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Abstract.  This study presents the development of a mathematical framework to model the 

spread of pulmonary tuberculosis. The analysis includes determining equilibrium points, 

calculating the basic reproduction number, and examining the local stability of the formulated 

model. Additionally, a sensitivity assessment and numerical simulations are conducted using 

the fourth-order Runge–Kutta approach. The constructed SEIRI (Susceptible–Exposed–

Infected–Recovered–Infected) epidemic model incorporates the recurrence rate into its 

formulation. Under this framework, equilibrium points for both disease-free and endemic 

scenarios are identified for each model variation. The basic reproduction number is computed 

through the Next Generation Matrix technique. Furthermore, based on the eigenvalues of the 

Jacobian matrix, the stability classification of each equilibrium point is established, with certain 

cases being locally asymptotically stable. Sensitivity analysis indicates that the transmission 

rate and recovery rate are the most influential parameters affecting changes in the basic 

reproduction number, exhibiting direct and inverse proportionality, respectively. Higher relapse 

rates tend to accelerate transitions in the susceptible and exposed compartments, while 

maintaining higher proportions in the infected group. These findings, supported by numerical 

simulations, strengthen the stability and sensitivity conclusions obtained in this research. 
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1 Introduction 

Tuberculosis (TB) is an airborne infectious disease caused by the slow-growing bacterium 

Mycobacterium tuberculosis (MT). Transmission occurs from person to person either through direct 

contact or via infectious particles dispersed in the air within enclosed spaces [1],[2]. The majority 

of MT bacteria infect the lungs, leading to pulmonary TB; however, they can also invade other 

organs, resulting in extrapulmonary TB. In Indonesia, more than 0.7 million new TB cases are 

expected annually, with approximately 92% being pulmonary and only 8% extrapulmonary [3]. The 

bacteria are primarily spread through airborne droplets released by TB patients. 

Recognized as one of the top ten causes of mortality worldwide in 2015, TB continues to be a 

major global health threat, claiming millions of lives each year. It is regarded both as a re-emerging 

infectious disease and a condition closely associated with poverty. Drug resistance poses a persistent 

challenge for treatment, despite the World Health Organization’s comprehensive initiatives to 

reduce mortality rates, including the End TB Strategy, which targets ending the TB epidemic by 

2030 [4]. Whole genome sequencing has gained increasing attention as a powerful approach for 

diagnosing TB, identifying drug resistance patterns, tracing transmission pathways, and 

distinguishing between reinfection and relapse. The COVID-19 pandemic has further complicated 

TB control, exerting significant impacts on global healthcare systems and intensifying the risks to 

TB prevention and treatment programs [5],[6],[7]. 

 TB infection is divided into two types, namely latent TB and active TB. Individuals with latent 

TB are not contagious, as the bacteria that infect them do not replicate and cannot transmit to other 

organisms, even though the MT bacteria are already present in the patient's body. Active TB, on the 

other hand, refers to people with TB who are showing symptoms of infection, which means they are 

actively transmitting the bacteria to others. Individuals infected with MT can develop into active TB 

disease depending on the individual's immune system [8]. 

 Certain populations face a greater likelihood of developing tuberculosis (TB), including 

individuals in frequent contact with patients who have active TB, those living or working in poorly 

ventilated environments, and healthcare personnel [2]. TB transmission often occurs in enclosed 

spaces with inadequate airflow, allowing microscopic droplets to remain suspended for extended 

periods [9]. Extended close contact with an infected individual significantly elevates the risk of 

transmission [2]. Preventing the progression of TB through timely treatment is a central component 

of the WHO’s End TB Strategy [9]. In the absence of appropriate treatment, TB mortality rates can 

rise sharply—by approximately 50%—whereas the standard anti-TB therapy administered for 4–6 

months can result in recovery for about 85% of patients. The incidence of drug-resistant TB (DR-

TB) has been projected to increase between 2020 and 2021, with an estimated 450,000 (95% UI: 

399,000–501,000) new cases of rifampicin-resistant TB (RR-TB) reported in 2021. The COVID-19 

pandemic has further worsened TB outcomes, contributing to a reduction in the number of patients 

receiving RR-TB treatment between 2019 and 2020 [10]. 

