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ABSTRACT

In this paper, we study optimal nonlinear pricing policy de-
sign for a monopolistic network service provider in the face
of a large population of users. We assume that users have
stochastic types. In [1], games with information symmetry
have been considered; that is, users’ true types may be pub-
lic information available to all parties, or each user’s true
type may be private information known only to that user.
In this paper, we study the intermediate case with infor-
mation asymmetry; that is, users’ true types are shared in-
formation among users, but are not disclosed to the service
provider. The problem can be formulated as an incentive-
design problem, and an e-team optimal incentive (pricing)
policy is obtained, which almost achieves Pareto optimal-
ity for the service provider. A comparative study between
games with information symmetry and asymmetry are con-
ducted as well to evaluate the service provider’s game pref-
erences.
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1. INTRODUCTION

In recent years, pricing has been increasingly studied for
communication networks. Pricing can help to alleviate con-
gestion. In this case, prices are essentially used as control
signals from network service providers to users for them to
adjust their usages of bandwidth (called flows here) accord-
ingly. We can call this passive pricing, and the work in [2]
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stimulated much research in this direction, such as in [3], [4].
On the other hand, we can have active pricing, as considered
in this paper, where prices are charged by network service
providers to users in order to generate the maximal profits
(which are equivalent to revenues here, since we assume that
the costs are negligible or fixed). Examples of studies in this
direction include [5], [6].

For active pricing, a hierarchical Stackelberg (leader-fol-
lower) game framework was proposed in [7] to study the
interaction between profit-maximizing service providers and
utility-maximizing users. Like most other works in the com-
munication network pricing literature, [7] dealt with linear
pricing, where what service providers announce to users are
prices per unit flow which are fixed (i.e., without quantity
discounts). In [8] and [1], we extended the framework, with
a monopolistic network service provider, from linear pricing
to general nonlinear pricing, where there may exist quantity
discounts, such that the charge to a user may be a nonlinear
function of the user’s flow. In this context, the underlying
game becomes a reverse Stackelberg game, where the service
provider first needs to obtain the team solution (i.e., the
action outcomes of users that jointly maximize the profit),
and then solve the incentive-design problem for the optimal
incentive policy (i.e., nonlinear pricing policy) such that the
team solution is achieved. Precise definitions can be found in
these two references. Particularly, in [8], a single user case
was studied to illustrate the concept of nonlinear pricing,
and in [1] the other extreme case of a large number of users
was considered. We were interested in this asymptotic case
because first, it allows derivation of analytical results, and
second, practical communication networks generally feature
a large user population.

Also, in [8] and [1], we assumed that each user may be
stochastically of different true types, resulting in different
utility functions, and considered the complete information
game, where each user’s true type is public information avail-
able to all parties, as well as the incomplete information
game, where each user’s true type is private information
known to that user only. Moreover, for the case of multi-
ple users, we can have the intermediate game where there
is information asymmetry between the service provider and
the users, so that a user’s true type is shared information
available to all users, but not to the service provider. This
is called the partially incomplete information game in [9],
in addition to the complete information game and the in-
complete information game (called totally incomplete infor-



mation game, for distinction) studied in [1]. The work [9]
considered linear pricing, and here we extend the study to
nonlinear pricing.

Specifically, we consider in this paper optimal nonlinear
pricing policy design for a monopolistic network service pro-
vider in the face of a large number of users under partially
incomplete information, and compare the results with those
obtained in [1] for the other two classes of games with in-
formation symmetry. Comparison of nonlinear pricing with
linear pricing for the three classes of games was reported in
[10] and is not included here due to page limitation.

The rest of the paper is organized as follows. We first
introduce the problem and reproduce some results of [1] in
the next section. Then, in Section 3, which is the main part
of this work, we study optimal nonlinear pricing policy un-
der information asymmetry (i.e., under partially incomplete
information). Following that, results are compared for the
three classes of games in Section 4, and finally the paper
concludes with some remarks included in Section 5.

2. PRICING UNDER INFORMATION SYM-
METRY

Denote the set of users by N := {1,--- ,n}. Following the
model of [7], we formulate the net utility of User ¢ as

1

Fu, (zi,%x—1;73) := w; log(1 + z;) — T

—Ti, (1)
for 0 < z; < n — z_;, where z; is User i’s flow, x_; :=
{z;}jen,j=i is the set of all the other users’ flows, z_; :=
ZjeN xj; — xi, and r; is the total charge to User i by the
service provider, which is allowed to depend nonlinearly on
z;. Also, let :=3%", v x; =zi+2—; and x := {z;}jen. In
(1), the first term captures the user’s utility for flow, which
is taken to be logarithmic, with w; a user-specific param-
eter, called the type of the user. The second term is the
congestion cost, which captures the delay in the framework
of an M/M /1 queue modeling of a link of capacity n'. While
each user tries to maximize his net utility by choosing his
flow (taking the pricing policy and the other users’ flows as
given), the service provider needs to design optimal pricing
policies such that his profit, 7 := > jen Tis is maximized.
Let w := {w; }jen be the set of all the users’ true types,
and Wav 1= D, wj/n. For User 4, w_i := {wj}jen ;i is
the set of all the other users’ true types. In the complete
information game, w is public information available to all
parties, including the users and the service provider. In the
partially incomplete information game, w is known to the
users, but not to the service provider. In the totally in-
complete information game, each user’s true type is private
information to himself; thus, User ¢ does not know w_;, for
i € N, and the service provider does not know w. For all
cases, we assume that statistical information on w is avail-
able and is common information to all parties. Furthermore,
users are independently and identically distributed regard-
ing their types. Suppose that for any user, there are m pos-
sible types, whose set is {w'};enr, where M := {1,--- ,m}.

