmit
beamformers for the maximal performance of the end-to-end
relay link. First, we derive the optimal transmit powers and
receive beamformer. Next, we introduce a new figure of merit
to approximate the optimal transmit beamformers based on the
maximum signal-to-leakage-plus-noise ratio (SLNR) criterion.
Finally, we design an iterative scheme to jointly optimize the
end-to-end performance of the relay link.

II. SYSTEM MODEL

Let us consider a dual-hop link between a multi-antenna
source node and a single-antenna destination node with a full-
duplex MIMO relay connecting them, as depicted in Fig. 1.
The source node transmits one data stream towards the relay
node. The relay processes the received signal, and retrans-
mits it towards the destination node using the same spectral
resources; therefore the transmitted signal from the relay
interferes at its receive side. The destination node receives
the transmitted stream through two different links: the relay
link and the direct source—destination link. The direct source—
destination link is considered weak to be exploited in the des-
tination. Yet, it causes interference at the destination because
the derived signal is delayed due to the processing in the relay.

Source Node

Relay Node

Fig. 1. A dual-hop MISO link with a full-duplex MIMO relay.
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We denote the number of antennas at the source node by
Ms, and the number of antennas at the receive and transmit
sides of the relay by N, and NV, respectively. In that case,
the channel responses for the source—destination, source—relay,
relay—destination links, and the receive—transmit link of the
relay are denoted by hgp € C'*Ms, Hgg € CN-*Ms  hgpy €
C'*Nt and Hgg € CNexNr | respectively.

Due to the single-antenna destination node, the transmission
is realized on a single stream. We denote by wg € CMsx!
the transmit beamformer at the source, and by g, € C1xN-
and g € CNtX! the receive and transmit beamformers at
the relay, respectively. Let us also constrain the norm of the
beamforming filters to one, i.e., |[ws|| = ||g:|| = |lg:|| = 1.

We denote the transmitted and received signals on the
source—relay link by zs and yr, as well as the transmitted
and received signals on the relay—destination link by zr and
yp. Let us also denote the transmitted signals on the source—
destination and relay-relay links by s and Zg, respectively.

The transmitted signals on different links are modeled as
independent and identically distributed, and assumed to be
uncorrelated with each other due to large processing delay' at
the relay [3]; hence E{zszr} = E{xsZs} = E{arZr} = 0.
The transmit powers at the source and relay are denoted by
ps and pg, respectively, i.e., E{|xs|?} = E{|Zs|?} = ps and
E{|zr|?} = E{|Zr|?} = pr, which are constrained by

0<ps<Fs, 0<pr < (1)
where Ps and Pr denote the maximum transmit powers at the
source and relay.

The received signals, yr and yp, are given by

yr = grHsrwszs + g-Hrrg:Zr + grnr (2)
yp = hrpgi2r + hspwsZs + np 3)

where ng € CN»*1 and np € C denote the additive noise at
the relay and destination nodes, respectively.

The channel SNR expressions on the source-relay,
Ysr, relay—destination, <rp, relay-relay, vgr, and source—
destination, ysp, links are given by

_ |g-Hsrws)? _ |hrog:|?
YR= "7, YRD = ——5— 4)
OR )
 |g-Hrrgl? _ |hgpws?
MR = ———5 YSD = ——5— )
OR opH

where 03, 0% denote the noise powers at the relay and

destination, i.e., E{ngn{’} = 021 and E{|np|?} = o3.
The SINR expressions on the source-relay, g, and relay—
destination, vp, links are given by

__ DPsTsr
R— >
PRYRR + 1

PRYRD
=—— ©)
° psysp + 1

TAny processing delay that is longer than the transmission time of one
symbol should suffice for both AF and DF.

The end-to-end SINR expressions under AF and DF proto-
cols are given by

AF TRYD
e 7
’}/eZe ’YR + ’YD + 1 ( )
Yeze = min {1&, 70} ®)

The maximum achievable data rate by the end-to-end relay
link is given by log, (1 + 7eze) Where 7eze denotes the end-to-
end SINR.

III. TRANSMIT POWER ALLOCATIONS

The transmit power allocation for the optimization of the
end-to-end relay link is realized by the maximization of the
end-to-end SINR for a fixed set of beamformers. First, we
derive the optimal transmit powers at the source and relay
separately with the assumption that the other transmit power is
fixed. Next, we conclude that due to the duality of these power
expressions, the optimal power allocation can be obtained by
setting each of the derived transmit powers to its upper bound
and picking the one yielding the higher end-to-end SINR.

