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Abstract. Retaining walls are used for maintaining ground surface at different elevations 

on either side of it. The stability of earth retaining structures has become a serious 

problem due to scour, erosion etc., and the main reason for its instability is the improper 

analysis of such structures. Hence it is necessary to analyze the retaining walls in a 

proper manner by considering the various factors such as soil types, boundary conditions, 

size and type of retaining walls. Matrix displacement method and Finite Element method 

by ANSYS Software are used for the analysis of Cantilever retaining wall with uniform 

stem thickness and subjected to horizontal backfill. In the Matrix Displacement method, 

the cantilever retaining wall has been discretized into six numbers of four-noded 

isoparametric rectangular elements based on the aspect ratio and are analyzed as a plane 

strain problem.  The element stiffness matrices for each element have been derived and 

are assembled to obtain the structural stiffness matrix of size 20x20 after applying the 

boundary conditions.  From the structural stiffness matrix and the nodal loads, the nodal 

displacement, stresses and strains induced in each element are determined. In the finite 

element method, the cantilever retaining wall is modeled as a 2D plane strain model is 

meshed with quadrangle type of element at optimum edge size of 0.35m is analyzed.  

The stresses induced in the toe and heel of the cantilever retaining wall are also 

determined by Static analysis and the stability of the retaining wall against overturning 

and sliding were checked.  The stresses induced in the cantilever retaining wall obtained 

from the Matrix Displacement method, ANSYS and the Static analysis are compared.   

Keywords: Matrix Displacement Method, Finite Element Method, plane strain problem, 

four noded isoparametric rectangular elements. 

1   Introduction 

Retaining walls are commonly used to retain soil on sloping sides, water in a pond or bulk 

products within a storage area. Stress induced in the retaining wall should not exceed the 

bearing capacity of the soil. Hence it is necessary to analyze the retaining walls. Retaining 

walls are classified as gravity, semi-gravity, cantilever and anchored. The Gravity wall is a 

wall that can resist the lateral earth force by its own weight. Semi-gravity walls are similar to 

gravity walls, except that they have some tension reinforcement which helps to reduce the wall 

thickness. Cantilever retaining walls rely on the structural components of  the wall partially 

embedded in foundation to increase the passive resistance to resist lateral earth loads. 
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Anchored walls are having the capacity to resist lateral earth loads by their structural 

components which are being restrained by tension elements connected to anchors and by 

partial embedment of their structural components into foundation material. For the present 

study, Cantilever retaining wall is analyzed analytically using Matrix displacement method 

and Finite Element Method by ANSYS software. 

 

Anuj Chandiwala K, Gunvant solanki, Yash chaliawala [1] investigated Cantilever 

retaining walls are economically suited for heights up to 6m whereas counterfort retaining 

walls are used for heights of 8m-10m. The retaining wall with relieving platform is considered 

as the notable feature as it leads to discontinuous lateral earth press`ure diagrams which in turn 

help in increasing the stability of the retaining wall. 

 

 Mustafa Ergun and Sevket Ates [4] investigated the stress analysis of shear wall using 

Matrix Displacement method.A shear wall is discretized into two Constant Strain Triangle 

elements. The Stiffness matrix and the load vector which are attained from external loads are 

calculated for each of the finite elements using Matrix Displacement Method. Finite element 

analysis of shear wall is done by ANSYS software. The result showed that this method is 

effective and preferable for the stress analysis of shell structures [12].. 

2   General Steps of the Finite Element Method 

The solution of a general continuum problem by the finite element method always follows 

the process given below. Initially, the structure is discretized into number of elements with 

suitable shape and size. As the displacement solution of a complex structure under any 

specified load conditions cannot be predicted exactly, some suitable solution within an 

element to approximate the unknown solution can be assumed. The stiffness matrix [K] and 

the load vector {F} of an element are derived and assembled in a suitable manner. After 

applying the boundary conditions, the nodal displacements can be derived from the relation, 

[K] {u} = {F}. With the known nodal displacements, the element strains and stresses can be 

computed. 

