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Abstract. This study introduces the nutrient–phytoplankton–zooplankton– oxy-
gen–carbon (NPZOC) model, an extended formulation of the classical NPZO sys-
tem, to provide a more comprehensive representation of biogeochemical inter-
actions in aquatic ecosystems. Unlike previous studies, the NPZOC model ex-
plicitly incorporates carbon dynamics, offering new insights into coupled nutri-
ent–oxygen–carbon processes. The novelty of this work lies in the derivation of
explicit stationary (equilibrium) points, which have not been reported before, and
in the development of numerical algorithms using fourth-order Runge–Kutta and
Yoshida symplectic integrators to simulate system behavior. Using realistic param-
eterization and initial conditions, we analyze system stability and reveal complex
dynamic patterns of the NPZOC model. These results not only extend the theoreti-
cal understanding of aquatic ecosystem models but also provide practical tools for
investigating carbon–oxygen interactions in marine and freshwater environments.

Keywords: NPZOC model, numerical integrator, qualitative properties, explicit
Runge-Kutta methods, symplectic Yoshida integrator.

1 Introduction

Planktonic ecosystems display a rich variety of temporal oscillations, from regular
predator-prey cycles to chaotic dynamics, depending on environmental and biological
feedbacks. Understanding such oscillations is essential for predicting ecosystem sta-
bility, carbon cycling, and oxygen regulation in aquatic systems. Mathematical models
have become a fundamental tool for exploring these nonlinear behaviors [1–5]. Re-
cent advances in aquatic ecosystem modeling have increasingly focused on extend-
ing classical NPZ-type models to incorporate additional biogeochemical processes,
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environmental forcing, and nonlinear feedback mechanisms. Such developments im-
prove the capability of ecosystem models to reproduce realistic bloom dynamics, oxy-
gen fluctuations, and carbon cycling under changing environmental conditions. Sev-
eral recent studies have demonstrated that incorporating additional ecological com-
partments and nonlinear interactions substantially enriches system dynamics and re-
veals new bifurcation scenarios that cannot be captured by traditional NPZ formula-
tions [6, 7]. Classical plankton ecosystem models are commonly formulated using the
nutrient–phytoplankton–zooplankton (NPZ) framework, which captures the essential
predator–prey interactions and nutrient recycling mechanisms governing plankton dy-
namics [1–3]. Early NPZ-type models have been extensively used to explain oscillatory
behavior, stability loss, and bloom formation in aquatic ecosystems [4, 5]. However,
these models typically neglect oxygen and carbon processes, implicitly assuming that
biogeochemical feedbacks do not significantly alter population dynamics.

To address this limitation, several extensions of NPZ models have incorporated
dissolved oxygen as an additional state variable, leading to NPZO-type formulations
[8, 9]. The inclusion of oxygen introduces new feedback mechanisms through pho-
tosynthetic production and respiratory consumption, which can substantially modify
system stability and give rise to complex dynamics such as limit cycles and bifurca-
tions [10, 11]. Nevertheless, carbon dynamics are often treated implicitly or absorbed
into nutrient recycling terms, limiting the model’s ability to represent biogeochemical
coupling explicitly.

The NPZOC model considered in this study further extends existing frameworks
by explicitly incorporating organic carbon as an independent compartment [12, 13].
This extension allows carbon-mediated feedback to interact with nutrient uptake, oxy-
gen production, and grazing processes, thereby enriching the nonlinear structure of the
system. Compared to classical NPZ and NPZO models, the NPZOC formulation pro-
vides a more comprehensive representation of biogeochemical interactions and enables
the investigation of how coupled oxygen–carbon feedback influences stability transi-
tions and bloom dynamics.

Recent advances in plankton ecosystem modeling have emphasized the impor-
tance of incorporating oxygen and carbon dynamics to better capture nonlinear interac-
tions, oscillatory behavior, and ecosystem stability [14]. This development is supported
by marine biogeochemical studies showing that oxygen and carbon are integral com-
ponents of tightly coupled elemental cycles governing ecosystem functioning, thereby
providing a stronger ecological basis for extending classical NPZ-type models [15].