"We can see that the service provider increases the link ca-
pacity in proportion to the number of users. In [7], a more
general link capacity nc, where ¢ > 0 is the per user capac-
ity, was considered. Here we only study the special case with
¢ = 1, and leave the extension to more general ¢ to future
work.

The user’s type is w' with probability ¢ for | € M, where
q >0and )., @ = 1. Without loss of generality, assume
that w' > - > w™ > 0.

2.1 Complete information

In the complete information game, w is known to all the
players and hence no statistical information is necessary.
Since the service provider knows w, he can charge users dif-
ferentially according to their true types. In order to obtain
the optimal incentive policy, he needs to compute the team
solution first, which is the action outcome that maximizes
his profit:

C C
{(@S (W), " (W) hien = argmax i, ).y . s

JEN
subject to
Fu, (i, x_1;713) > Fu,(0,x-3;0), ¢ € N; (2)
z; >0, r;, >0, i € N, Za:j<n.

JEN
Note that r; should be 0 for z; = 0, and (2) is the individual
rationality constraint, which guarantees that the users are
not worse off by participating. It was obtained in [1] that
for finite but large n, the asymptotic team-optimal flows and
charges are

ot 2w; Ct 2w;
: ~ —1. S ~w;log [ %),
P ) 0) ~ 21, ) ) ~ i log (22
for i € N, if and only if
w; > wgv, Vi€eN, (3)

and the resulting team-optimal total profit is

7N (w)(n) ~ Z wj log (

JEN

2wj> > wao(log2)n,  (4)

Wav

where the equality holds if and only if w; = we, for alli € N.

Having obtained the team solution , the next step would
be to design a pricing policy for each user, r; = v;(x;), that
solves the following incentive-design problem, under which
individual users’ utility maximizing responses lead to the
team solution computed above; that is, for i € N,

it (w)
C
= ArGMAX, <y, <noCt(w) P (T3, X7 (W) 7 (1)), (5)

Yi(zst(w)) = r{ (W), (6)
7i(0) = 0. (7)

If there exists a solution to (5)-(7), which is then denoted
by {7£t(w)}ien, we say that the incentive-design problem
is incentive controllable. However, it was shown in [1] that
the problem is actually not incentive controllable; rather,
we can find {yZ**(w)}ien which makes the service provider
come arbitrarily close to the team-optimal profit, and so the
problem is e-incentive controllable.

2.2 Totally incomplete information

With totally incomplete information, the service provider
only has statistical information on w. Thus, his objective
is to maximize the expected total profit. Also, he cannot
have price discrimination for different users according to
their true types, which means that he should have the same



pricing policy for all users. As a result, the team solution is
the same for all the users, which consists of m optimal flow-
charge pairs, one pair for each possible user type, such that
the expected profit is maximized. Thus, we can formulate
the team problem as follows:

{(wm m)}leM = argmaxg i iy}, ,, M Z ar',
leM
subject to
Ft z' 't {z"}) > F(u',0, O'{xli}), le M; (8)
Ft o't {2} > Fw', 2", ¥ {a!}),
Lke M, l+k; 9)
0<z'<1,r' >0 leM,

where F(w,z,r; {y"}) is defined as

S ([ ) Foe

{li}?;lleMn—l i=1

{y }117 )}

Here, we require 2! < 1 for [ € M, because in any case the
total flow cannot exceed the total capacity n for the con-
gestion cost in (1) to be well defined. (8) is the individual
rationality constraint, which guarantees that users are not
worse off by participating. In addition, for incomplete infor-
mation, we need (9) to induce any user with a certain type
to choose the flow-charge pair desired for this type, which
is called “self selection” (see [11, p. 442], [12]). Note that
the individual rationality constraint is also a special kind of
self-selection constraint. Also, the constraints (8) and (9)
are based on the expected net utility for a user, F, since he
does not know the true types of the other n — 1 users. In
[1], a near-optimal asymptotic team solution was obtained
as follows:

le My: #""=1-0 #"" =w'log2-9);
leMp: #@"=o0, # =0,
where
k
), = min{arg Jax ; qzwk}, (10)

={1,---,0n}, ML = {l +1,---,m}, and § = an™"°

for some @ > 0 and 0 < b < 1. For this near-optimal
team solution, the resulting expected profit for the service
provider approaches the team-optimal expected profit in the
asymptotic case, which is

i n) =n Z quw' log 2. (11)
leMpy

Next, the incentive-design problem is to find a common
incentive function for all users, v, such that

2" = argmax,,, - o F(w', @, y(z); {z"7"}), 1€ M;(12)
fy(xm) =Tt e M; (13)
+(0) = 0. (14)

If there exists a solution to (12)-(14), which we then denote
by 4Tt, we say that the incentive-design problem is incen-
tive controllable. Again, we showed in [1] that the problem
is in fact e-incentive controllable by obtaining an e-team op-
timal incentive policy 47, which almost achieves the near-
optimal asymptotic team solution.

3. PRICING UNDER PARTIALLY INCOM-
PLETE INFORMATION

In this section, we study optimal nonlinear pricing policy
design for the partially incomplete information game. We
first formulate the team problem and the incentive-design
problem, and subsequently solve these two problems.