 

3.Isoparametric Formulation of Plane Element Stiffness Matrix In Matrix 

Displacement Method  

The term isoparametric is derived from the use of the same shape functions to 

define the element shape and displacements within the element. Hence when the shape 

function is u = c1+c2 ξ +c3 ƞ+c4 ξ ƞ for the displacement,     x = c1+c2 ξ +c3 ƞ+c4 ξ ƞ is 

used for the description of a coordinate point in the plane element. The natural-

coordinate system ξ-ƞ is defined by element geometry. It is not defined by the element 

orientation in the global-coordinate system x-y. A basic square element in ξ-ƞ co-

ordinates as shown in Fig. 1 is used as a parent element. Isoparametric formulation of 

the simple linear plane element stiffness matrix is discussed. 



 

 

 

 

 
Fig. 1 Linear Square Element in ξ-ƞ  Co-ordinates 

Step 1: Select Element Type 

First, the natural ξ- ƞ coordinates are attached to the element, with the origin at the 

center of the element, as shown in Fig. 1. Consider the quadrilateral element as shown in 

Fig.2 to have eight degrees of freedom, u1, v1, u2, v2, u3, v3, u4, and v4 associated with 

the global x and y directions as shown in Fig. 3. 

 

 

 
Fig. 2 Quadrilateral (Real) Element with Global Axis 

 
Fig. 3 Basic Four-Noded Rectangular Element with Nodal Degrees of 

Freedom 

 



 

 

 

 

The shape functions are used to map the square element shown in Fig. 1 in 

isoparametric coordinates ξ and ƞ to the quadrilateral element shown in Fig. 2 

For any quadrilateral, 

ξηcηcξccx 4321 
 

ξηcηcξccy 8765 
 

Solving for these constants, it is established as, 

44332211 xNxNxNxNx 
 

44332211 yNyNyNyNy 
 

From Fig.3, 
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N1 +N2 +N3+ N4= 1 for all values of ξ and ƞ .The shape functions N1 through N4 have 

the properties that Ni =1 at node i and equal to zero at all other nodes. 

Step 2: Select Displacement Functions  

The displacement functions within an element are defined by the same shape 

functions which are used to define the element shape. 
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where u and v are displacements parallel to the global x and y coordinates. The 

displacement of an interior point  located at x, y in the element shown in Fig. 3 is 

described by u and v. Nodal displacements are denoted by u1, v1, u2, v2, u3, v3, u4 and v4 

respectively. 



 

 

 

 

Step 3: Characterize the Strain-Displacement and Stress-Strain Relationships 

Strain-Displacement matrix, [B] has to be formulated to evaluate the stiffness 

matrix, K. Since, it becomes tedious to write the shape functions in terms of the x and y 

coordinates, the formulation will be carried out in terms of the isoparametric 

coordinates ξ and ƞ. To construct an element stiffness matrix, the strains must be 

defined in terms of the derivatives of the displacements with respect to the x and y 

coordinates. The displacements are now functions of the ξ and ƞ coordinates given by 

equations 1 - 4. Hence, ∂ɸ/∂x and ∂ɸ/∂y have to be determined, where, in general, ɸ is a 

function representing the displacement functions u or v. However, u and v are now 

expressed in terms of ξ and ƞ. Therefore, the chain rule of differentiation is applied to 

express ξ and ƞ as functions of x and y. 
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In actual,     ε = B q  

Here,      ε = A G q  

Therefore,    B = A G  

For plane strain problem, since, dimension in z-direction is very large, 
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Step 4: Derive the Element Stiffness Matrix  

For an element with a constant thickness t, the stiffness matrix in terms of ξ, ƞ 

coordinates will be      
T1 1

-1 -1

K = B C B t J dξdη   

 

4.Analysis Of Cantilever Retaining Wall  

 

Cantilever retaining walls up to 6m in height are usually built as shown in Fig.4. 

These consist of concrete or masonry wall of uniform thickness. Cantilever Retaining wall 

is discretized into six numbers of four – noded isoparametric rectangular elements. 



 

 

 

 

 

Fig. 4 Cantilever Retaining Wall 

A cantilever retaining wall of height 5.5 m, thickness 0.4 m, toe width 0.6 m, heel 

width 1.5 m is considered [5]. It is backfilled with sand that has total unit weight of 25 

kN/m3 and the characteristic compressive strength of 25 N/mm2.The Poisson’s ratio of 

the concrete is 0.2 and its Modulus of elasticity is 25 x 106 kN/m2. 

 

A.  Formulation of Structural Stiffness Matrix of Cantilever Retaining Wall 

 

Element1: 

 

The Element 1 in the Cantilever retaining wall with its global coordinates is shown in 

Fig.5 and is considered as a Real Element 1. 