 Research on TB disease continues to develop, including in the field of mathematics, especially 

mathematical modeling. TB disease transmission can be modeled in the form of an epidemic model 

[11] because human populations can be differentiated or grouped into several groups based on the 

characteristics studied, for example, healthy individuals and sick or infected individuals. Studies 

that have studied the transmission of TB disease using mathematical modeling include [12] 



presenting the SIR model for the spread of TB disease, [13] paying attention to control in the form 

of detection and care of infected individuals, Fadilah and Zulakmal [14] studying the behavior of 

TB disease, [1] discussing the analysis of transmission and control of TB disease in China, [15] 

discussing the TB model taking into account bilinear incidence rate and treatment effects, [16] 

discussing the analysis of TB disease models, and [17] TB disease spread model with case detection 

and treatment effects. 

 Tuberculosis (TB) relapse may occur due to recurrence of the initial infection or exogenous 

reinfection with a different strain of Mycobacterium tuberculosis. Factors associated with high 

relapse rates include treatment non-adherence, sex differences, malnutrition, comorbidities such as 

diabetes and renal failure, immunosuppressive states such as HIV, substance abuse, and 

environmental exposures [18],[19]. In high-burden countries, exogenous reinfection is more 

common, especially in the presence of HIV infection [20]. In contrast, poor adherence to treatment, 

multidrug resistance, and persistence of cavities in the lung parenchyma are factors recognized as 

contributing to TB recurrence [21]. Relapsed TB cases have poorer outcomes, including lower 

treatment completion rates and higher mortality. Understanding the clinical, epidemiologic, and 

social determinants of TB relapse is critical for effective TB control. 

 This study addresses the development and examination of mathematical models describing the 

transmission dynamics of pulmonary TB. The proposed model builds upon previous works [16], 

[22] by incorporating latent TB cases, as well as accounting for treatment interventions and 

reinfection rates. Numerical simulations were conducted to evaluate the stability of both disease-

free and endemic equilibrium states. In addition, simulation results illustrate how variations in 

transmission rate, reinfection rate, and treatment rate influence the population sizes of the 

susceptible, exposed, infected, and recovered compartments.  

2 Methods 

The methodology applied in this study involved several sequential stages, including model 

formulation, stability assessment, and numerical simulation. The SIR epidemiological framework 

was adopted to construct mathematical models of disease transmission, following approaches 

described in previous works [23], [24]. Initially, the model was formulated, the equilibrium points 

were identified [25], and the basic reproduction number was calculated using the next generation 

matrix technique [20],[21]. In the subsequent stage, the stability of the system was examined through 

linearization methods [27], [28], [29], [30], [31]. The third stage involved determining the sensitivity 

index based on the basic reproduction number. The fourth stage focused on obtaining the model 

solution using the fourth-order Runge–Kutta (RK4) scheme [32],[33],[34] and visualizing the results 

graphically. Finally, the analysis was completed by presenting the impact of variations in the basic 

reproduction number on the relevant parameters. 

3 Results and Discussion 

3.1 Mathematical Modeling Of Pulmonary TB 



In the model for the spread of tuberculosis in this study, the population consists of four groups, 

namely: 

a. The Susceptible group is denoted by 𝑆(𝑡), representing the number of individuals 

vulnerable to contracting TB at a given time 𝑡. 
b. The Exposed group, denoted by 𝐸(𝑡), referring to individuals who have been exposed to 

pulmonary TB at time 𝑡 but are not yet infectious, although latent TB bacteria are present 

in their bodies. 
c. The Infected group is denoted by 𝐼(𝑡), indicating the number of individuals who have 

active pulmonary TB at time 𝑡 and are capable of transmitting the disease due to the 

activation of TB bacteria in their systems. 
d. The Recovered group is denoted by 𝑅(𝑡), corresponding to individuals who have recovered 

from pulmonary TB at time 𝑡. 
The model incorporates several parameters: the recruitment rate of the population through births 

(𝜋), the natural mortality rate (𝜇), the TB-induced mortality rate  (𝜇𝑡), the infection rate of 

susceptible individuals (𝛽), the endogenous reactivation rate (𝜀), he recovery rate from active TB 

(𝛾) and the relapse rate (𝜔). A schematic representation of the model structure is provided in Figure 

1. 