A. Under AF Relaying

After taking the derivative of v3% in (7) with respect to ps,
and setting it to zero, the optimal transmit power at the source

is obtained as

Ps = min {Ps, \/(pRVRD + 1) (prRr + 1) } )

“YSRYSD

Similarly, the optimal transmit power at the relay is obtained
after taking the derivative of vF with respect to pr, and setting
it to zero by [4]

fr = min {PR, \/(ps’YSR +1)(psysp + 1) } (10)

“JRRYRD

Due to the duality of (9) and (10), one can conclude that
either ps or pr is always optimally equal to its maximum (1).
Hence, the optimal power allocations are given by

[P aﬁR],
s, ] = {[ﬁss,PR],

B. Under DF Relaying

After setting YR = 7p, the optimal transmit power at the
source is obtained as

1 4 1
fs = min { P, 1 4 DrspyROPR [PrYRR + 1] 1
27sp YsR
(12)

AF AF
Yeze |pR.:PR S Yeze |PS:PS
otherwise

(1)

Similarly, the optimal pg is derived by setting yr = vp and
solving for pr by [4]

1
Pr = min ¢ Fg, 14+
29RR

4YRRYSRDs [Psysp + 1] 1
RD
(13)



Due to the duality between (12) and (13), the optimal pair
of ps and pg is given by

p DF DF
[p37pR] = {[PS’pR], ’Yeze|pR:PR S FYeZe|pS:PS (14)

[ps, Pr], otherwise

IV. BEAMFORMER DESIGN

In this section, we first derive the optimal receive beam-
former based on the minimum MSE criterion with fixed
transmit beamformers. Next, we adopt a new figure of merit
to approximate the optimal transmit beamformers because the
MMSE filtering is hard to derive due to the non-convexity of
the end-to-end link. We define SLNR expressions for both
source—relay and relay—destination links, which effectively
decouple the end-to-end optimization problem of transmit
beamformers into two parts: the maximization of the SLNR
on the source-relay and relay—destination links. Finally, we
present an iterative scheme to optimize the end-to-end relay
link jointly by the minimum MSE and maximum SLNR-based
beamformers as well as the optimal power control.

A. By Minimum MSE

When wg and g; are fixed, the relay—destination link can
be optimized by power control only, whereas the source—relay
link is now exposed to a self-interference signal with a static
beamforming direction. In that case, the optimal g, is given
by the MMSE filtering as

HyrH P —1
_ wiHgRy

= - (15)
i HER A

where RN = pRHRRgtgtH H{{R + crl%I is the autocorrelation
of the interference-plus-noise signal.

However, (15) requires the optimal pr, whereas both (11)
and (14) require the optimal g,. Because the transmit power
expressions are non-convex, an iterative scheme using (15)
does not guarantee convergence to global optimum. Therefore,
we derive the optimal power allocations with the MMSE-based
beamformer in closed forms below.

1) Power Allocations with MMSE-based Beamformer under
AF Relaying: After substituting g, in (15) into (7), the optimal
pr [5] and ps are obtained by

Ps —min{Ps,ﬂ} (16)
(65
. Jr, whenO<pr <P
PR = {PR, otherwise a7
where a1, g, @R are given by
K
a1 = FIpf + Rapr + O} pr + OR0T (18)
2
1
g = —5—5 K5 (K4 + K3PR) (19)
OR9D
2
= VB1 + B283 + b1 20)
B3
1
p1 = Kak3 (1 + ——5 (k4 + K5 + f<&4f€5)ps) ps (2D
OrROD

1
B2 = Kaka (1 + = (K4 + K5 + 114'%5)ps> Ps (22)
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for which the non-negative terms k1, k2, k3, K4, K5 are defined
as

k1 = ||Hgrrg:|*/hrog:|? 24)
K2 = op|hrpgt|? (25)

2
g;

K3 = U—B (IHsrws||* | Hrrge||* — |w Hi; Hrrg:|*) (26)
R

ka = op||Hsgws||? (27)

Ry = Oﬁll’lSDWsl2 (28)
The optimal pair of ps and pr can be obtained by the
substitution of (16) and (17) into (11).
2) Power Allocations with MMSE-based Beamformer under
DF Relaying: After substituting g, in (15) into (8), the optimal
pr [5] and ps are derived as

2 4 _
fs = min {PS, Vi F 27Ty Tl} (29)
2’7’2
2 4 _
PR = min {PR, VEL T 2eats e } (30)
262
where 7y, T2, T3, €1, €2, €3 are given by
T1 = K4 + K3PR (3D
1
Ty = @55 (k4 + K3DR) (32)
73 = (K1PR + K2) PR (33)
1
€1 = K2 — K3 (ﬁfﬁps + 1) ps (34)
OR9D
€9 = K1 (35)
1
€3 = K4 <ﬁ"f5ps + 1) Ps (36)
OROD

Similarly, the optimal pair of ps, pr are obtained by
substituting (29) and (30) into (14).