 

 

Fig. 5 Real Element 1 
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Jacobian matrix, [J]  =  

[
 
 
 
 
∂x

∂ξ

∂y

∂ξ

∂x

∂ƞ

∂y

∂ƞ]
 
 
 
 

 

 
Substituting the values for co-ordinates, 

Jacobian matrix, [J]= [
0.3 0

0 0.25
] 

|J|= 0.075 

[A] = [
1 0 0 0

0 0 0 1

0 1 1 0

]
1

|J|
 [

J22 -J12 0 0

-J21 J11 0 0

0 0 J22 -J12

0 0 -J21 J11

]   

 [A] = [
3.333 0 0 0

0 0 0 4

0 4 3.333 0

] 

[G] = (
1

4
) [

-(1-ƞ) 0 (1-ƞ) 0 (1+ƞ) 0 -(1+ƞ) 0

-(1-ξ) 0 -(1+ξ) 0 (1+ξ) 0 (1-ξ) 0

0 -(1-ƞ) 0 (1-ƞ) 0 (1+ƞ) 0 -(1+ƞ)

0 -(1-ξ) 0 -(1+ξ) 0 (1+ξ) 0 (1-ξ)

] 

 

[B] = [A] [G] 

Constitutive matrix for the Cantilever retaining wall with uniform stem thickness,   

[C] =  34.722 x 10
6 [

0.8 0.2 0

0.2 0.8 0
0 0 0.3

] kN/m2 

The Stiffness matrix for the element 1 for unit thickness is determined as 

[K] = ∫∫[B]T [C][B] t |J|dξ dƞ

1

-1

1

-1

 



 

 

 

 

[K]
1
=106

[
 
 
 
 
 
 
 

11.9 4.34 -5.63 -0.868 -5.94 -4.34 -0.309 0.868

4.34 14 0.868 2.66 -4.34 -7 -0.868 -9.66

-5.63 0.868 11.9 -4.34 -0.309 -0.868 -5.94 4.34

-0.868 2.66 -4.34 14 0.868 -9.66 4.34 -7

-5.94 -4.34 -0.309 0.868 11.9 4.34 -5.63 0.868

-4.34 -7 -0.868 -9.66 4.34 14 0.868 2.66

-0.309 -0.868 -5.94 4.34 -5.63 0.868 11.9 -4.34

0.868 -9.66 4.34 -7 0.868 2.66 -4.34 14 ]
 
 
 
 
 
 
 

kN/m  

Similarly, the stiffness matrix for all other elements can also be determined as 

[K]
2
=106

[
 
 
 
 
 
 
 
 

14.4 4.34 -10.2 -0.868 -7.18 -4.34 3.01 0.868

4.34 11.7 0.868 -0.637 -4.34 -5.87 -0.868 -5.24

-10.2 0.868 14.4 -4.34 3.01 -0.868 -7.18 4.34

-0.868 -0.637 -4.34 11.7 0.868 -5.24 4.34 -5.87

-7.18 -4.34 3.01 0.868 14.4 4.34 -10.2 -0.868

-4.34 -5.87 -0.868 -5.24 4.34 11.7 0.868 -0.637

3.01 -0.868 -7.18 4.34 -10.2 0.868 14.4 -4.34

0.868 -5.24 4.34 -5.87 -0.868 -0.637 -4.34 11.7 ]
 
 
 
 
 
 
 
 

kN/m 

 

[K]
3
=106

[
 
 
 
 
 
 
 
 

13.5 4.34 2.12 -0.868 -6.75 -4.34 -8.87 0.868

4.34 28.9 0.868 12.7 -4.34 -14.5 -0.868 -27.2

2.12 0.868 13.5 -4.34 -8.87 -0.868 -6.75 4.34

-0.868 12.7 -4.34 28.9 0.868 -27.2 4.34 -14.5

-6.75 -4.34 -8.87 0.868 13.5 4.34 2.12 -0.868

-4.34 -14.5 -0.868 -27.2 4.34 28.9 0.868 12.7

-8.87 -0.868 -6.75 4.34 2.12 0.868 13.5 -4.34

0.868 -27.2 4.34 -14.5 -0.868 12.7 -4.34 28.9 ]
 
 
 
 
 
 
 
 

kN/m 

 

[K]
4
=[K]

5
=106

[
 
 
 