 
Fig. 1. The Flow Diagram for Pulmonary TB Disease Spread Model 

Considering the established facts and underlying assumptions, the system of differential equations 

presented in Figure 1 was formulated. 
𝑑𝑆

𝑑𝑡
= 𝜋 − 𝛽𝑆𝐼 − 𝜇𝑆 

(1)  

𝑑𝐸

𝑑𝑡
= 𝛽𝑆𝐼 − (𝜀 + 𝜇)𝐸 

𝑑𝐼

𝑑𝑡
= 𝜀𝐸 + 𝜔𝑅 − (𝛾 + 𝜇𝑡 + 𝜇)𝐼 

𝑑𝑅

𝑑𝑡
= 𝛾𝐼 − (𝜇 + 𝜔)𝑅 

Model (1) is called the SEIRI Model. 

3.2 Equilibrium And Basic Reproduction Number 



The equilibrium points of the model are identified by setting the system’s rate of change to zero, 

namely 
𝑑𝑆

𝑑𝑡
=
𝑑𝐸

𝑑𝑡
=
𝑑𝐼

𝑑𝑡
=
𝑑𝑅

𝑑𝑡
= 0 and solving these equations simultaneously [25]. This process yields 

the steady-state conditions for each compartment susceptible, exposed, infected, and recovered,  

which are represented in the system of equations (1). By applying this approach, the model can 

determine the population distribution at equilibrium, providing a foundation for further analysis of 

the basic reproduction number and the stability of each equilibrium state. We have the following 

system of equations (1) to be solved simultaneously for 𝑆, 𝐸, 𝐼, 𝑅, 

𝜋 − 𝛽𝑆𝐼 − 𝜇𝑆 = 0 (2)  

𝛽𝑆𝐼 − (𝜀 + 𝜇)𝐸 = 0 (3)  

𝜀𝐸 + 𝜔𝑅 − (𝛾 + 𝜇𝑡 + 𝜇)𝐼 = 0 (4)  

𝛾𝐼 − (𝜇 + 𝜔)𝑅 = 0 (5)  

The Disease-Free Equilibrium (DFE) represents a steady state in which tuberculosis is absent 

from the population. For the model described in equation (1), the DFE is denoted as 𝐸0 and using 

equations (2)–(5), is expressed as 𝐸0 = (𝑆̂0, 𝐸̂0,  𝐼0, 𝑅̂0) = (
𝜋

𝜇
, 0,0,0). This equilibrium serves as the 

basis for calculating the threshold parameter 𝑅0, known as the basic reproduction number. 𝑅0 is 

defined as the expected number of secondary infections generated by a single infectious individual 

during the entire infectious period, within a fully susceptible population [35]. This parameter is 

widely used to assess both the potential for disease invasion and the stability of endemic states. In 

this study, the basic reproduction number is determined using the next generation matrix method, 

which provides an approximate approach for its computation [27],[35],[36], [37]. 

For this, 𝑥 = (𝐸, 𝐼 )𝑇 . From Model (1), we can write 

𝑑𝑥

𝑑𝑡
= ℱ −ℋ, with ℱ = (

𝛽𝑆𝐼
0
) and ℋ = (

(𝜀 + 𝜇)𝐸

−𝜀𝐸 + ((𝛾 + 𝜇𝑡 + 𝜇) −
𝜔𝛾

(𝜇+𝜔)
) 𝐼
) 

By considering the Jacobian of ℱ and ℋ at DFE (𝐸0), we get 

 

𝐹 = (
0 𝛽

𝜋

𝜇

0 0
)  dan 𝐻 = (

(𝜀 + 𝜇) 0

𝜀 (𝛾 + 𝜇𝑡 + 𝜇) −
𝜔𝛾

(𝜇+𝜔)

) 

In this model, the threshold parameter 𝑅0 is obtained as the dominant eigenvalue of the matrix 

𝐺 = 𝐹𝐻−1, where 𝐹 and 𝐻 are defined as shown above. Thus, 𝑅0 = 𝜌(𝐺) which yields the 

expression: 

𝑅0 =
𝜀𝛽
𝜋
𝜇
(𝜇 + 𝜔)

(𝜇 + 𝜇𝑡 + 𝛾)(𝜇 + 𝜔)(𝜇 + 𝜀) − 𝜔𝛾(𝜇 + 𝜀)
 (6)  

 

 

The Endemic Equilibrium (EE) of the model, denoted by 𝐸1, exists uniquely when 𝑅0 > 1. 