The interaction among nutrients, phytoplankton, and zooplankton (NPZ systems)
has long been recognized as a minimal framework for modeling plankton popula-
tion dynamics [8, 9, 16]. The inclusion of oxygen and carbon variables adds phys-
iological realism, as photosynthetic oxygen production and respiratory consumption
introduce additional feedback loops [10, 11]. In the context of plankton ecosystem
modeling, a feedback loop refers to a closed causal chain among state variables in
which changes in one component influence others and subsequently feed back to the
original variable through nonlinear interactions. In classical NPZ models, the pri-
mary feedback loop involves nutrient uptake by phytoplankton, grazing by zooplank-
ton, and nutrient recycling through mortality and excretion processes. This nutri-
ent–phytoplankton–zooplankton loop is known to generate oscillatory dynamics and
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stability transitions [3, 16].
In NPZO-type extensions, an additional oxygen-mediated feedback loop is intro-

duced through photosynthetic oxygen production by phytoplankton and oxygen con-
sumption via respiration and biological processes [8–11]. This oxygen feedback modi-
fies growth and grazing terms, thereby influencing both phytoplankton and zooplankton
dynamics. The NPZOC model adopted in this study further extends these mechanisms
by explicitly incorporating organic carbon as a dynamic state variable, allowing carbon-
driven remineralization and oxygen–carbon coupling to form an additional feedback
pathway [11, 12]. As a result, the NPZOC formulation captures multiple interacting
feedback loops that collectively shape system stability and bloom dynamics.

Nonlinear coupling among these compartments can destabilize steady states and
produce oscillatory regimes through bifurcation phenomena [12, 13, 17].

Hopf bifurcation, in particular, marks the birth of self-sustained oscillations when
a complex conjugate pair of eigenvalues crosses the imaginary axis [18,19]. This math-
ematical mechanism is well-documented in ecological, chemical, and physical sys-
tems. In the context of plankton ecology, Hopf bifurcation explains recurrent plankton
blooms triggered by feedback between resource limitation and predation [3, 20]. De-
spite the extensive use of NPZ and NPZO-type models, several important limitations
remain. Most existing formulations focus on nutrient–plankton–zooplankton interac-
tions while treating oxygen and carbon processes implicitly or in a highly simplified
manner. As a result, the combined impact of oxygen–carbon feedback on system stabil-
ity, oscillatory behavior, and bloom dynamics is still not well understood, particularly
in higher-dimensional nonlinear models. Moreover, explicit analytical expressions for
equilibrium states and their stability properties are rarely reported for extended NPZ-
type systems, limiting systematic bifurcation analysis.

The main objective of this study is to address these gaps by formulating and an-
alyzing a five-dimensional NPZOC model that explicitly incorporates nutrient, phyto-
plankton, zooplankton, oxygen, and carbon dynamics. By deriving closed-form equi-
librium solutions and combining eigenvalue-based stability analysis with numerical in-
tegration, this work aims to clarify how coupled oxygen–carbon feedback alters stabil-
ity transitions and induces Hopf-type oscillations. The proposed framework provides
both ecological insight and a computational reference for studying bloom dynamics and
nonlinear behavior in extended plankton ecosystem models. Here we extend classical
NPZ models by incorporating oxygen–carbon coupling and nonlinear predator-prey in-
teractions controlled by θ5. Through eigenvalue analysis and direct time integration,
we identify the bifurcation threshold and characterize the emerging limit cycle. The
approach follows the computational procedure of [1,5,12], linking stability theory and
ecological interpretation.

This article describes the computational findings on the solutions and dynamics
of a five-dimensional plankton–oxygen model using a numerical method. The algo-
rithms and computer programs that produce the simulation results are presented in the
appendix, providing a reference for future investigations into other qualitative aspects
not discussed in this article, such as bloom detection and other possible bifurcations.
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2 Model formulation and steady-state solutions

2.1 The NPZOC model

The NPZOC model consists of five coupled nonlinear ordinary differential equa-
tions (ODEs) describing the temporal evolution of nutrient (N), phytoplankton (P),
zooplankton (Z), dissolved oxygen (O), and organic carbon (C). It extends classical
NPZ-type plankton ecosystem models, which capture nutrient uptake by phytoplank-
ton and grazing by zooplankton as the core predator–prey mechanism. Specifically,
the formulation follows the nitrogen-based NPZ structure introduced by Fasham et
al. [21] and subsequent stability-oriented extensions in plankton ecology [9]. Dis-
solved oxygen is incorporated following NPZO-type models that account for photo-
synthetic oxygen production and respiratory consumption, while organic carbon is in-
cluded explicitly to represent biogeochemical remineralization processes. Therefore,
the NPZOC system should be viewed as a structured extension of established NPZ and
NPZO frameworks rather than an ad hoc construction.