 
 
 
 
 41.3 4.34 -40.1 -0.868 -20.7 -4.34 19.5 0.868

4.34 17.3 0.868 -14.1 -4.34 -8.65 -0.868 5.48

-40.1 0.868 41.3 -4.34 19.5 -0.868 -20.7 4.34

-0.868 -14.1 -4.34 17.3 0.868 5.48 4.34 -8.65

-20.7 -4.34 19.5 0.868 41.3 4.34 -40.1 -0.868

-4.34 -8.65 -0.868 5.48 4.34 17.3 0.868 -14.1

19.5 -0.868 -20.7 4.34 -40.1 0.868 41.3 -4.34

0.868 5.48 4.34 -8.65 -0.868 -14.1 -4.34 17.3 ]
 
 
 
 
 
 
 
 

kN/m 

[K]
6
=106

[
 
 
 
 
 
 
 
 35.6 4.34 -34.3 -0.868 -17.8 -4.34 16.4 0.868

4.34 15.5 0.868 -11.8 -4.34 -7.74 -0.868 4.04

-34.3 0.868 35.6 -4.34 16.4 -0.868 -17.8 4.34

-0.868 -11.8 -4.34 15.5 0.868 4.04 4.34 -7.74

-17.8 -4.34 16.4 0.868 35.6 4.34 -34.3 -0.868

-4.34 -7.74 -0.868 4.04 4.34 15.5 0.868 -11.8

16.4 -0.868 -17.8 4.34 -34.3 0.868 35.6 -4.34

0.868 4.04 4.34 -7.74 -0.868 -11.8 -4.34 15.5 ]
 
 
 
 
 
 
 
 

kN/m 

 

The stiffness matrix for the entire structure is obtained by assembling the element 

stiffness matrix of 6 elements by superposition method. The size of structural stiffness 

matrix is 28 x 28 as the size of each element stiffness matrix is 8 x 8. After applying the 

boundary conditions, it is reduced to   20 x 20.The final stiffness matrix will be 

[K] = [
K11 K12
K21 K22

] 

[K]
11

=107

[
 
 
 
 
 
 
 
 
 
 

1.188 -0.434 -0.563 0.087 0 0 0 0 0 0

-0.434 1.4 -0.087 0.266 0 0 0 0 0 0

-0.563 -0.087 6.754 0.434 -5.03 0 0 0 1.946 0.087

0.087 0.266 0.434 4.306 0 -1.477 0 0 -0.087 0.548

0 0 -5.03 0 6.916 -0.434 0.212 0.087 -2.065 0.434

0 0 0 -1.48 -0.434 5.799 -0.087 1.273 0.434 -0.865

0 0 0 0 0.212 -0.087 1.35 0.434 0 0

0 0 0 0 0.087 1.35 0.434 2.893 0 0

0 0 1.946 -0.087 -2.066 0.434 0 0 8.261 0

0 0 0.087 0.548 0.434 0 0 0 0 3.462 ]
 
 
 
 
 
 
 
 
 
 

kN/m 

 



 

 

 

 

[K]
12

=107

[
 
 
 
 
 
 
 
 
 
 

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

-2.065 -0.434 0 0 0 0 0 0 0 0

-0.434 -0.865 0 0 0 0 0 0 0 0

1.946 -0.087 0 0 0 0 0 0 0 0

0.087 0.548 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

-8.022 0 1.946 0.087 -2.065 -0.434 0 0 0 0

0 -2.827 -0.087 0.548 -0.434 -0.865 0 0 0 0 ]
 
 
 
 
 
 
 
 
 
 

kN/m 

[K]
21

=107

[
 
 
 
 
 
 
 
 
 
 

0 0 -2.065 -0.434 1.946 0.087 0 0 -8.02 0

0 0 -0.434 -0.865 -0.087 0.548 0 0 0 -2.827

0 0 0 0 0 0 0 0 1.946 -0.087

0 0 0 0 0 0 0 0 0.087 0.548

0 0 0 0 0 0 0 0 -2.065 -0.434

0 0 0 0 0 0 0 0 -0.434 -0.865

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 ]
 
 
 
 
 
 
 
 
 
 

kN/m 

 

[K]
22

=107

[
 
 
 
 
 
 
 
 
 
 

