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Abstract—Previous research on cognitive networks argues that
secondary users can only work under a low transmission power
condition in an underlay spectrum sharing model. Motivated
by the idea of cooperative communications, in this paper we
investigate the achievable transmission capacity of a cognitive
network that provides cooperative relaying to the primary
network over the underlay spectrum sharing model. The fea-
sible region of the relay, the lower bound of the power ratio
between the primary network and the secondary network with or
without cooperative relaying, as well as the maximum achievable
transmission capacity of the secondary network with or without
relaying under the outage constraints from both the primary and
the secondary network, are carefully studied. Numerical results
indicate that secondary users can achieve a higher transmission
capacity with cooperative relaying as they can transmit at a
higher power while satisfying the outage probability constraints
from both systems.

Index Terms—Achievable transmission capacity; cognitive ra-
dio networks; cooperative relay; outage probability

I. INTRODUCTION

As a fundamental problem, achievable transmission capacity
of a cognitive radio network has been extensively studied
[L]—[6ll, [O1-[13]. Our prior work [1]] indicates that secondary
users could only work at a low transmission power over the
underlay spectrum sharing model to guarantee the normal
communications of the primary users, especially when the
direct transmission from a primary transmitter to its receiver
is severely damaged due to pass loss and channel fading; thus
secondary users can only achieve a low transmission capacity.

Motivated by the physical layer technology called coop-
erative relaying, in this paper we aim to study whether
cooperative communications can help the secondary users to
achieve a higher transmission capacity constrained by the
outage probabilities from both the primary and the secondary
system compared to the cognitive network without cooperative
relaying under the physical interference model. Our work
deviates from most existing works as they usually assume
the mechanism in which primary users lease their spectrum
to secondary users for a fraction of time and in exchange,
they get cooperative transmissions or other benefits. In this
paper, we investigate the achievable transmission capacity of
a cognitive network that provides cooperative relaying to the
primary network over the underlay spectrum sharing model,
which has not been addressed to our best knowledge.

The cooperation between the primary and secondary system
under the interleave spectrum sharing model has been investi-
gated in [4]], [5], which demonstrate that cognitive cooperation
can support a higher stable throughput for both the primary and
the secondary users compared to non-cooperative networks. A
tradeoff on the utilities of the primary and the secondary users
is studied in [6]], and the results indicate that the primary and
secondary users have the motivation to cooperate with each
other under certain circumstances in which the performance of
both systems can be dramatically improved if they cooperate.

Our main contributions are summarized as follows: 1) The
successful transmission probabilities of the primary and the
secondary network under the physical interference model are
derived based on our cooperative network framework. 2) The
maximum average transmission capacities of the cognitive
network with/without cooperative relaying are derived under
the outage constraints from both the primary and the secondary
network when the decode-and-forward relaying protocol is
adopted. 3) Numerical analysis is reported to verify our
argument which states that cognitive networks can achieve
a higher transmission capacity when secondary users provide
cooperative relaying for the primary network over the underlay
spectrum sharing model.

The rest of the paper is organized as follows. Section
depicts our system model. In Section we derive the
achievable transmission capacity of the secondary network
when no cooperative relaying is employed. Section [[V] details
the elaboration on the achievable transmission capacity with
cooperative relays. Our numerical analysis is reported in
Section [V] and Section [V]] concludes the paper.

II. SYSTEM MODEL
A. Network Model

We consider a system model depicted in Fig. where
a primary (licensed) transmitter PT communicates with an
intended primary receiver PR. In the same spectrum band,
a secondary network, composed of N nodes, resides in the
range of the primary network and is seeking to exploit possible
transmission opportunities. When the PT is far from the PR,
a secondary user, which has a higher link quality and is not
in transmitting or receiving mode, can be selected to relay
packets for the PT. Such a SU is called a cooperative relay.
For simplicity, we assume that the primary user employs a
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Fig. 1. The system model.

fixed transmission power P,, and all secondary transmitters
have the same transmission power P;.