3.1 Incentive-Design Problem Formulation

In the partially incomplete information game, the service
provider does not know w, which is however known to the
users. Thus, in order to find the team solution which maxi-
mizes the expected profit, the service provider needs to con-
sider all the possible values of w. In other words, suppose
that User ¢’s type is w; = w', where {; € M, and then
1:= {l;}jen can take any value from M"™. Therefore, the
team solution consists of n x m™ flow-charge pairs, with one
pair for each user, and totally n pairs for each possible value
of 1, such that the expected profit is maximized. This team
problem can be formulated as follows:

{@" ") Yien hearn

1
= g MAX{ (o1 ey henn D (L] a) 2 73,(15)

1eM” jEN JEN
subject to
Foi, (x5, x"57) > Fu, (0,x1;0), i€ N, 1€ M™; (16)
E,, (b, x> Fi (:Ej,xl,i;r;-(),

i,j €N, Lke M"; (17)
$i2077"1207 ZI;<TL, ZEZ\[,IEJ\Jn
JEN

Note that (16) is the individual rationality constraint, which
guarantees that the users are not worse off by participating,
and (17) is the self-selection constraint, such that given a
certain value of 1, a user should choose the flow-charge pair
desired for him in this case.

Assume that a team-optimal solution exists. Then, the
incentive-design problem is to find a common incentive func-
tion, «, for all users, since the service provider cannot dif-
ferentiate users according to their types, such that for any
1, any user’s net utility is maximized at the team solution.
This problem can be formulated as follows:

i7" = arg max,, 0<a<n— TleF 1, (2, 20y (2),
ieN,le M™ (18)

(P =t ie N, 1le M™, (19)

~(0) = 0. (20)

If there exists a solution to (18)-(20), which is then denoted
by v, we say that the incentive-design problem is incentive
controllable.

We have thus completed the formulation of the team prob-
lem, given by (15)-(17), and the incentive-design problem,
given by (18)-(20), for the partially incomplete information
game. However, these two problems become intractable as
n — oo, for the asymptotic case which is of particular in-
terest to us, since the dimension of the set of possible I's,
M™, approaches infinity in this case. Therefore, in the fol-
lowing, we provide a simplified problem formulation for the
asymptotic case. Note that as n — oo, since users are inde-
pendently and identically distributed in terms of their types,



by the Strong Law of Large Numbers [13, p. 48], with prob-
ability 1, the fraction of those users whose types are w' ap-
proaches ¢; for I € M. In view of this, we make the following
assumption:

Assumption 1. For the asymptotic case with partially in-
complete information, the service provider assumes that the
number of users whose types are w' is nq, for | € M, and
can maximize his profit based on this assumption.

Then, by Assumption 1, the problem formulation for the
team solution can be simplified such that the service provider
only needs to find m flow-charge pairs, one pair for each
type, which maximize the total profit. Again, we take n as
a parameter for the asymptotic case, and the team solution
can be expressed as follows?:

{(wlpt(n),rlpt( Y

= argmaxy i i)y, ,, M Z qr', (21)
leM
subject to
F(z',n Z gz — ') > FL0,n Z gz’ — 2';0),
heM heM
le M; (22)
Ianhﬂc —zhrhy > Fy anq;L )
heM heM
LkeM, 14k (23)
CEZZO,T'ZZO, l e M, qua:l<1.
leM

Assume that a solution to (21)-(23) exists. Then, the incen-
tive-design problem is to find a common incentive function,
7y, for all users, such that those users whose types are w' get
the maximal net utilities at (z'F*(n),'F*(n)), for | € M,
which can be formulated as follows:

' (n) = arg max,.oc, <17ty Fut (@, 27 (0);9(2)),
le M, (24)
A& (n)) = ' (), e M; (25)
7(0) =0, (26)
where z7Ft(n) :=n Y ohem gnx"Pt(n) — 2Tt (n). If there ex-

ists a solution to (24)-(26), which is then denoted by v"*(n),
we say that the incentive-design problem is incentive control-
lable.

Actually, we can further simplify the problem formulation
under the following assumption:

Assumption 2. Asn — oo, for (22), (23) and (24), assume
that
1

li =0, l,ke M.
nl_{r;cnfnzhquhx + zt — » LRE

In other words, the congestion cost tends to zero, and thus
can be neglected, for the asymptotic case with partially in-
complete information.

2For the convenience of notation here, we have mod-
ified slightly the form of F given in (1), such that
Fo, (i, z—i;ri) = wilog(l + z;) — (n — z; — x,i)fl -7y,
for0<z;<n-—x_;.

Later, we will see that Assumption 2 is satisfied by the so-
lution obtained. Under Assumption 2, the associated team
problem, (21)-(23), can be further simplified as

l
Vhem™ Z Qs (27)

{("ilPt7 flPt)}leM = arg max{(zl,rl

leM
subject to
F(z'sr') > Fu(0,0), 1€ M; (28)
Fi(ahr )zﬁ (), LkeM, 14k  (29)
a' >0, r' >0, leM; > qa' <1, (30)

leM

where F,,(z;7) := wlog(1+z)—r. Then, the incentive-design
problem, (24)-(26), can be expressed as

ijt = arg maxz:zzoﬁ‘wl (ZB; 7(1“))’ l € M; (31)
(&Y =P e M; (32)
7(0) = 0. (33)

If the problem is incentive controllable, then the solution is
denoted by 7¢

3.2 Team Solution

3.2.1 Optimization problem decomposition

Next, we solve (27)-(30) for the asymptotic team solution.
As in the case of the single user with incomplete information,
we decompose the problem such that the optimal flows can
be obtained first, followed by the optimal charges. First we
have the following two lemmas, followed by two propositions,
leading to the main result captured in Theorem 1.