8.261 0 -2.065 0.434 1.946 -0.087 0 0 0 0

0 3.462 0.434 -0.865 0.087 0.548 0 0 0 0

-2.065 0.434 7.695 -0.0002 -7.437 0 1.644 0.087 -1.782 -0.434

0.434 -0.865 -0.0002 3.28 0 -2.592 -0.087 0.404 -0.434 -0.774

1.946 0.087 -7.437 0 7.695 0.0002 -1.782 0.434 1.644 -0.087

-0.087 0.548 0 -2.592 0.0002 3.28 0.434 -0.774 0.087 0.404

0 0 1.644 -0.087 -1.782 0.434 3.565 -0.434 -3.426 0.087

0 0 0.087 0.404 0.434 -0.774 -0.434 1.549 -0.087 -1.179

0 0 -1.782 -0.434 1.644 0.087 -3.426 -0.087 3.565 0.434

0 0 -0.434 -0.774 -0.087 0.404 0.087 -1.179 0.434 1.549 ]
 
 
 
 
 
 
 
 
 
 

kN/m 

 

A.  Calculation of Nodal Forces and Nodal Displacements [5,6] 

 

Cantilever retaining wall with uniform stem thickness which is retaining sand as 

backfill and is subjected to an active earth pressure is shown in Fig.6 

Active earth pressure coefficient, ka = 
 1- sin ɸ

1+ sin ɸ
= 0.26   

Active earth pressure,p
a
= kaγ h = 0.26 x 18 x 5.5 = 25.74 kN/m2  

 

 
 

Fig. 6 Cantilever Retaining Wall with Uniform Stem Thickness subjected to an Active Earth Pressure 

In general, {Q} =∫[N]
T
{T} ds 



 

 

 

 

{Q
x
} =∫ [N]

T{p
x
} dy

b

-b

 

{
 

 
Q14x

Q12x

Q10x

Q7x }
 

 
= b∫

{
 
 
 
 
 

 
 
 
 
 (

9

16
) *(ƞ- (

1

3
)) *(ƞ+ (

1

3
)) *(1+ƞ)

(
27

16
) *(1-ƞ)*(1+ƞ)*(ƞ+ (

1

3
))

(
27

16
) *(ƞ-1)*(1+ƞ)*(ƞ- (

1

3
))

(
9

16
) *(ƞ- (

1

3
)) *(ƞ+ (

1

3
)) *(1-ƞ)

}
 
 
 
 
 

 
 
 
 
 

1

-1

  

〈(1+ƞ)/2|(1-ƞ)/2〉 {
0

 - 23.4
}  dƞ 

 = - 23.4* (
5

2
)

{
 
 
 

 
 
 

1

30
3

20
3

5
13

60}
 
 
 

 
 
 

 

{
 
 

 
 Q

14x

Q
12x

Q
10x

Q
7x }
 
 

 
 

={

- 0.78

- 3.51

- 14.04

- 5.07

}kN 

Similarly, 

{
Q

8x

Q
4x

}=b ∫{

1+ƞ

2
1-ƞ

2

} ⟨
1+ƞ

2
|
1-ƞ
2
⟩

1

-1

{
- 23.4

  - 25.74
} dƞ 

= (
0.5

4
) {

-96.72

-99.84
} 

{
Q

8x

Q
4x

}= {
- 6.045

- 6.24
}kN 

{
Q

7y

Q
8y

} = {
-90*(1.5/2)

-90*(1.5/2)
}= {

- 67.5

- 67.5
}kN 

 

Loads Due to Self Weight: 

 Point load is acting at the centroid of an element 1 (at ξ=ƞ=0, since it is a perfect 

rectangular element). 

{Q} =[N]
T 

{F} 

=25*0.6*0.5*1=7.5 kN 

= [
N1 N2 N3 N4 0 0 0 0

0 0 0 0 N1 N2 N3 N4
]

T

{
0

-7.5
} 



 

 

 

 

= (
1

4
) [

1 1 1 1 0 0 0 0

0 0 0 0 1 1 1 1
]
T

{
0

-7.5
} 

{
 
 
 
 

 
 
 
 

Q
1x

Q
2x

Q
6x

Q
5x

Q
1y

Q
2y

Q
6y

Q
5y}
 
 
 
 

 
 
 
 

=

{
 
 
 

 
 
 

0

0

0

0

-1.875

-1.875

-1.875

-1.875}
 
 
 

 
 
 

kN 

Similarly, for all other elements, nodal loads due to self weight can be determined. 