This equilibrium is expressed as:  

 
  

 



3.3 Local Stability Of The Disease - Free Equilibrium (DFE) 

We state Theorem 1, which applies 𝑅0 in the analysis of the DFE’s stability. We provide  

Theorem 1. In model (1), the Disease-Free Equilibrium 𝐸0 = (
𝜋

𝜇
, 0,0,0) with 𝑅0 given by (8) is 

locally asymptotically stable whenever 𝑅0 < 1 but loses stability if 𝑅0 > 1. 

Proof.  The Jacobian matrix is evaluated at the DFE  𝐸0 = (
𝜋

𝜇
, 0,0,0) as follows 

 
 

The characteristics equation corresponding to 𝐽(𝐸0) is given as 

(−𝜇 − 𝜆) (𝜆3 + [(𝜇 + 𝜔) + (𝜀 + 𝜇) + (𝜇 + 𝜇𝑡 + 𝛾)]𝜆
2

+ [(𝜇 + 𝜔)(𝜀 + 𝜇) + (𝜇 + 𝜔)(𝜇 + 𝜇𝑡 + 𝛾) + (𝜀 + 𝜇)(𝜇 + 𝜇𝑡 + 𝛾) − 𝛾𝜔 − (
𝜀𝛽𝜋

𝜇
)]  𝜆

+ [(𝜇 + 𝜔)(𝜀 + 𝜇)(𝜇 + 𝜇𝑡 + 𝛾) − 𝛾𝜔(𝜀 + 𝜇) − (
𝜀𝛽𝜋

𝜇
) (𝜇 + 𝜔)]) = 0 

This implies that 
(−𝜇 − 𝜆) = 0  or 

𝑎0𝜆
3 + 𝑎1𝜆

2 + 𝑎2 𝜆 + 𝑎3 = 0 (7)  

Where: 

𝑎0 = 1 

𝑎1 = (𝜇 + 𝜔) + (𝜀 + 𝜇) + (𝜇 + 𝜇𝑡 + 𝛾) > 0 

𝑎2 = (𝜇 + 𝜔)(𝜀 + 𝜇) + (𝜇 + 𝜔)(𝜇 + 𝜇𝑡 + 𝛾) + (𝜀 + 𝜇)(𝜇 + 𝜇𝑡 + 𝛾) − 𝛾𝜔 − (
𝜀𝛽𝜋

𝜇
) 

= (𝜇 + 𝜔)(𝜀 + 𝜇) + (𝜇)(𝜇 + 𝜇𝑡 + 𝛾) + (𝜔)(𝜇 + 𝜇𝑡) +
𝜔𝛾(𝜇 + 𝜀)𝑅0
(𝜇 + 𝜔)

> 0 

𝑎3 = (𝜇 + 𝜔)(𝜀 + 𝜇)(𝜇 + 𝜇𝑡 + 𝛾) − 𝛾𝜔(𝜀 + 𝜇) − (
𝜀𝛽𝜋

𝜇
) (𝜇 + 𝜔) 

= [(𝜔)(𝜀 + 𝜇)(𝜇 + 𝜇𝑡) + (𝜇)(𝜀 + 𝜇)(𝜇 + 𝜇𝑡 + 𝛾)][1 − 𝑅0] > 0, if 𝑅0 < 1 

 

The Jacobian matrix 𝐽(𝐸0)   yields a set of eigenvalues, where one of them is  𝜆1 = −𝜇1, while the 

remaining eigenvalues  (𝜆2, 𝜆3, 𝜆4) satisfy equation (7). According to the Routh–Hurwitz stability 

criterion [38], eigenvalues of equation (7) have negative real parts when 𝑅0 < 1. Therefore, the DFE  

𝐸0 s locally asymptotically stable for  𝑅0 < 1, and becomes unstable if 𝑅0 > 1. 