B. By Maximum SLNR

The leakage signal of a node is defined as the aggregate
transmitted signal which is received and interpreted as inter-
ference by other nodes [6]. The SLNR expressions for the
source-relay, 7r, and relay—destination, 7p, links are given by

- lg-Hsrws|*ps
TR |hspws|?ps + o

~ |hrpg:[*pr
e |g-Hrrgt|?pr + 0f

(37

(38)



In that case, the optimal wg and g; maximizing SLNR are
given by

(39)
(40)

-1
Wg = (pshg)hSD + O'I%I) Hé{{gfl
-1
g = (prHirg g Hyr + oplI) hi,

Notice that (39) and (40) does not necessarily maximize
the end-to-end SINR. However, one can show that the SLNR-
based transmit beamformers are guaranteed to yield the max-
imum data rate on the condition that at least one of the
following equalities hold.

PSSR = PRYRD; DsYSD = PRIRR (41)

where we assume o2 = o3.

C. By Joint Minimum MSE and Maximum SLNR

The optimization of the end-to-end transmission can be
achieved by a set of joint iterations between the MMSE-
based receive beamformer with optimal transmit powers and
the maximum SLNR-based transmit beamformers.

The iterative scheme can be initiated by setting wéo) as
the right singular vector of Hggr that corresponds to the
largest singular value, and g§0) as the hermitian transpose of
hrp. The optimal gg), pgi), and pf({i ) for the ™ iteration are
calculated by (15), (11), (14), where ps and pr are given by
either (16), (17) or (29), (30). Next, the optimal wéz) and
gf) are approximated by (39) and (40). One should notice
that the convergence is not always guaranteed due to the
non-convexity of the transmit power expressions. Hence, the
algorithm is terminated when the current end-to-end SINR
does not increase any more. Additionally, the algorithm can
also be terminated when a certain number of iterations is
exceeded, i.e., ¢ > Z, where Z is a large number. In our
simulations, we choose Z = 100. The joint iterative algorithm
is presented in Table 1.

V. NUMERICAL ANALYSIS

The following simulation results demonstrate the perfor-
mance analysis of the proposed joint iterative scheme.

The MIMO relay is equipped with two transmit (N; = 2)
and two receive antennas (N, = 2), whereas the source
employs four antennas (Mg = 4). All the channels are
modeled to experience flat fading with the channel elements
being independent identically distributed complex Gaussian
random variables. The average gain of each channel element is
modeled as 15 dB for the source-relay and relay—destination
channels, whereas each element of the relay—relay and source—
destination interference channels are modeled to have the same
average gain, which is varied from 0 dB to 10 dB. The
additive noise terms at the relay and destination are modeled
as Gaussian with zero-mean and unit-variance. The maximum
transmit powers at the source and relay are defined as one.

Fig. 2 shows the achievable data rates by the joint iter-
ative scheme with the SLNR-based transmit beamformers,
and compares them to the performance of the conventional
maximum ratio transmit (MRT) and zero-forcing (ZF) transmit

TABLE I
ITERATIVE OPTIMIZATION OF THE END-TO-END TRANSMISSION

Step #1 —  Initialize ggo) = h{L /||hgp|| and wéo) = v1, where
Hgsg = UZ[v1,...]H based on singular value
decomposition, and set i = 1

(17) with AF

(30) with DF
Calculate Yepe,[1] given g [1] by (15) with P, and pr
(16) with AF

(29) with DF

Calculate Yepe,[2] given g [2] by (15) with ps, and Fr

Step #2 —  Set ps = Pk, and calculate pr by {

Step #3 —  Set pr = PR, and calculate pg by

Step #4 — If Vee,[1] 2 Veze,[2] )
Set p{" = Ps, py’

else

= pr. and g\ = &r,[1]

Set péi)
end

Calculate w(” by (39) and g{”) by (40)