{
 
 

 
 

Q
2y

Q
3y

Q
4y

Q
6y}
 
 

 
 

={

-1.25

-1.25

-1.25

-1.25

} kN ;

{
 
 

 
 

Q
3y

Q
4y

Q
8y

Q
7y}
 
 

 
 

={

-4.688

-4.688

-4.688

-4.688

} kN ; 

{
 
 

 
 

Q
6y

Q
7y

Q
10y

Q
9y }
 
 

 
 

={

-4.375

-4.375

-4.375

-4.375

} kN 

{
 
 

 
 

Q
9y

Q
10y

Q
12y

Q
11y}
 
 

 
 

={

-4.375

-4.375

-4.375

-4.375

} kN ;

{
 
 

 
 

Q
11y

Q
12y

Q
14y

Q
13y}
 
 

 
 

={

-3.75

-3.75

-3.75

-3.75

} kN 

Finally, 

{
 
 
 
 
 

 
 
 
 
 

Q
1x

Q
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Q
2x

Q
2y

Q
3x

Q
3y

Q
4x

Q
4y

Q
5x

Q
5y}
 
 
 
 
 

 
 
 
 
 

=

{
 
 
 
 

 
 
 
 

0

-1.875

0

-3.125

0

-5.938

-6.24

-4.688

-5.07

-1.875}
 
 
 
 

 
 
 
 

kN 
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Q
6x

Q
6y

Q
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Q
7y

Q
8x

Q
8y

Q
9x

Q
9y

Q
10x

Q
10y}
 
 
 
 
 

 
 
 
 
 

=

{
 
 
 
 

 
 
 
 

0

-7.5

0

-77.813

-6.045

-72.188

0

-8.75

-14.04

-8.75 }
 
 
 
 

 
 
 
 

kN ;

{
 
 
 
 

 
 
 
 

Q
11x

Q
11y

Q
12x

Q
12y

Q
13x

Q
13y

Q
14x

Q
14y}
 
 
 
 

 
 
 
 

=

{
 
 
 

 
 
 

0

-8.125

-3.51

-8.125

0

-3.75

-0.78

-3.75 }
 
 
 

 
 
 

kN  

With the structural stiffness matrix and nodal forces, nodal displacements associated 

with each node can be calculated as, 

 

{F}=[K]{u} 

{u}=

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

u5

v5

u6

v6

u7

v7

u8
v8

u9

v9 

u10

v10

u11

v11

u12

v12

u13

v13

u14

v14}
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

=10-3

{
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

-0.0002

0.0007

-0.0008

-0.0051

-0.0005

0.001

0.0007

-0.003

-0.066

-0.019

-0.066

0.0013

-0.016

-0.024

-0.163

-0.0012

-0.252

-0.0257

-0.251

-0.002 }
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 

m 

 

 

B. Calculation of  Stresses and Strains  

 

Strain induced in each element can be computed by 

    ε = B u  

For Element 1, 



 

 

 

 

{

ϵx

ϵy

γ
xy

} ={

- 5*10-7ƞ - 5*10-7

- 5.8*10-6ξ - 4.4*10-6

- 6*10-7ξ - 4.833*10-6ƞ - 5.833*10-6

} 

Stresses induced in each element can be computed by 

{σ}=[C]{ϵ} 

{

σxx

σyy

τxy

} = {

- 40.28ξ – 15.93ƞ – 55.78

- 161.11ξ - 5.472ƞ+0.076

- 6.25ξ - 50.34ƞ – 50.98

}kN/m2 

In a similar way, strain and stress induced in other elements can also be computed. 