We further assume that time is slotted, and that the trans-
mission of one packet for both the primary network and the
secondary network takes the duration of exactly one time slot.
When a cooperative relay is utilized, the delivery of a packet
from the PT to the PR should take two time slots, with the
first one for the transmission from the PT to the relay, and the
second one from the relay to the PR. Thus we consider two
successive time slots in our analysis. If no cooperative relay
is employed, the PT transmits a packet to the PR directly in
the first slot and is idle in the second slot. The secondary
network can transmit at both slots, as long as the interference
experienced by the PR is tolerable.

B. Physical Layer Model

For a propagation channel model with a long term path
loss and a short term independent flat Rayleigh fading, the
received power at a typical receiver from a transmitter can
be computed by Pyd;;|d;;|~“, where Py is the transmission
power of network k, with k = p denoting the primary network
and k£ = s denoting the secondary network, « is the path loss
exponent, d;; is the distance between the transmitting node 4
and the receiver j, and d;; is the fading factor on the power
transmitted from the node ¢ to the receiver j. Let ¢ = 0 denote
the PT, and j = 0 denote the PR. Then other values of ¢ and
7 denote secondary users. The probability density function of
the fading factor d;; follows an exponential distribution with
a unit mean [8]]. Considering the cumulative interference from
the transmitters of both the primary network and the secondary
network, the signal to interference-plus-noise ration (SINR) at
the receiver j of system k can be represented by:

Ppdiid; "

SINR;; = I, + 1, + N (D
where Ny is the thermal noise power, and I,,; = P,do;|do;| ™
and I;; = Y Psdgjldg;|~* (for g # i) are respectively the

qeSU

cumulative interference power from the transmitting node of
the primary network and that of the secondary network to the
typical receiver j of network k. Note that [;,; = 0 when j = 0.
As spectrum sharing systems are interference-limited [9]], the

thermal noise can be negligible. Hence for simplicity, SIR is
used instead of SINR:
Pkéijd;ja
SIR;; T, + 1, 2)
A signal can be correctly decoded at a receiver of system k
if the corresponding SIR is greater than a threshold 7. Thus
the probability of a successful transmission can be defined as
PI‘(SIRM > Nk)-

C. Achievable Transmission Capacity

Since the achievable transmission capacity in packets/s/node
does not take into account the spectral efficiency of each
packet, we define the transmission capacity in bits/s/Hz/node,
which measures the number of bits each node can receive
from its desired transmitter per second per Hertz. A similar
argument can be found in [7]. According to Shannon’s Theory,
a packet can carry log,(1 + 7)) bits/s/Hz information. Thus
the achievable transmission capacity can be defined as:

C =1logy(1+ ns)Pr(SIR;; > 1) 3)

III. ACHIEVABLE TRANSMISSION CAPACITY WITHOUT
COOPERATIVE RELAYING

As a baseline, we first analyze the achievable transmission
capacity of the secondary network when no cooperative relay
is utilized. In such a case, the PT transmits signals to its PR
directly. Assume that a subset of SUs, denoted by Sub, are
allowed to transmit over the same spectrum band as the PT in
each time slot, as long as their transmissions do not disturb
the normal communications of the primary network.

According to (2)), the successful transmission probability of
the PT in the first slot can be given as:

Pydoodyy dg
Pr(SIRgo > np) = Pr(~220%00 > 1y — pr{ggy > %007
s0 Pp
—E _npdgo P.S:od=o 4
= Egs,01{exp( P Z s0i0d;0™) } “)
P ie{sub}
- 11 1
o My (doo \a
i€ {Sub} 1 7:(T03)
where 7,5 = %: is the power ratio between the primary

network and the secondary network.
Similarly, the successful transmission probability of a sec-
ondary user in the first time slot is given by:

Pryiret(STRy; > 1) = Pr( Pubigdiy” )
Tfirs 7 = Nls) = - 5 = 1s
f t J n Is_] +Ip] 77
nsd(.X.
—exp(- Pl](faj+fm))
_E{‘Sw}{exp Z P(qu ‘IJ
P qe{Sub\i}
s 1 o
X Egs0,3 eXp(_?qudOj do;)

1 1
I 1
qe{Sub\i} 1+ 778( ) 1+ ns'Yps( )




Based on (3), the achievable transmission capacity of the
secondary node in the first slot can be computed by:

H 1 1

ge{sunit | Jr77@( v) 1 Jrﬁwpe( )CY
(6)

As the PR can receive its packet successfully in the first
time slot, PT stays idle during the second slot, leaving the
opportunity for the secondary nodes to access the spectrum
without disturbing the primary network. Hence, the successful
transmission probability of a secondary user in the second slot
can be expressed by:

Ctirst = log(1 + ;)

H;da )

Prsecond(SIRij > 77.9) =
qetswniy 1+ 7:(37)

Accordingly, the achievable transmission capacity of the
secondary node can be given by:

I1 ;dja ®)

Csecond = IOg(l + 775)
gefsmniy 1T ”S(dqj)

From @)~(8), we can obtain the following average trans-
mission capacity of a secondary user with outage constraints
from both the primary and the secondary network:

11 T

1

geiswniy LH (35 nsms ()™
9)
subject to the following outage constraints:
1
1- H p (doo)a < 0}0 (10)
i€{Sub} Tps * dio
1 1
1- - —— <6, (1
gefsuniy 1T ns(dqi )* 1+ 77571)5(%; )*
1

1- T <bs (12)

gefsmniy LT ns(dq'j )®

where 0, and 0, are the maximum allowable outage probabil-
ities of the primary and the secondary network, respectively.
Note that (I0) and (TI) correspond to the outage constraints
of the first slot in which both the primary and the second
systems share the spectrum band while denotes the outage
constraint of the secondary network in the second time slot.

From (10) we can obtain the lower bound of the power ratio
’Y,l,s; fro we can obtain the upper bound of the power
ratio 'y;js; and from (9), we observe that the capacity of the
secondary user decreases with the increase of the power ratio.
Hence, by substituting fyzl,s into @), we achieve the following
maximum average transmission capacity:

1 1
C'=log(l+n) ]
geisuniy 1T 1s(g

dij dij + 1]

]- )a [nS’Yps<d0] )a

(13)

subject to the following outage constraints:
1 1
dig
1 + 776( dq]. )a 1 + nS’Ypa(dO] )a

1

1—
qe{Sub\i}

<0 (14

1-— < 0,

5)

R
qeisuniy T s(3))

IV. ACHIEVABLE TRANSMISSION CAPACITY WITH
COOPERATIVE RELAYING

In cooperative cognitive networks, the primary transmitter
that is far away from its receiver can select a secondary user
to relay its information. Assume that the distance from the PT
to the relay is dy,, and the distance from the relay to the PR
is d,g. We further assume that the decode-and-forward (DF)
protocol is adopted by the relay. Note that the relay selected
should have a higher link quality than the direct link, which
indicates that:

P,bo,.dy " P Orod P,600dos"
min{ D ;r Or 0%r0 } p IOO 00 (16)
ST s() s0
Therefore we have
do,™ dog”
Iizx 150 o (17)
dro" > psdoo

Then the location region of the relay can be obtained as
follows:

{dw < (%’Z)édoo
dro < Yps" doo

This indicates that the location region of the relay is affected
by the interference from the secondary users, the distance from
the PT to the PR, as well as the power ratio. The above two
equations can be illustrated by Fig. 2l When the distance dg
between the PT and the PR is fixed, the location region of the
relay, which is the shaded overlapping area of the two circles,
is determined by the interference ratio SU and the power ratio
Yps- In other words, the relay selectlon rdepends on both the
interference from other SUs and the transmit powers, i.e, P,
and P,. Moreover, the link quality and the SU capacity can
not be improved if the selected relay is out of the shaded
overlapping area.