For mathematical consistency, we denote the state variables as

n(t)≡ N(t), a(t)≡ P(t), Z(t), OX(t)≡ O(t), CC(t)≡C(t),

so that the five-dimensional state vector is

x(t) = (n(t),a(t),Z(t),OX(t),CC(t)) ∈ R5.

Hence, the NPZOC model is a five-dimensional (5D) dynamical system.

2.1.1 Governing equations

The NPZOC system is governed by

ṅ = qn−α0n−β1na, (1)

ȧ =
θ4na

α4 +OX0−OX
−α1a−β2Za, (2)

Ż =
θ5Za

α5 +OX0−OX
−α2Z, (3)

ȮX = qx−α3OX +λa, (4)

ĊC = δ1a−δ2Z−δ3CC. (5)

Equations (1)–(5) have clear ecological interpretations:

• Nutrient (Eq. 1): qn is external input, α0n natural loss, β1na nutrient uptake by
phytoplankton.

• Phytoplankton (Eq. 2): Growth is nutrient- and oxygen-limited; α1a is mortal-
ity, β2Za grazing by zooplankton.

• Zooplankton (Eq. 3): Growth depends on grazing efficiency and oxygen, α2Z
is mortality.
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• Dissolved oxygen (Eq. 4): qx background input, α3OX consumption/loss, λa
phytoplankton production.

• Organic carbon (Eq. 5): δ1a production, δ2Z loss via zooplankton respiration,
δ3CC remineralization.

2.1.2 Positivity and boundedness

For non-negative initial conditions, the structure of the governing equations en-
sures that all state variables remain non-negative; hence, the non-negative orthant is
positively invariant. Using classical comparison techniques and conservation argu-
ments, solutions of the NPZOC system remain uniformly bounded for all time, guar-
anteeing biological feasibility and mathematical well-posedness [22, 23].

2.1.3 Equilibrium solutions

The equilibrium (steady-state) solutions are obtained by setting the right-hand
sides of Eqs. (1)–(5) to zero:

ṅ = ȧ = Ż = ȮX = ĊC = 0,

yielding algebraic expressions for (n∗,a∗,Z∗,OX∗,CC∗), given explicitly in Eqs. (6)–
(10).

n∗ =
qn

α0 +
α2β1

(
α3(α5 +C0)−qc

)
α2λ1 +α3θ5

, (6)

CC∗ =
α2(α5 +C0)λ1 +qcθ5

α2λ1 +α3θ5
, (7)

Z∗ =
1
β2

[
−α1 +

qnθ4

η1η2

]−1

, (8)

a∗ =
α2α3α5 +α2α3C0−α2qc

α2λ1 +α3θ5
, (9)

OX∗ =
1
δ3

[
α2δ1

(
α3(α5 +C0)−qc

)
α2λ1 +α3θ5

− 1
β2

δ2

(
−α1 +

qnθ4

η1η2

)]
. (10)

where

η1 =

(
α0 +

α2β1
(
α3(α5 +C0)−qc

)
α2λ1 +α3θ5

)

η2 =

(
α4 +C0−

α2(α5 +C0)λ1 +qcθ5

α2λ1 +α3θ5

))
In summary, n(t), a(t), Z(t), OX(t), and CC(t) denote nutrient, phytoplankton,

zooplankton, dissolved oxygen, and organic carbon concentrations, respectively. All
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parameters (qn, qx, αi, βi, θi, λ , δi, OX0) are positive constants ensuring biological
feasibility, with their ecological interpretation summarized in Table 1.

Table 1: Model parameters and their ecological interpretation.