For element 2, 

{

ϵx

ϵy

γ
xy

} ={

3.75*10-7ƞ + 3.75*10-7

1.5*10-5ξ + 4.9*10-6

3*10-7ξ + 1.888*10-5ƞ + 1.758*10-5

} 

{

σxx

σyy

τxy

} = {

104.86ξ + 10.417ƞ + 44.444

419.44ξ -22.77ƞ + 138.71

3.125ξ + 196.61ƞ + 183.07

} kN/m2 

For element 3, 

{

ϵx

ϵy

γ
xy

} ={

4*10-7ξ + 4*10-7

4*10-6ξ – 2*10-6

- 1.2*10-6ξ – 1.33*10-6ƞ – 1.33*10-6

}  

{

σxx

σyy

τxy

} = {

11.108ƞ - 27.778ξ - 2.78

 21.27ƞ + 111.13ξ -127.32

12.5ξ - 13.885ƞ - 11.802

} kN/m2 

For element 4, 

{

ϵx

ϵy

γ
xy

} ={

3.75*10-7- 3.75*10-7ƞ

4.058*10-6ξ – 3.886*10-6

1.775*10-5ƞ – 8.75*10-8ξ – 4.34*10-6

} 

{

σxx

σyy

τxy

} = {

28.178ξ - 10.417ƞ - 16.571

112.71ξ - 2.604ƞ - 105.35

184.89ƞ - 0.893ξ - 45.286

} kN/m2 

For element 5, 

{

ϵx

ϵy

γ
xy

} ={

0

7.14*10-7ξ – 2.14*10-6

3.125*10-5ƞ – 1.56*10-6

} 

{

σxx

σyy

τxy

} = {

4.961ξ - 14.883

19.844ξ - 59.53

32.55ƞ - 16.255

} kN/m2 

For element 6, 

{

ϵx

ϵy

γ
xy

} ={

1.25*10-6ƞ + 1.25*10-6

2.992*10-7ξ – 8.331*10-7

3.333*10-7ξ + 1.125*10-6ƞ – 8.683*10-7

} 

{

σxx

σyy

τxy

} = {

2.083ξ + 34.722ƞ + 28.936

8.33ξ + 8.681ƞ - 14.462

3.471ξ + 11.719ƞ - 8.691

} kN/m2 



 

 

 

 

If the value of normal and shear stress at any point is needed, it can be obtained by 

substituting the values of ξ and ƞ in 𝜎xx, 𝜎yy and τxy. 

𝜎yy in the element 1 = 166.658 kN/m2  

𝜎yy in the element 3 = 5.08 kN/m2 

C. Calculation of stresses by static method [2,5] 

 

A cantilever retaining wall with uniform stem thickness and subjected to 

horizontal backfill for the chosen dimensions and properties is analyzed statically as 

shown in Table I. 

From equilibrium, 

Sum of Vertical forces, Rv = 216.25 kN  

Sum of horizontal forces, RH = 70.785 kN  

Taking moment about toe, 

x = (Σ Resisting moment –Σ overturning moment) / Rv
  

= (315.313-129.773) /216.25 = 0.858m. 

The resulting force lies within the middle third of the base. 

Eccentricity, e = (B/2) – x =1.25-0.858 = 0.392m 

The Linear pressure distribution at the base is assumed .The maximum and minimum 

pressure is given by, 

pmax = (Rv/B) * (1+ (6 * e /B)) = 167.879 kN/m2  

pmin = (Rv/b) * (1- (6 * e /b)) = 5.121 kN/m2 

 
TABLE I  STATIC ANALYSIS OF CANTILEVER RETAINING WALL WITH UNIFORM STEM THICKNESS 

AND SUBJECTED TO HORIZONTAL BACKFILL 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Check for Overturning 

The factor of safety for overturning of the cantilever retaining wall is calculated by 

taking moments about the toe of the foundation. 

Factor of safety = 
Sum of resisting moment about toe

Sum of overturning moment about toe
 

=
315.313

129.773
 = 2.43 >2. 

S. 

No. 

Vertical 

Force (kN) 

Horizontal 

Force (kN) 

Clockwise 

Moment 

(kNm) 

Anticlockwise 

Moment (kNm) 

1 25*0.4*5=50 - 50*0.8=40 - 

2 
25*2.5*0.5=

31.25 
- 

31.25*1.25=

39.063 
- 

3 
18*1.5*5= 

135 
- 

135*1.75= 

236.25 
- 

4 - 
0.5*25.74*

5.5=70.785 
- 

70.785*5.5/3= 

129.773 

Σ 216.25 70.785 315.313 129.773 



 

 

 

 

The minimum factor of safety for overturning is 1.5 to 2.0. Hence the cantilever 

retaining wall considered is safe against overturning. 

 

Check for Sliding 

The factor of safety for sliding of the cantilever retaining wall is often obtained as the 

resisting force divided by the driving force. 

Factor of Safety=
 Rv

RH

=
0.577*216.25

70.785
=1.763 

 = tan d  

where,  

 -Coefficient of friction between the base of the wall and the soil  

d - Friction angle between the base of the wall and the foundation 

The minimum factor of safety for sliding is 1.5 to 2.0. Hence the cantilever retaining wall 

considered is safe against sliding. 