LEMMA 1. 1Pt > ... > gmPt

Proor. Fix any [,k € M such that | < k. By assump-
tion, wh > w”. Frorn ( 9), Fi(zhr!) > Fi(z";r%), and
E i (z®;r%) > F i (z';7!). By summing the two 1nequalities
and rearranging the terms, we obtain (w' —w®)[log(1+z') —
log(1 + 2*)] > 0, which implies z' > 2*.

LEMMA 2. Suppose that (29) holds. If (28) holds for 1 =
m, then it automatically holds for 1 € M/{m}.

Proor. Fix any [,k € M such that | < k. By assump-
tion, w' > w*, and thus sz(a:k;rk) > Fi (z";7%). Then
from (29), Fi(z';7') > F i (z®;7%). Note that F,:(0;0) =
F,1(0;0) = 0. Thus, if (28) holds for k, it also holds for I.
Finally, we only need (28) to hold for m. [

PROPOSITION 1. The optimization problem for the asymp-
totic team solution, (27)-(30), is equivalent to the following
optimization problem: maxn ), ., qrt subject to

> >a™ >0 (34)
Z qz' < 1; (35)
leM
>0, leM; (36)
r" < wmlog(l+x™); (37)
1 16g % < -t < yllog 1++ JZUH ’
le M/{m}. (38)



PROOF. Expressions (34)-(36) come directly from (30)
and Lemma 1. By Lemma 2, (28) can be written as (37).
Next, we prove that (29) can be written as (38). Fix I,
k and h € M such that [ < k < h. By assumption,

w' > wF > w". By (34), ' > z® > z". Suppose that

Ea(zhrh) > Fa(z®rF) and E i (a®;rF) > Fe(2;rh).
Summing the second inequality with (w' —w")log(14z*) >
(w' — w*)log(1 + "), which comes from w' > w® and
¥ > M we get Fi(z®;rF) > EFi(a";r"). Therefore,
F(zbrh > Fi(2";r"), which means that if (29) holds
for the pairs (I, k) and (k, h), then it is also satisfied for the
pair (I, h). One the other hand, suppose that F . (z";7r") >
Eon(x®;r*) and F . (z*;7%) > F (2! 7!). Adding the sec-
ond inequality with

—(w" —w")log(1 + 2*) > —(w" — w")log(1 + z"),

which comes from w* > w" and z* < 2!, we get F» (z"; %)
> Fyu(z';r!). Therefore, Fyn(z";7") > Fn(z';7h), which
means that if (29) holds for the pairs (h, k) and (k, 1), then
it must also hold for the pair (h,!). In conclusion, (29) can
be reduced to

le (xl; ,,.l) > le (mlJrl; TlJrl)'

Fpa (257 > g (2f Y, 1€ M/{m},
which can be equivalently written as (38). [

Obviously, to maximize n) 7, ,, qrt, ™ should equal the
upper bound in (37), and r! — =1 should equal the upper
bound in (38), for | € M/{m}, such that r'’s take the largest
possible values. It can be easily seen that these values satisfy
(36). Thus, we have the following proposition as a direct

result of Proposition 1, whose proof is omitted here:

PROPOSITION 2. The optimization problem for the asymp-
totic team solution, (27)-(30), is equivalent to
maxmn Y .y qr! subject to

t> > 2™ >0 (39)
Z gzl < 1; (40)
leM
r" =w"log(l 4+ z™); (41)
= w'log(1 +2') — Z (w" ™t — w*)log(1 + z*),
k=l+1
le M/{m}. (42)

Immediately from Proposition 2, the team solution can be
decomposed as follows:

THEOREM 1. The optimization problem for the asymp-
totic team solution, (27)-(80), can be decomposed, such that
the optimal flows can be obtained from the following problem

first:

~1Pt _ _P 43
{z }leM—argmax{xz}LeM:112_,A2$m20n7"av, (43)

st Yy qal <1, (44)

leM
where G, := ZL=1 qr forle M, §o =0, w’ :=0, and
7o, = Z((ﬁwl — (jl_lwlfl) log(1 + xl).
leM

Then, the optimal charges, {7*"*}icnr, can be calculated from
the optimal flows, {EF }1enr, by (41) and (42).