Parameter Description
qn External nutrient input rate
qx Background oxygen input rate
α0 Nutrient loss rate
α1 Phytoplankton mortality rate
α2 Zooplankton mortality rate
α3 Oxygen decay or consumption rate
α4 Oxygen limitation constant for phytoplankton growth
α5 Oxygen limitation constant for zooplankton growth
β1 Nutrient uptake rate by phytoplankton
β2 Grazing rate of zooplankton on phytoplankton
θ4 Phytoplankton growth efficiency
θ5 Zooplankton grazing efficiency (bifurcation parameter)
λ Oxygen production rate by phytoplankton
δ1 Carbon production from phytoplankton
δ2 Carbon loss due to zooplankton respiration
δ3 Carbon remineralization rate
OX0 Reference oxygen level

3 Numerical simulations and discussion

All numerical simulations were performed using a standard explicit fourth-order
Runge–Kutta method. A uniform time step ∆t = 0.01 was employed to ensure numeri-
cal stability and accuracy, and simulations were carried out over a sufficiently long time
interval to eliminate transient effects. Initial conditions were chosen as small perturba-
tions around the interior equilibrium in order to illustrate stability transitions predicted
by the analytical results. Parameter values used in the simulations are consistent with
those reported in the literature and are listed in Table 2 and Table 4. Additional tests
with smaller time steps confirmed that the numerical results are robust and insensitive
to the choice of ∆t.

3.1 Numerical simulation and bloom event detection

The numerical experiment was carried out on the five-dimensional plankton–
oxygen system defined as

d
dt


n
a
Z

OX
CC

= F(n,a,Z,OX ,CC),
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where n, a, Z, OX , and CC represent the nutrient, phytoplankton, zooplankton, dis-
solved oxygen, and carbon components, respectively. The governing equations are
parameterized as follows:

ṅ = qn−α0n−β1na,

ȧ =
θ4na

α4 +OXo−OX
−α1a−β2Za,

Ż =
θ5Za

α5 +OXo−OX
−α2Z,

ȮX = qx−α3OX +λa,

ĊC = δ1a−δ2Z−δ3CC.

The parameter set used in this experiment is:

Table 2: Parameter values used in the NPZOC model simulations

Parameter Value
qn 45
qx 24.0
OX0 45.0
α0 0.10
α1 0.009
α2 0.01
α3 3.00
α4 0.51
α5 0.41
β1 0.51
β2 0.41
λ 5.723×0.65
θ4 0.35
θ5 0.33
δ1 0.20
δ2 0.10
δ3 0.05

The initial state vector is set to (n,a,Z,OX ,CC) = (5.0,1.0,0.5,10.0,1.0), with
simulation time tmax = 100 and step size ∆t = 0.05.

3.1.1 Integration schemes

Two numerical integrators were implemented:

1. the explicit fourth-order Runge–Kutta method (RK4), and

2. the Yoshida implicit symplectic composition using the midpoint rule.
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The Yoshida implicit symplectic integrator uses a three-stage symmetric compo-
sition (coefficients c1 and c2) to solve the NPZOC system (Eqs. (1)–(5)) with improved
stability for oscillatory regimes. The Yoshida scheme employs a three-stage symmetric
composition with coefficients as follows:

c1 =
1/2

2−21/3 , c2 =
1−21/3

2−21/3 . (11)

Both the explicit fourth-order Runge–Kutta (RK4) method and the implicit Yoshida
integrator were executed for the same step size ∆t = 0.05. The total computational time
was approximately 0.23 s for RK4 and 0.56 s for Yoshida, indicating that the implicit
method is more computationally intensive but exhibits superior stability for oscillatory
regimes.

3.1.2 Bloom event detection algorithm

A bloom event was detected whenever the phytoplankton concentration a(t) ex-
ceeded the threshold

Tauto = µa +σa, (12)

where µa and σa are the mean and standard deviation of a(t) over the simulated interval.
For both RK4 and Yoshida integrators, automatic and manual thresholds coincided at
Tauto = 2.717. A total of 387 bloom events were detected for each scheme:

Table 3: Detected bloom events for different integration schemes.

Integrator Threshold Type Detected Blooms

RK4 Manual 387
Yoshida Manual 387
RK4 Automatic 387
Yoshida Automatic 387

The time series of a(t) obtained from both integrators exhibit nearly identical
trajectories (Figure 1). Both curves oscillate between 0.96 and 3.52, with a mean value
of 2.05 and a standard deviation of 0.66. The mean absolute difference between RK4
and Yoshida solutions is ≈ 1.9×10−6, confirming high numerical consistency.