 = tan d  

where,  

 -Coefficient of friction between the base of the wall and the soil  

d - Friction angle between the base of the wall and the foundation 

The minimum factor of safety for sliding is 1.5 to 2.0. Hence the cantilever retaining wall 

considered is safe against sliding. 

 

5. Analysis Of Cantilever Retaining Wall Using Ansys 
 

A Cantilever retaining wall considered in this study is  modeled and analyzed using 

ANSYS. 

A.  Modeling of Cantilever Retaining wall 

 

A Cantilever retaining wall  for the chosen dimensions and properties is modeled as a 

2D plane strain model as shown in Fig.7. 

 

 
 

Fig. 7  Cantilever Retaining Wall with Uniform Stem Thickness model 

 In order to mesh the Cantilever retaining wall, it is necessary to obtain the optimum 

edge size of an element. It can be obtained by determining the convergence of the y- 

component stress (𝜎yy) as shown in Table II 

 



 

 

 

 

TABLE II STRESS (𝜎YY) AT TOE FOR CORRESPONDING EDGE SIZE 

S.No. Edge Size (m) 
Stress (𝜎YY) at Toe 

(kN/m2) 

1 0.05 168.225 

2 0.1 168.860 

3 0.15 169.007 

4 0.2 169.159 

5 0.25 168.973 

6 0.3 168.186 

7 0.35 168.261 

8 0.4 168.468 

 

Since the stress value converges at an edge size of 0.35 m, the optimum edge size is 0.35 

m. 

B. Meshing the Cantilever Retaining wall 

 

The Quadrangle type of element with an optimum edge size of 0.35 m is used for 

meshing the cantilever retaining wall. As a result of meshing, there are 70 nodes and 44 

elements in the cantilever retaining wall as shown in Fig.8.  

  

 
 

Fig. 8 Meshing of Cantilever Retaining Wall with Uniform Stem Thickness 

Cantilever retaining wall which is fixed at the bottom is subjected to an active 

earth pressure of 25.74 kN/m2 at the bottom and zero at top in addition to its self weight 

as shown in Fig. 9 

 

 
 

Fig. 9 Cantilever Retaining Wall with Uniform Stem Thickness Carrying Loads 



 

 

 

 

C. Stress Distribution of Cantilever Retaining Wall with Uniform Stem Thickness 

 

 After applying the loads with the proper boundary conditions, the stress 

distribution of the cantilever retaining wall obtained is shown in Fig. 10 
 

Stress at toe = 168.261 kN/m2  

Stress at heel = 5.135 kN/m2 

 

Fig. 10 Stress Pattern of Cantilever Retaining Wall with Uniform Stem Thickness 
 

6.  Comparison Of Stresses Induced In The Cantilever Retaining 

Wall 
 

The stresses induced in Cantilever retaining wall from different methods are 

compared and given in Table III and Fig 11 respectively.  

 
TABLEIII STRESSES INDUCED IN CANTILEVER RETAINING WALL OBTAINED FROM DIFFERENT METHODS 

Stress, 

σyy 

(kN/m2) 

 Matrix 

Displacement 

method 

ANSYS Static 

method 

At toe 152.154 153.103 154.864 

At heel 94.038 94.291 96.453 

  

 

7.Conclusion 
 

In this paper, the efficiency of Matrix Displacement method on the solution of 

plane strain problem is investigated by considering a cantilever retaining wall as an 

example. The Stress values of the cantilever retaining wall subjected to lateral loads are 

obtained using Matrix Displacement method and are compared with the results obtained 

from ANSYS and the Static method. The Stresses at toe and heel of the Cantilever 

retaining wall obtained by Matrix Displacement method varies from that obtained by 

ANSYS by 0.953% and 1.07% respectively. The Stresses at toe and heel of the 

Cantilever retaining wall obtained by Matrix Displacement method varies from that 

obtained by Static method by 0.727% and .8% respectively.Based on the results 



 

 

 

 

obtained from this study, the Matrix Displacement method can be used effectively for 

the stress analysis of cantilever retaining walls. Further studies can be carried out to 

prove the efficiency of Matrix Displacement method on the solution of plane stress and 

plane strain problems using different types of structures. 
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