3.2.2  Asymptotic optimal flows with relaxed constr-
aint

We first solve (43) and (44) for the asymptotic optimal flows.
In order to apply the Lagrange multiplier method [14], [15],
here we first relax the constraint (44) to >,.,, gzt < 1.
Also, let y™ = 2™, and y' = &' — 2! for I € M/{m}, or
equivalently, 2! = >, y¥ for | € M. Then, the constraint
z! > ... > 2™ > 0 becomes y' > 0 for € M, and (43) and
(44) can be rewritten as

max  Nfy,,
{y':y! >0} e

s. t. Z (jlyl <1,

leM
where
Faw = > (@' —G-1w'™ ) log(1+ > ")
leM k=l

Now, for some A > 0, define the Lagrangian function

A ay' —1).

leM

Ly', - Y™ ) o= Ty —

Then, we obtain that the optimal solution must satisfy

a 1 m
iy .
8yl (y7 7y 7A)
_h = h—1
qhWw — qh—1W
= —m—AQh:|SO, leM; (45)
;{ L+, v"
l 8 1 m
2L ‘A =0, € M; 46
yayl(y, YA =0, LeM; (46)
AQ ay' —1)=0; (47)
leM
day'<1; y' >0, 1€ M; A>0. (48)
leM

It can be easily seen that OL(y",--- ,y™;\)/Oy* > 0if A =
0, which contradicts (45). Thus, we must have A > 0, and
(47) and (48) can be revised to

Z(jlylzl; y' >0, leM; XA>0. (49)
leM
Let {l1, - ,lx} be a subset of M, such that 1 <} < -+ <

Ik <m,y'* >0for k=1,---,K, and ' = 0 for any other
I € M. Define lp := 0. Then, for y'* k=1,--- | K, (45),
(46) and (49) can be reduced to

Qi w' — @iy, w1

1+ ZhK:k yhn
k=1, K; (50)

- /\(qlk - q_lk—l) =0,

K
gyt =1 y'* >0, k=1,---,K; A>0. (51)
k=1




and thus

o _ Ly _ l o
L 1 <qlkw F gy, wiE QU W — ' )
N - )

A Qe — Quj—s Qogr — Qi
k=1, K-1 (53)
= l = Ly
e Lo dut D T e Ry (54)
A Qe — Qig o

Also, by substituting (52) into (51), we get

K K K
_ _ _ 1_ _
1= qukylk = Z(Z ylh)(qlk 7qlk—1) = quxwlk — ik
k=1

k=1 h=k
and thus
_ Qe w's
L4 G
Obviously, A > 0. From (53) and (54), for y'* > 0, k =
1,---, K, we need

(55)

o _ e _ le o
quw™ — qy,_,wk! > Gl W — @y w”

)

Ay = Qry_y iy — Qi
k=1, K —1; (56)
(lele qlefle_l

(57)

1+ qug T+,

Now for I € M/{l1,--- ,lx}, ¥' = 0, and thus we only need
(45) to hold for these y'’s. Given the fact that the equality
holds for (45) when | = lx—1 for k = 1,--- , K, then for
lk—1 <1 < lk, (45) can be reduced to

l N h—1
Z qhw — qp—1W

— Agn
K 1
h=lj_1+1 1+Zj:kyJ
gw' —a le—1
QU —quy,_, W _
=% Na-a,,) <0
1+ Z‘j:k Yy

Combining this with (52), we get
qlwl - qlk71wlk71 < qlkwlk - qlkflwlkil
@ — Q4 qQu, — Quy,_y
1 <l<lp, k=1,--- K. (58)

)

Also, since the equality holds for (45) when | = Ik, for
lxg <1< m, (45) can be reduced to

!

Z [@hwh — Gpow” T = AQh}

h=lrc+1
= (@' — Guew'™) = M@ — i) < 0.
Combining this with (55), we obtain

i ~ Ik
qrw Jipew
< Ik <l <m. 59
T+q ~ 1+a, ~ 0~ (59)
Now, having obtained the optimal y'’s, we go back to com-
pute z'’s. Recall that o' = 37", y* for | € M. Therefore,
from (52) and (55),

_ N le_1
l 14+ Qig W qy,_, W

T =x" == 7 - — -1
Qi w's Q. — Qi
g1 <1<, k=1,--- | K; (60)
=0, Ixg <l<m. (61)

In conclusion, the asymptotic optimal flows with the relaxed
constraint ;.\, ¢z’ < 1 are given in (60) and (61), with
(56)-(59) being the necessary and sufficient condition for op-
timality.

3.2.3 Aninductive method for {l1,--- ,lx}

Now, we discuss the determination of the set {l1, - ,lx}
based on (56)-(59). First, we have the following proposition:

PROPOSITION 3. The conditions for {li,--- ,lx}, (56)-
(59), are equivalent to

l

— 1 — Ly — l — —
qw — q,_,wkt < Quw™*F — qu,_wkt

)

@ = iy Qe — Quj_y
o1 <l<ly, k=1,--- | K, (62)
(jlwl _ ‘jlk_lwlk71 @kwlk _ qlk_lwlkfl
Q@ — Gy, G — Quj—s 7
lp<l<m, k=1,--- | K; (63)
_ Lo _ i
qlK—l’_LUK ! qlK’l‘liK’ (64)
1+ q,, 1+ qip
_ o _ I
v DO << m. (65)

1+q@ = 1+ qy,

PRrROOF. First, suppose that (56)-(59) hold. We want to

prove that (62)-(65) hold as well. Note that (62), (64) and

(65) are just (58), (57) and (59), respectively. Thus, we

only need to prove (63). For Iy <l <m,k=1,--- K, we

discuss this for different cases of [. If [,_1 < I <[ for some
h, k < h < K, then from (56), we can deduce