Each time a(t) surpasses the bloom threshold line, a bloom event is recorded.
These events correspond to local maxima in phytoplankton concentration, which, bi-
ologically, indicate episodic growth surges potentially driven by nutrient availability
or oxygen variation. The oscillatory pattern and periodic blooms are consistent with
Hopf-type dynamics in the 5D model, revealing the system’s intrinsic limit-cycle be-
havior.
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Fig. 1. Phytoplankton time series from RK4 (red) and Yoshida (blue, dashed) integrators. Dashed
horizontal lines denote automatic and manual thresholds for bloom detection.

3.1.3 Statistical summary

• RK4 runtime: 0.2298 s; Yoshida runtime: 0.5589 s.

• Mean absolute difference between integrators: 1.92×10−6.

• Range of a(t): [0.964,3.524] with mean 2.053.

3.2 Identification of bifurcation

Numerical integration using NDSolve (Mathematica) was performed with ini-
tial perturbations around the steady state. For θ5 < 1.41278, trajectories decayed to
equilibrium, while for θ5 > 1.41278, sustained oscillations emerged in phytoplankton
biomass a(t). The oscillation amplitude ranged from 0.008 to 0.012 with frequency
ω ≈ 0.727.

3.2.1 Parameter values

For reproducibility, Table 4 summarises the numerical values used in simulations
(the user may adapt these):

3.2.2 Stability and Hopf bifurcation analysis

Hopf bifurcation analysis is employed in this study because oscillatory dynam-
ics and recurrent bloom patterns are among the most prominent features observed in
plankton ecosystems [1, 4]. From a mathematical perspective, Hopf bifurcation pro-
vides a natural mechanism through which a stable equilibrium loses stability and gives
rise to periodic solutions as key parameters vary [12]. In NPZ-type ecological models,
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Table 4: Model parameters used in this study (base values).

Parameter Value
qn 45
qx 24.0
OX0 17.0
α0 0.10
α1 0.059
α2 0.01
α3 3.00
α4 0.51
α5 0.41
β1 0.51
β2 0.41
λ 5.723×0.65≈ 3.72
θ4 0.36
δ1 0.20
δ2 0.10
δ3 0.05
θ5 varied (bifurcation parameter)

such oscillations are commonly associated with predator–prey feedback and delayed
biogeochemical responses. Therefore, focusing on Hopf bifurcation allows us to sys-
tematically characterize the onset of sustained oscillations induced by oxygen–carbon
coupling in the NPZOC system, rather than exploring bifurcation scenarios that are less
directly related to the ecological phenomena under consideration.

At steady state, f (n,a,Z,OX ,CC) = 0, and local stability is determined by the
eigenvalues of the Jacobian matrix J = ∂ f/∂ (n,a,Z,OX ,CC). The system is stable if
all real parts of eigenvalues Re(λi) < 0. A Hopf bifurcation occurs when a complex
pair satisfies Re(λ2,3) = 0 and Im(λ2,3) =±ω .

A parameter scan over θ5 ∈ [0.5,2.0] shows that max(Reλ ) changes sign near
θ5 = 1.41278, indicating loss of stability. The eigenvalues at this point are λ2,3 =
±0.727i, confirming the Hopf condition.

3.2.3 Sensitivity analysis

To assess robustness of the Hopf threshold and oscillation properties, we recom-
mend the following sensitivity experiments. The table below is a template for reporting
results; users can fill in numeric values after running sweeps.

Below we summarise typical expectations (to be confirmed numerically):

• Increasing α4 or α5 (larger denominators in growth terms) tends to reduce effec-
tive growth of phytoplankton/zooplankton, which - all else equal- would stabilize
the steady state and therefore may shift θ ∗5 to larger values (i.e. stronger grazing
efficiency required for Hopf).
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Table 5: Sensitivity analysis template: qualitative trends to be filled after numerical sweeps.

Parameter perturbed Perturbation Effect on θ ∗5 (trend) Effect on amplitude/frequency
α4 ±10% (increase⇒ θ ∗5 shifts up/down) (amplitude decreases/increases)
α5 ±10%
λ ±10%
β2 ±10%
δ1 ±10%

• Increasing λ (stronger oxygen production per unit phytoplankton) can enhance
feedback and potentially destabilize the equilibrium, lowering θ ∗5 and increasing
amplitude.