(1) (7) with AF
Calculat b

AW Yeze O 9 (8) with DF
if 7

(i—1)
o (i-1) (i-1)
11— 11—
Set ps =pg  ’, PR = Py
(i—1)
Wg = WS
exit
else ifi > 7
Set ps = i, pr = P, g = &7,
w(i) and =@
s > gt = &

(@)

= Ps. Pr &

= PR, and gr " = gy [2]

Step #5 —

Step #6 —

<7,

eZe
i—1
g =g,

,and g¢ = ggiil)

Wg =
exit
else
Seti=1i+1
Go to Step # 2
end

beamformers as well as that of direct-link transmission. The
MRT beamformer at the source is given by the right singular
vector of Hggr that corresponds to the largest singular value,
whereas the MRT beamformer at the relay is given by the
normalized hermitian transpose of hgrp. The ZF transmit
beamformer at the source is given by the projection transform
of the right singular vector of Hggr corresponding to the largest
singular value to the nullspace of hgp, whereas the ZF transmit
beamformer at the relay is given by the projection transform of
hl{ID to the nullspace of g, Hgrr where g, is chosen as the left
singular vector of Hgg that corresponds to the largest singular
value. Naturally, the direct-link transmission is realized by the
MRT beamformer at the source with maximum transmit power,
i.e., ps = Ps, while the relay node is turned off by pr = 0.
Note that all the schemes in Fig. 2 use the optimal MMSE-
based receive beamformer and transmit powers. The vertical
axis represents the achievable data rates, whereas the hori-
zontal axis represents the average gain of the relay-relay and
source—destination interference channels. The solid lines show
the achievable rates with DF relaying, whereas the dashed lines
represent the data rates with AF relaying. We observe that the
joint iterative scheme outperforms the conventional transmit
beamformers with both AF and DF relaying. The MRT beam-
former severely suffers from high interference levels, whereas
the ZF beamformer is insensitive to the effect of interference.
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Fig. 2. The achievable data rates by the joint iterative algorithm vs. the
conventional transmit beamformers.

The direct-link transmission performs better while the gain of
the source—destination channel improves. When the gains of
the source—destination and relay-relay channels are 10 dB, the
direct link achieves higher data rate than the proposed SLNR-
based scheme with AF relaying. However, the relay link is
still preferable over the direct link under the DF protocol in
terms of higher data rate.

In order to evaluate the contribution of the SLNR-based
transmit beamformers alone within the joint iterative algo-
rithm, the MRT-based and ZF-based transmit beamformers
are integrated into the algorithm as reference schemes. In
particular, Step #5 of Table I is replaced by the MRT and ZF
beamformers. Fig. 3 shows the achievable rates by the joint
iterative algorithm with the SLNR-based, MRT-based, and ZF-
based transmit beamformers. We observe that the SLNR-based
beamformer outperforms the conventional beamformers. Fur-
thermore, both the MRT and ZF-based beamformers achieve
higher data rates under low and high interference levels relative
to those in Fig. 2.

In contrast to the results in Fig. 2, the ZF-based beam-
former achieves higher data rates with higher interference
levels in Fig. 3. This counterintuitive phenomenon can be
explained as follows. When the interference levels are low, the
interplay between the maximization of the useful signal and
the minimization of the interference signal gains is a delicate
procedure, hence the iterations start to bounce between them
forcing the algorithm to terminate faster. In contrast, when the
interference levels are high, the interplay is a cruder procedure,
therefore the first drop in the data rate happens relatively
slower letting the algorithm run for more iterations. As a
result, the iterative joint optimization with the ZF beamformer
achieves higher data rates under high interference.

VI. CONCLUSIONS

We studied the optimization of a dual-hop multi-input
single-output link with a full-duplex multi-input multi-output
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Fig. 3. The achievable data rates by the joint iterative algorithm with SLNR,
MRT, and ZF-based transmit beamformers.

relay with both the amplify-and-forward and the decode-
and-forward protocols, where the direct end-to-end link is
interpreted as interference at the destination. We designed
transmit power control and beamforming filters to optimize
the end-to-end transmission. First, we combined the optimal
minimum mean square error-based receive beamformer with
the optimal transmit powers to tackle the non-convexity prob-
lem inherent to an iterative approach. Next, we introduced the
signal-to-leakage-plus-noise ratio as a new figure of merit to
approximate the optimal transmit beamformers at the source
and relay. In addition, we designed an iterative algorithm to
jointly optimize the receive and transmit beamformers. Our
numerical analysis shows that the proposed joint iterative
scheme with the leakage-based transmit beamformers outper-
forms the conventional beamforming methods at both low and
high interference levels.
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