— L — li_ — l — L —
Qw7 —q;_wi? < Quw™* — qu_wrt
qQr; — Qi Qi — Qg

, 7>k

Also, by (58),

— 1 — ly, — l — Iy
quw —WMth1<qu”—QM4whl

Q= Gip s G, — Qs
7, Ly 7, lg—1
quW" —qy_, W
< — — .
quy. — Qi

Thus,

(jl’wl _ (jlk,lwlk_l
Q= qQuy,_,
_ qw' — g, w1 + Z?;Ii(quwlj - q_lj—lwljil)
_ _ h—1/- =
q — qiy, 4 =+ Z]’:k (qu - qufl)
_ 1 — L
< quw™ — qu_wr! )

qQ, —

The other possible case is Ix < I < m. By (59),

qw' — quew's < Qucw'™
@ — Qi T Qg
On the other hand, by (57),

_ ,le_lle71

Ul PR P
G — Qi T Qe

_ l
<mxwf 2
Qye — Qi 4



which implies®

qw' — q,_, w1

Q= qQu,_y
@' = @'+ 3 (@ wt = g w'it)
a Q= Qe + i@y, — @)
QW' — G, wht
Qe — Qs

Finally, we conclude that (63) holds.

For the reverse direction, suppose that (62)-(65) hold.
Then, we only need to prove (56). By (63),

— ! = I —
G’ — G, w1
Qe — Qs

= l = L —
qpr W R — gy whhl

gy = Qs
— qlk+1wlk+1 — @y @' — @y '
Gy = Qi + Ay — Qry_y
k=1,--- K —1.

I

which immediately implies (56). [J

Based on Proposition 3, now we can determine [;’s induc-
tively. Recall that lo = 0, o = 0 and w® = 0. Then, given
le—1, k=1,--- K, by (62) and (63),
qu' — @, w

Q= quy,_y ’
k=1,--- ,K. (66)

lr, = max < arg max
L1 <I<m

We have one remark here: It can be easily seen that [; =1,
since w' > --- > w™ > 0 by assumption. Next, we check
whether [, satisfies (64) and (65) or not. If that is the case,
then k = K and we stop; otherwise, we proceed to determine
lk+1 by (66). Actually, we have the following proposition for
lk:

PROPOSITION 4.

_o
lx = min {arg max quql } . (67)
PROOF. Let [ := min{arg maxi.iem qlwl/(l +@)}. Obvi-
ously, we must have lx > I, since otherwise (65) cannot be
satisfied. Next, we show lx = [. First, suppose that [ = 1.
Given lo = 0, we have verified that [y = 1 by (62) and (63),
or equivalently, by (66). Since I = 1, according to the def-
inition of I, (64) and (65) also hold for I; = 1. Therefore,
K =1andlx =1 == 1. On the other hand, if [ > 1,
then given 1 <1 < f, according to the definition of f,

— Ly _ 7
0< T g
1+aqy_, 1+ qr
which implies
ql_wl - qlk—lwlk71 > qfwi
G — Que_y 1+q

3The only exception happens when I = 1. For this case,
the last two terms in the previous line are actually equal.
However, since w! is larger than all the other w'’s by as-
sumption, we can still verify the result to be proved in the
following line.

Then for [ > I, again by the definition of I,

aw' g
1+q — 1+q

and thus

ot _ & lg—1
QW —qi,_, W

(jl_ - (jlk_l

quw' —qw' _ g’
a-a 1+a@

Therefore,

— 1 — I — 1 _— _— — L
Q' = qu_ywtt qw = qw + g’ — g _wr!

q — quy,_ B qQ—q+q—qu_,

_ T Ly
qrw’ — quj_ wkt
QG — Q4

This means I}, < I, since otherwise (63) cannot be satisfied.
Furthermore, from the fact that Ix > I, we do not stop
if I, < I. Finally, we can always proceed to some k, such
that I = I. Then, by the definition of I, (64) and (65) are
satisfied for I, and so k = K and lx = . O

In conclusion, the set {l1,--- ,lx } can be determined by (66)
and (67) inductively.

3.2.4 Near-optimal asymptotic team solution

‘We have shown that with the relaxed constraint ZZEM qlml <
1, the asymptotic optimal flows can be obtained by (60)
and (61). It can be seen from (49) that for these flows,
D iem qz' = 1. Also, the resulting maximal profit attain-
able with the relaxed constraint, divided by n, is

o= (@' — Go1w' ) log(1 + ')
leM

K Uy
Y (@w' —@aw' ) log(1 +2')

k=11=lj_1+1

K

(’jlkwlk - ’jlkqwlk_l)

_ = l ~ Ly —
‘log <1+qu By W 1)

— ; — —
Qi WK qu, — Gl

x>
Il
i

— l — Uy
Quw* — g, _wrt
Q. — Qi

(qlkwlk - qlkflwlkil) log

I
M=

bl
Il
-

q_lelK

_ Iy
— w 10 —_—
i ST+ G

Now, based on (60) and (61), let

_ N L
FPt 14+ G, Qw™ —qy_wr!

FPt _ - lta - L _1-5
Qg WK Qu, — 4l

lk71<l§lk,k:1,“~,K; (68)

#P =0, lx <l<m, (69)

where § = an™® for some @ > 0 and 0 < b < 1. Next, we
show that #'7%’s defined by (68) and (69) solve (43) and (44)
for the asymptotic case, and thus provide the near-optimal
flows for the asymptotic team solution. First, >,/ qEttt =
1 — @i, < 1, which satisfies the original constraint (44).