(18)

U/ 1)

Fig. 2. The location region of the relay.

During the first time slot, the PT transmits a packet to a
relay. Based on our system model, secondary users access the
same spectrum as that by the PT under the constraint of the



primary network. The successful receiving probability for the
relay from the PT can be computed by:

Pybordy,”

Pr(SIRy, > 1) = Pr(—2 > 1)

ST
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The successful transmission probability of a secondary user

in the first slot is the same as the case without cooperative

= Pr{50,,

19)

relaying, i.e.,
1 1
II i

Prif (SIRy; > n,) =
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Thus the achievable transmission capacity of a secondary

node is:
11

1 1
CfDif’St = log(1+ ns)
q€{Sub\i}
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dij \o
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(21
In the second slot, the relay re-encodes the message received
form the PT and transmits it to the PR. Hence, the successful
transmission probability for the relay to the PR is:
Pyérod, " + Ppdoodoy”
ISO
Nplso — Ppdygdoo
Pyd,g
Npd
rO I )
dr0500)
P.dg,

1 1
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The successful transmission probability for a secondary user
1 to its (secondary) destination j is:

Pr SIR;; > pr( 20"
sprond( ij 775) - (m = 775)
nsd‘?‘,
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Then the achievable transmission capacity of a secondary
node can be given by:
1 1

Csecond - IOg(l + T]S) H dis d;s
qE{Sub\i} 1+ ns(d; )e 1+ ns(ﬁ>a
24)

The outage probability for the transmission from the PT to
the PR is 1 — Pr(SIRy, > ns)Pr(SIR,o > n,). Hence, from
(I9)~(24), the average transmission capacity of a secondary
user with outage constraints from both the primary and the
secondary network can be derived as follows:

C (szrst + Csecond)
1 1
-5 log(l +n‘?) H d. - [ d. -
2 ge{suniy 1T ns(d; ) 1+ 775%8(51;; )e
1
) (25)
1+7s ( ;i )a
subject to the following outage constraints:
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1- H 7s <0y
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1- d. - .- < 93 (27)
geisuniy T (G2 T+ neyps(32)°
1 1
1- d. - d. - < Hp (28)
qeiswniy LT (7)1 ms(30)"

From and (27), we can obtain the lower bound vzljs
and the upper bound ~;; of the power ratio, respectively.
We also observe that the lower bound yzljs is affected by the
location of the relay. From , we further observe that the
capacity of the secondary user decreases with the increase
of the power ratio. Hence by substituting ’yzl,s into l| we
obtain the following maximum transmission capacity C* of
the cooperative cognitive network:

1 1 1
C* =-log(1+n.) ] [
2 qe{Sub\i} L+ 773( dgj )a 1+ nSrYps( )a
1
T d. (29)
1+ns(g2)”
subject to the following constraints:
1 1
1- dis | dis <0 (30)
qetsuniy 1M (G0)* 1t ey (50)°
1 1
1 - <0, (31)

L)e 14y (g)e

V. NUMERICAL ANALYSIS

qe{Sub\i} L+ 77‘3(

In this section, we report our numerical results on the
average achievable transmission capacity of the cognitive
radio network with or without cooperative relaying based on
our analysis. For simplicity, we consider a simple network
topology shown in Fig. 3] where the relay is located in the
straight line between the PT and the PR, and the two sources
of the secondary network have the same distance to the PR.
As elaborated in the following subsections, such a simple
topology can perfectly capture the insights of our analysis
while facilitating the thorough comprehension of the numerical
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TABLE I
THE SIMULATION PARAMETER SETTINGS
symbol | Semantic Meaning Value
« pass loss exponent 4
Np threshold of the PR in the 4dB
primary network
doo distance between PT and PR 100m
d;o distance between a secondary 100m
transmitter and the PR
dij distance between a secondary 20m
transmitter and its destination
doj distance between the PT /1202 + 1002m
and a secondary receiver
dro distance between relay and PR dr
dor distance between PT and relay 100-dr
dir distance between the secondary /1002 4+ 1002m
transmitter and the relay
drj distance between the relay /1002 + (120)2m
and a secondary receiver