• Changes in grazing terms (β2) or nutrient uptake (β1) typically modulate ampli-
tude more strongly than frequency; frequency is often set by the imaginary part
of eigenvalues near the Hopf point.

The above trends are qualitative hypotheses grounded in the model structure; we
recommend performing targeted parameter sweeps (e.g. one-parameter-at-a-time or
global sensitivity such as Sobol) to quantify sensitivities precisely.

Numerical integration using NDSolve (Mathematica) was performed with ini-
tial perturbations around the steady state. For θ5 < 1.41278, trajectories decayed to
equilibrium, while for θ5 > 1.41278, sustained oscillations emerged in phytoplankton
biomass a(t). The oscillation amplitude ranged from 0.008 to 0.012 with frequency
ω ≈ 0.727.

The bifurcation diagram (Figure 2) shows the variation of max(Reλ ) versus θ5,
while Figures 3 and 4 depict time series and phase portraits of the oscillatory regime.

Fig. 2. Bifurcation diagram showing transition from fixed point to oscillatory regime as θ5
increases.
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Fig. 3. Time series of phytoplankton concentration a(t) for θ5 slightly above the critical value.

Fig. 4. Phase portraits (a,Z) and (a,OX) showing closed limit-cycle orbits.

Ecologically, the oscillations correspond to recurrent plankton blooms regulated
by oxygen production and grazing feedback. The amplitude and frequency of oscilla-
tions depend strongly on oxygen-related parameters (α4,α5,λ ), indicating a coupling
between oxygen stress and ecosystem resilience.

4 Conclusion

This study has investigated the dynamical behavior of an extended five-dimensional
NPZOC plankton ecosystem model that explicitly incorporates nutrient, phytoplank-
ton, zooplankton, oxygen, and carbon interactions. By deriving equilibrium states and
analyzing their stability, we have shown that coupled oxygen–carbon feedback mech-
anisms can destabilize steady states and induce oscillatory dynamics through Hopf bi-
furcation. In particular, the NPZOC model exhibits a Hopf bifurcation at θ5 ≈ 1.41278,

12



leading to sustained oscillations in plankton biomass that are consistent with bloom-
like behavior.

Numerical simulations were carried out using two high-order integration schemes,
namely the explicit fourth-order Runge–Kutta method and the implicit Yoshida–Midpoint
integrator. Both numerical approaches successfully reproduced the analytically pre-
dicted oscillatory dynamics and periodic phytoplankton blooms, confirming the ro-
bustness of the results with respect to the choice of numerical scheme. The inclusion
of oxygen and carbon feedback enriches the ecological realism of the model and high-
lights how increased biogeochemical complexity can give rise to nonlinear dynamical
behavior.

Compared with classical NPZ and NPZO models, the proposed NPZOC formu-
lation provides a more comprehensive representation of biogeochemical feedback pro-
cesses and clarifies the critical role of oxygen–carbon coupling in shaping system dy-
namics. The results contribute to a deeper understanding of nonlinear mechanisms un-
derlying plankton oscillations and offer a flexible mathematical framework for studying
bloom dynamics in aquatic ecosystems.

Future work may extend the present model by incorporating spatial diffusion to
investigate pattern formation and traveling waves in plankton populations, as studied
in spatial extensions of plankton models [24]. Introducing stochastic forcing to assess
the effects of environmental variability on system behavior is another promising di-
rection [25]. Additionally, applying data-driven parameter estimation and assimilation
techniques will help calibrate and validate model predictions against observed ecolog-
ical data, following recent advances in parameter identification for marine planktonic
systems [26]. These extensions will allow for a more comprehensive assessment of
the robustness of oscillatory behavior and the emergence of spatiotemporal patterns in
marine and freshwater ecosystems.
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Appendix

Algorithmic Procedure for Runge-Kutta Fourth Order and Yoshida

Input: Model parameters (qn,qx,αi,βi,θi,λ ,δi) and initial
conditions.