Also, Assumption 2 holds, since for [,k € M,

li L
m ~hPt | 7Pt _ zkPt
n—oomn —ny, Tzt 4 T
heM qn
1
= lim — — =0.
ni—co i anl—b 4 FPt — GRPt
Furthermore,
Pt 1 ~1Pt
Fas = > _(@w' — 1w’ ") log(1+ &)
leM
K
= bk _ = lg—1
(qlkw —quy_,w )
k=1

(1+xlth+5)71an7b]

Qi w' — @y, w1

Q. — qQuy_y

[log(1 4 Z'*F* 4 6) —

(qlkwlk - qlkflwlkil) log

2
ER

b
Il
-

qlelK

14+ aq,

- qQ leK log
Therefore, for the asymptotic case, #¥%’s almost achieve

the maximal profit attainable with the relaxed constraint,
defined by

7 (n)
K 7wk — g lg—1
~ U quw" —q,_; W
=n E G W' — Gy w' 1) log —- 7 —;z -
k=1 k k—1
_ %
- gl W
— nqleZK log 1 i @ (70)
K

and so (68) and (69) provide the near-optimal flows for the
asymptotic team solution. Then, the near-optimal charges
for the asymptotic team solution, {#¥*},cas, can be ob-
tained from {#'*},car by (41) and (42), and finally we have

LIPt _ L, Pt
=7k

K
= w'* log(1 4+ #+F*) — Z (w'=1 — w')log(1 + 71,
h=k+1
g1 <<, k=1,--- | K; (71)
AP =0, Ix <l<m. (72)

3.3 Solution of the Incentive-Design Problem

Having obtained the near-optimal asymptotic team solu-
tion {(&'F, 75}, s, we now address the incentive-design
problem (31) (33) for 47t Note that {(#F¢ #")}1epr sat-
isfies (41) and (42), or equivalently,

'm lOg(l + CE"LPt) ,F'mPt _ 07

w'log(1 4 %) — 77

le M/{m}.

(l+1)Pt) 1:(1+1)Pz7

=w'log(1+z

In particular, this implies
Fye (57PN = B (0,0) = 0
F ( I, Pt Flth) _ lek (flkdrﬂjt;7:lk+1P’5)7
k=1,--- K -1,
which means that a user with the type w'X may choose the
flow-charge pair (0,0) instead of ('57*,#xF*) and a user
with the type w'* may choose (xl"“Pt,Flk*lPt) instead of

(&Pt #ePtY for k = 1,--- | K — 1. Thus, strictly speak-
ing, the incentive-design problem (31)-(33) is not incentive
controllable.

Next, we show that the problem is e-incentive controllable
by obtaining an e-team optimal incentive policy, 7. First,
let ~PtE(O) =0, and 'ypte( lKPt) = Pt _ €x, where €k is
some small positive number. Then,

F ZK( lg Pt, ~Pt6(~lKPt)) —ex > 07

which guarantees that a user with the type w'X will not
choose (0,0). On the other hand, for a user with the type
w!, Ix <1< m, to still stick to (0,0), we need

F l(-'ilKPt' ;?PtE(i,lKPt))

=ex — (W'E —w)log(l + &5 < 0. (73)
Next, for k = K —1,---,1, let 37t(z!%Ft) = 7Pt
where €, > €x4+1 such that

F lk( I Pt ;}I/Pte(l‘lth))
_ F I ( lk+1pt.;§/Pt€(~lk+1Pt)) T+ — €nt1

> F " ( lp11 Pt »?Pte(xlkﬁ’lpt)).

— €k,

On the other hand, for a user with the type w!, I, < I < m,
to stick to their desired choices, similarly, we need

(ut — 1) og(1 + 347 — log(1 + #4417,
> €, — €1, k=1,--- K —1. (74)

Finally, for (31) to be satisfied, that is, for "% to be the
unique maximizing point of F;(x;57%(z)) for > 0, we
need

57 (@) > w'log(1 + @) — [w! log(1 + &) — 77

le M, (75)

forz > 0and x §é {0,812Pt ... "5 PY (for instance, we can
let 'ypte( ) = w'log(1 + z)). In conclusion, a user with the
type w', | € M, chooses the pair (#'7* fypte( 1P4Y), if for the
incentive pohcy FPte 3Pt(0) = 0, ~P“(xl’“Pt) =Pt _ g
fork=1,---,K, where ¢; > --- > ¢ex >0, and (73) to (75)
are satisﬁed. Then, the resulting profit is

7Pt *nzfﬂﬁl—r Y *HZ(H,@

leM
which can come arbitrarily close to the team-optimal profit
77t (n) by making e;’s arbitrarily small. Therefore, 37 is
an e-team optimal incentive policy.

— €1,

qlk 1 6k‘7

4. COMPARISON OF THE THREE GAMES

In the following, we compare results for the partially in-
complete information game, given by (66), (67), and (70),
with those for the other two games, given by (3) and (4)
for complete information, and (10) and (11) for totally in-
complete information. Note that for the asymptotic case,
it is stipulated by Assumption 1 that with probability 1,
the number of users whose types are w' is ng;, for [ € M.
Then for the complete information game, by (3) and (4), the
asymptotic optimal profit for this case is

lct lct

7 (n _”quw logw' —n quw log b 1qlw’

quCt



where [c; for the smallest admissible type satisfies

Lot l
wet > Zlgjl qw ]
2qlCt
We first compare the partially incomplete information game
with the totally incomplete one. From the definition of [,

for [ > 5, we must have qu' < (jlhwlh, which implies

qu' q, w'"
1+ 1+aq,

Thus, I, > Ik, which means that more users can be possibly
admitted for the totally incomplete information game. Next,
we compare 7 *(n) with 7 *(n), and discuss several possible
cases. First, if [x =1, = 1, then

s 1> 1p.