 

 



3.4 Local Stability Of The Endemic Equilibrium (EE) 

We employ Theorem 2, which applies the basic reproduction number 𝑅0 to examine the stability 

of the EE 

Theorem 2. Considering model (1) with the endemic equilibrium 𝐸2 and and the basic reproduction 

number 𝑅0 as stated in (8), 𝐸2 remains locally asymptotically stable If 𝑅0 > 1 and unstable 

otherwise. 

Proof. The Jacobian matrix is evaluated at the EE 𝐸2 = (𝑆̂, 𝐸̂, 𝐼, 𝑅̂) as follows: 

𝐽(𝐸2) =

(

 
 
−𝛽𝐼 − 𝜇 0 −𝛽𝑆̂ 0

𝛽𝐼 −(𝜀 + 𝜇) 𝛽𝑆̂ 0

0 𝜀 −(𝛾 + 𝜇𝑡 + 𝜇) 𝜔

0 0 𝛾 −(𝜇 + 𝜔))

 
 

 

The matrix 𝐽(𝑌̂) can be expressed as a lower triangular matrix by performing the following 

elementary row operations 

 
 

Since matrix 𝐽(𝐸2) and 𝐽(𝐸2) are similar matrices, then based on [39] and [40], 𝑑𝑒𝑡 (𝐽(𝐸2))  =
𝑑𝑒𝑡 (𝐽(𝐸2)). Furthermore, if 𝜆 is the eigenvalue of matrix 𝐽(𝐸2), then 𝜆 is also the eigenvalue of 

matrix 𝐽(𝐸2). 

The characteristic equation of the matrix 𝐽(𝐸2) is given by |𝐽(𝐸2) − 𝜆𝐼| = 0, from which the 

eigenvalues are obtained as: 𝜆1 = −𝜇(𝑅0 − 1) , 𝜆2 = −(𝜀 + 𝜇) < 0, 𝜆3 =
𝛾𝜔

(𝜇+𝜔)
− (𝛾 + 𝜇𝑡 +

𝜇) < 0, 𝜆4 = −(𝜇 + 𝜔) < 0. If 𝑅0 > 1, the equilibrium 𝐸2 is locally asymptotically stable; 

otherwise, if 𝑅0 < 1, it becomes unstable.  

3.5 Numerical Simulation 

The RK4 method is employed to perform numerical simulations using different sets of 

parameter values and initial conditions, as summarized in Table 1. 

Table 1. Values of Parameters and Initial Conditions Used in the Model 

Parameter values 

and initial values 

Simulation 1 Simulation 2 

𝛽 0.035 0.0035 



𝜀 0.025 0.025 

𝛾 0.85 0.85 

𝜇 0.019896 0.019896 

𝜔 0.02 0.02 

𝜇𝒕 0.01 0.01 

𝜋 3 3 

𝑆(0) 100 100 

𝐸(0) 25 25 

𝐼(0) 15 15 

𝑅(0) 15 15 

 

Based on the parameter values in Table 1, the equilibrium point, eigenvalues, and basic 

reproduction number of the model are summarized in Table 2. 

Table 2. The Values of Eigen Value, DFE and 𝑹𝟎 

Symbol Simulation 1 

DFE 𝑬𝟎 

Simulation 2 

EE 𝑬𝟐 

𝜆1 -0.019896 < 0  -0.108949 < 0 

𝜆2 -0.914504 < 0 -0.044896 < 0 

𝜆3 -0.042893 < 0 -0.453788 < 0 

𝜆4 -0.007291 < 0 -0.039896 < 0 

𝑆 150.784077 23.283740 

𝐸 0.000000 56.502730 

𝐼 0.000000 3.112837 

𝑅 0.000000 66.320213 

𝑅0  0.647594 < 1 6.475939 > 1 

 

The simulation uses the initial values and parameters in Table 1 with different 𝑅0 values. Table 

2 is a calculation of the eigenvalues, DFE and 𝑅0. The results of the numerical simulation model for 

the spread of TB disease are presented in Figures 2 and 3. 