results. The distance calculation as well as other parameter
settings utilized in our simulation study are listed in Table I.
First we consider the case when the receiving threshold of
the secondary network is set to be the same as that of the PR
(4dB). The achievable transmission capacity of the cognitive
network versus the distance from the relay to the primary
receiver when the power ratio is set to be 5, 10, or 50, is shown
in Fig. @] From the figure we observe that without cooperative
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Fig. 4. The achievable transmission capacity of the cognitive network versus
dro when the power ratio varies.

relaying the network can not satisfy the outage probability
constraints from the primary or the secondary system for all
parameter settings, thus achieving a zero capacity. When the
power ratio is set to 5, and the distance from the relay to the
PR changes from 48m to 68m (this distance range defines the
location region of the relay), the network with cooperative
relaying can satisfy the outage probability constraints and
achieve a capacity value of around 2. When the power ratio
changes, the feasible location of the relay also changes, which
is consistent with our previous analysis in section
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Fig. 6. The maximum achievable transmission capacity of the cognitive
network versus d,.q.

Since the transmission capacity decreases with the increase
of the power ratio, we also investigate the lower bound of the
power ratio in this simulation study. Fig. 5] reports the lower
bound of the power ratio (computed from (26)) versus the
distance from the relay to the primary receiver. For comparison
purpose we also draw the lower bound of the power ratio
computed from (I0) when no cooperative relaying is adopted.
From this figure we observe that the lower bound of the power
ratio decreases with the increase of the distance from the relay
to the PR. This is because when the relay is nearer to the
PR, the PR can experience a lower pass loss such that the
secondary user can increase its transmission power for capacity
enhancement. The maximum achievable transmission capacity
when adopting the lower bound of the power ratio is given in



Fig.[6] Since the outage probability increases with the power
ratio, the maximum capacity is only achieved when d,q is
higher than 10 under which the outage probability constraints
are satisfied, according to (30).
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The lower bound of the power ratio and the maximum
average transmission capacity of the network with/without
cooperative relaying versus the receiving threshold when the
relay is fixed to 20m, 50m, or 80m away from the PR are
shown in Fig. [7] and Fig. [8] respectively. We observe that
under the outage probability constraints of both the primary
and the secondary system the maximum receiving threshold
of the secondary network is 2dB without cooperative relaying
while it reaches 5, 20, and 27 with cooperative relaying when
the relay is respectively 20m, 50m, and 80m away from the
PR. This can be explained as follows: When the relay is
nearer to the PR, the PR can experience a lower pass loss
such that the secondary user can increase its transmission
power. Accordingly the secondary receiver can achieve a
higher SIR when the power ratio between the primary and
the secondary network decreases. Thus the secondary user can
receive its signals successfully with a higher threshold. Given
a higher threshold 7, the network with cooperative relaying
can achieve a larger capacity than the one without cooperative
relaying.

VI. CONCLUSION

In this paper, we investigate the average achievable trans-
mission capacity of a cognitive network that provides cooper-
ative relaying to the primary network under the outage prob-
ability constraints from both the primary and the secondary
system. The probabilities of successful transmissions in the
primary and the secondary network are respectively derived
for the direct transmission and the decode-and-forward relay
model. The maximum achievable transmission capacities of
the secondary network with or without cooperative relaying
in terms of bits/hop/s/Hz/node are obtained based on Shan-
non’s Theory. Our numerical results indicate that cooperative
relaying between the primary and the secondary network can
help the secondary network to achieve a higher transmission
capacity when the relay is located at an appropriate position.
For future research, we will consider more complicated coop-
erative cognitive network scenarios and investigate an efficient
relay selection algorithm.
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