—Pt

77t (n) = nqrw' log 1ta

q1

> nqw'log2 =7 (n).

If lx = 1, > 1, then we have the following proposition for
77t (n), the proof of which is provided in the appendix:

PropoOSITION 5. Iflx > 1, then

—Pt

l+a
7 (n) > ngw'™ log%.

76
T (76)
Thus,

7 (n) > ngiw's log2 = ngy, w't log2 = 7 *(n).

If lx < lp, then from the definitions of [k and [, we must
have

qlelK

0k = -
QGrw® < qpw" < (1+aq, —,
K h ( ’)1+qlK

and so

ngew' ™ log2 < 7' (n) = ng, w'™ log 2

— ZK
QW
<n(l+ = log2,
<n( qzh)1+qlK g
which, combined with (76), implies
77t (n) T+, 1"

<(A4+aq,)log2 [(14 qix)l

Pi(n) <(1+qy,)log2 |(1+ G )log T

We can easily verify that (141, ) log[(14qi, )/ ] is strictly
convex and strictly decreasing for 0 < i, < 1 (since Ix <
ln), and so it is larger than the infimum, 2log 2. Thus,

th(n) 1 + qlh <1
7Pt(n) 2 =

In conclusion, even though more users can possibly be ad-
mitted for the totally incomplete information game, we al-
ways have 77(n) > 77 '(n), except that the equality may
hold when I =1, = 1.

Next, for comparison with the complete information game,
we first know that all being team-optimal with correspond-
ingly inferior information, we have 7*(n) > 77 (n) > 7 (n).
However, the relative differences are difficult to express in
any useful analytic form, and hence we resort to numerical
analysis to evaluate the profit loss due to the two different
types of incomplete information. From Table 1, we can see
that for the scenarios picked (rather arbitrarily), compared
with the complete information game, the profit loss due to
partially incomplete information is always less (and rather
substantially) than the profit loss due to totally incomplete

information, which confirms our previous conclusion. The
table also shows the extent of the drop in profit due to loss
of information. The bottom line is that the service provider
makes the most profit with complete information, while if
he cannot obtain information on the users’ true types, he
prefers partially incomplete information for a higher profit,
and it is beneficial for him to encourage users to share this in-
formation among themselves when possible. In other words,
as leader in the game, the service provider is better off with
better informed users (followers).

5. CONCLUSION

In this paper, we have obtained an e-team optimal incen-
tive policy, which almost achieves Pareto optimality for a
monopolistic network service provider facing a large popula-
tion of users, for the partially incomplete information game.
Comparison with results obtained in [1] for the complete
and totally incomplete information games indicates that if
the service provider is not able to obtain information on
users’ true types, then it is beneficial for him to encourage
information sharing among users on each other’s true types
when possible.

Note that the above conclusion is made for general non-
linear pricing policies. One remark here is that if we restrict
pricing policies to be linear, the same relationship holds;
that is, the service provider makes the highest profit under
complete information, followed by the profit under partially,
and finally the profit under totally incomplete information.
However, by turning from linear pricing policies to nonlin-
ear ones, the service provider achieves a higher profit for all
three games. A complete study of linear and nonlinear pric-
ing under the three information scenarios can be found in
[10].
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APPENDIX

Given @, ’s and g, w'K as fixed, such that 0 < @, < --- <
Gix <1 and w'® > 0, we study how to choose w'*, k =
1,---,K — 1, such that #7*(n) is minimized. Let

(Ylkwlk _ qlkilwlk—l

T k=1 K,
quy, — Qi

Zk :

and ar :== qi,, — qi,,_,» k =1,--- , K. Then by assumption,
l

K . .
ax’s are fixed, and S 1= q  w'X =", _, arzk is specified as

well. Thus, the above problem is equivalent to minimizing
Z(Zl, e 7ZK—1)
qlkwlk - qlk—lwlk_l

Q, — qy,_y

(@kwlk - @k—lwlkil) log

i
I

a2k log 2

I
iNgls

1 K—1 S—ZK_laka
= axzilog zi + (S — Z apzy) log ——=k=1 777
k=1 k=1 ax
by choosing zx, k = 1,--- , K — 1, such that zx > 0 for
k=1,---,K. Now,
G _ K-l
0 e akn) = anlog 2k — ax log S 2ah=1 WZh
8Zk aK
fork=1,--- ,K —1, and
2 2
ag ar
72217"',21(71 = — g
iz T
82 akraj
ZZl,"',ZK—l =, k#l
02,02 ( ) S — Ei;} anzh

It can be easily verified that the Hessian matrix of Z is pos-
itive definite, and so Z is strictly convex. Thus, the unique
minimizing solution can be obtained by solving the first or-
der condition, which implies zx = (S — fo;ll anzn)/ax =
zx for k = 1,--- , K — 1. Therefore, to minimize 7 *(n),
zi’s should all be the same. As a result, w* = w'K for
k=1,---,K — 1, and the infimum of #7%(n) is as given on
the right side of (76). However, by assumption, we must
have w'* > --- > w'X. That means we cannot obtain this
infimum, but can come arbitrarily close to it. Note that this
can be achieved without violating (66) and (67). Finally, we
conclude that (76) holds.