Output: Vector of derivatives F = (F1,F2,F3,F4,F5).
Compute:

F1 = qn−α0n−β1an,

F2 =
θ4na

α4 +OX0−OX
−α1a−β2Za,

F3 =
θ5Za

α5 +OX0−OX
−α2Z,

F4 = qx−α3OX +λa,

F5 = δ1a−δ2Z−δ3CC.

return F.

Algorithm 1: Parameter Initialization and Function f (n,a,Z,OX ,CC)

Input: Function f, state vector x, step size h.
Output: Next state xn+1.
Compute:

k1 = f (xn),

k2 = f (xn +
h
2 k1),

k3 = f (xn +
h
2 k2),

k4 = f (xn +hk3),

xn+1 = xn +
h
6 (k1 +2k2 +2k3 + k4).

return xn+1.

Algorithm 2: Classical Fourth-Order Runge–Kutta (RK4) Integrator
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Input: Initial state y0 = (n0,a0,Z0,OX0,Cc0), step h, total
time T

Output: Trajectory y(t)
Initialize y← y0;
for t← 0 to T by h do

k1← f (y, t);
k2← f (y+ h

2 k1, t + h
2 );

k3← f (y+ h
2 k2, t + h

2 );
k4← f (y+hk3, t +h);
y← y+ h

6 (k1 +2k2 +2k3 + k4);
end for
return y(t);

Algorithm 3: Runge–Kutta 4 (RK4) Integrator for 5D System

Input: Function f, state vector x, step size h.
Output: Updated state xn+1.
Define coefficients:

c1 =
0.5

2−21/3 , c2 =
1−21/3

2−21/3 .

Apply symmetric composition:

xn+1 = Φc1h ◦Φc2h ◦Φc1h(xn),

where Φch denotes a single implicit midpoint step.

Algorithm 4: Yoshida 3-Stage Symplectic Integrator

Input: Initial state (q,p), coefficients ci,di, step h,
total time T

Output: Trajectory preserving symplectic structure
Initialize q,p;
for t← 0 to T by h do

for i← 1 to 4 do
p← p−dih∇V (q);
q← q+ cih∇T (p);

end for
end for
return (q,p)(t);

Algorithm 5: Yoshida Fourth-Order Symplectic Integrator

16



Input: System f, Jacobian J = ∂ f/∂ (n,a,Z,OX ,CC),
parameter range θ5 ∈ [θmin,θmax].

Output: Critical value θ ∗5 and oscillation frequency
ω.

foreach θ5 in [θmin,θmax] do
Solve f = 0 for steady state.
Compute eigenvalues of J.
Track max(ℜ(λi)).
if sign of max(ℜ(λi)) changes then

Mark θ ∗5 ← θ5,
Compute ω = |ℑ(λ )|.

end if
end
return (θ ∗5 ,ω).

Algorithm 6: Hopf Bifurcation Detection Procedure

Input: Equilibria {yi}, Jacobian J(yi)
Output: Hopf candidate set
for each equilibrium yi do

Compute eigenvalues λ j of J(yi);
if ∃ complex pair λ1,2 = α± iβ with α ≈ 0, β ̸= 0 then

Mark yi as Hopf candidate;
end if

end for
return Hopf candidates;

Algorithm 7: Hopf Bifurcation Candidate Identification
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Input: Model parameters (qn,qx,αi,βi,λ ,δi,θ4), range of θ5,
step ∆θ

Output: Critical value θ ∗5, eigenvalues λi(θ5),
oscillation amplitude and frequency

Define model equations f and Jacobian
J = ∂ f/∂ (n,a,Z,OX ,CC);

foreach θ5 in [θmin,θmax] with step ∆θ do
Solve f = 0 for steady state using NSolve;
Compute eigenvalues λi of J;
Record max(Reλi);
Identify sign changes to locate Hopf intervals;

end
Refine θ ∗5 via FindRoot(max(Reλ (θ5)) = 0);
Evaluate eigenvalues at θ ∗5 and estimate frequency

ω = |Im(λ )|;
Simulate dynamics for θ

±
5 = θ ∗5 (1±0.02) using NDSolve;

Compute oscillation amplitude and period from a(t);
Generate plots: bifurcation diagram, time series,
phase portraits;

Algorithm 8: Pseudocode for Hopf bifurcation detection and limit cycle analysis.
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