  
Fig. 2. Population dynamics over time under the 

condition 𝑅0 < 1 (Simulation 1) 

Fig. 3. Population dynamics over time 

under the condition 𝑅0 > 1 (Simulation 2) 



Figure 2: This shows the dynamic behavior of the population when 𝑅0 < 1. In this scenario, the 

susceptible population S (black line) gradually increases, while the exposed E (blue), infected I (red), 

and recovered R (cyan) populations decline over time. This indicates that, with 𝑅0 < 1, the disease 

will eventually die out, and the majority of the population will remain susceptible without significant 

infection spread. Figure 3: This illustrates the population dynamics when 𝑅0 > 1. Here, the 

susceptible population S decreases rapidly, while the exposed E and recovered R populations 

initially increase. The infected population I stabilizes at a lower level. This suggests that when 𝑅0 >
1, the disease will persist in the population, with infections continuing over time but stabilizing, 

rather than causing a widespread outbreak. 
 

3.6 Sensitivity Index of the Basic Reproduction Number 

In this section, a sensitivity analysis is performed to identify which parameters have an impact 

on the basic reproduction number 𝑅0. The analysis is conducted under the condition 𝑅0 > 1. 

ndicating that TB is actively spreading. Under this circumstance, it becomes essential to evaluate 

the parameters in order to determine the necessary measures for controlling disease transmission. 

The sensitivity analysis is carried out by calculating the sensitivity index of the relevant parameters. 

According to [41] and [37], the normalized sensitivity index of the basic reproduction number is 

given by: 

 
where lll represents the parameters included in the expression of the basic reproduction number (6). 

The model’s dynamic behavior is governed by 𝑅0, which is defined as the average number of 

secondary infections generated by a single infectious individual. Since 𝑅0 is dependent on model 

parameters, the influence of parameters 𝛽,𝜔, 𝛾, 𝜇𝑡 , 𝜀 and 𝜋 on disease transmission is examined 

through sensitivity analysis. A summary of the formula for the normalized sensitivity index of 𝑅0 

with respect to the parameters in Model (1) is presented below. 

 

 
Fig. 4. Sensitivity index of the basic reproduction number (𝑅0) for the TB model.  

 



Figure 4 presents the sensitivity index of the basic reproduction number in the TB disease spread 

model. The sensitivity index illustrates how changes in certain parameters of the TB model affect 

the basic reproduction number, which is a key measure in epidemiology to determine the potential 

spread of a disease. Parameters 𝛽 and 𝜋 have the largest positive influence on 𝑅0. This means 

controlling the transmission rate of TB and managing the rate at which new susceptible individuals 

enter the population are crucial for reducing the spread of TB. Parameter  
𝛾 has a strong negative impact, meaning that enhancing the recovery rate from TB will greatly 

reduce 𝑅0 . Other parameters such as 𝜔, 𝜇𝑡, and 𝜀 have smaller effects on 𝑅0 but still play a role in 

influencing the dynamics of the disease. 

Figure 5 provides an illustration of how the parameters of the TB model affect the basic 

reproduction number.  

(a)  
 

(b) 

(c)  (d) 

Fig. 5. Graphs of the Basic Reproduction Number (𝑅0) against four key parameters affecting TB 

transmission: (a) 𝑅0 vs. 𝛽 and 𝜔, (b) 𝑅0 vs. 𝛽 and 𝛾, (c) 𝑅0 vs. 𝛽 and 𝜇
𝑡
, (d) 𝑅0 vs. 𝛽 and 𝜀. 

 

Based on Figure 5, it is clear that the transmission rate (𝛽) has the most significant influence on 

increasing the basic reproduction number (𝑅0) across all parameter combinations, indicating that 



controlling the spread of TB requires a primary focus on reducing transmission. While parameters 

such as reinfection rate (𝜔) and endogenous reactivation rate (𝜀) also contribute to increasing 𝑅0, 

their impact is less pronounced compared to 𝛽. Conversely, the recovery rate (𝛾) and TB-related 

death rate (𝜇𝑡) have a decreasing or minimal effect on 𝑅0, emphasizing the importance of improving 

recovery rates alongside managing transmission to effectively control TB spread. 

 

 

3.7 Dynamic Behavior of Each Population with Varying Parameter Values 

 

The dynamic behavior of each population with varying parameter values is presented in 

Figure 6-8 below. 

 

  

  
Fig. 6. Dynamic Behavior of Susceptible, Exposed, Infected, Recovered with Varying 𝛽 

 

Figure 6 shows the population dynamics over time with three different values of 𝛽 (0.035, 

0.15, 0.35). As the 𝛽 value increases, the susceptible population decreases more rapidly. This 

indicates that with a higher transmission rate, more individuals from the susceptible 

population become exposed more quickly. For higher 𝛽 values, the exposed population 

increases more rapidly and reaches its peak before starting to decline. This suggests that 



increasing 𝛽 results in more individuals being exposed in a shorter period. At all 𝛽 values, the 

infected population decreases, but with higher 𝛽, the decline is sharper initially, although the 

total number of infections is slightly higher when 𝛽 is larger. With higher 𝛽, more people 

recover quickly from the infection. An increase in the transmission rate results in a more rapid 

growth of the recovered TB population. 

 

 
 

 

 

 
 

  
Fig. 7. Dynamic Behavior of Susceptible, Exposed, Infected, Recovered with Varying 𝜀 

 

Figure 7 shows the susceptible population over time with three different values of 𝜀 
(0.025, 0.25, 0.50). As 𝜀 increases, the susceptible population declines more rapidly. A higher 

𝜀 value indicates a faster transition from susceptible individuals to other groups, such as 

exposed or infected. In the exposed population, it peaks earlier and decreases faster compared 

to lower 𝜀 values. This indicates that an increase in the reactivation rate (𝜀) causes individuals 

exposed to pulmonary TB to become infected or recover more quickly. With a higher 𝜀, there 

is an initial higher peak in the infected population, but the infection decreases more rapidly 

over time. This suggests that at higher reactivation rates, the infection spreads faster but is 

also resolved more quickly. Meanwhile, the recovered population increases faster and reaches 

a higher level in a shorter period of time. 

  



 
 

 

 

 
 

Fig. 8. Dynamic behavior of Susceptible, Exposed , Infected, Recovered with varying 𝛾 
 

Figure 8 shows the population dynamics with different 𝛾 values (0.25, 0.55, 0.85). The higher 

the 𝛾 value, the faster the decline in the susceptible population, while the exposed population 

increases more quickly and reaches its peak before declining more rapidly. At lower 𝛾 values (0.25), 

the infected population is initially higher but gradually decreases. In contrast, at higher 𝛾 values 

(0.85), the infection decreases faster, indicating that a higher recovery rate reduces the number of 

infected individuals more quickly. The recovered population increases faster with higher 𝛾 values, 

reaching a higher level earlier. This shows that with a higher recovery rate, more people recover 

from pulmonary TB in a shorter amount of time. 

 



  

  
Fig. 9. Dynamic behavior of susceptible, Exposed, Infected, Recovered with varying 𝜔 

 

Figure 9 shows the dynamic behavior of the population with varying values of 𝜔 (0.02, 0.2, 

0.6). The higher the 𝜔 value, the faster the decline in the susceptible population, while the exposed 

population reaches its peak earlier and declines more quickly. In contrast, with lower 𝜔 values, the 

exposed population increases more slowly and declines more gradually. With a larger 𝜔, the 

infected population is higher and decreases more slowly, whereas the recovered population increases 

more slowly as well. 

4 Conclusions 

The mathematical model describing the spread of pulmonary TB consists of four 

subpopulations: susceptible, exposed, infected, and recovered. It adopts the SEIRI framework, 

considering that recovered individuals may relapse into the infected class. The model yields two 

equilibrium points: the disease-free equilibrium, which is locally asymptotically stable when 𝑅0 <
1, and the endemic equilibrium, which is asymptotically stable when 𝑅0 > 1. These stability results 

are supported by numerical simulations using the fourth-order Runge–Kutta method and illustrated 

through graphical visualization. To control the spread of pulmonary TB, strategies should focus on 



reducing the contact rate between susceptible and infected individuals and increasing the treatment 

rate among the infected population. Sensitivity analysis indicates that the relapse rate contributes 

minimally to disease transmission compared to other parameters, suggesting that control measures 

should prioritize interventions targeting transmission and treatment rather than relapse prevention 

alone. 
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