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Abstract. This study aimed to describe the profile of prospective teachers attention in
interpreting students’ mathematical thinking in the domain of inversed proportion. The
subject of this research are 5™ semester undergraduate students of Mathematics
Education Program from Muhammadiyah University of Purworejo. We selected eight
students who can attend to student's strategies in solving Building Construction Problem.
Qualitative analysis was used to obtain profile of prospective teacher attention in
interpreting students’ mathematical thinking based on the model prospective teacher
used. When interpreting students' mathematical thinking, prospective teachers pay
attention to: operations performed by students, concepts and formulas used by students
such as: the concept of direct proportion, inverse proportion, cross multiplication,
distributive property of multiplication, and the stages of problem solving according to
Polya's steps. Their attention is much influenced by tacit knowledge and past experience.
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1 Introduction

Mathematical thinking is a broad term that contains many perspectives and meanings.
Every researcher who deal with mathematics education has his own perspective on this topic.
Most researchers, mathematicians and mathematical educators define mathematical thinking
as a process, which contains at least one of the mental activities and related activities of
mathematics such as reasoning, abstraction, conjecturing, representing and switching between
different representations, visualizing, summing up, encouraging, analyzing, synthesizing,
connecting, generalizing, and proving [1]-[6]. Krulik & Rudnik [7] argued that more
emphasis should be given to mathematical thinking in mathematical education because
mathematical thinking has value and strength not only in terms of intra-mathematic goals but
also for extra-mathematic disciplines [8]. More specifically, focusing on mathematical
thinking in schools provides better learning of mathematical content, as well as, belief in
systematic and diverse thinking and reasoning skills [9].

In mathematics teaching, teachers need to know how students understand the mathematic
concepts to help them improve their students' understanding [10], [11]. This approach is based
on listening to and learning from students [12], [13]. Therefore, teacher must make a decision
based on student thinking. Identifying strategies that students might use in solving problems
allowed teachers to interpret the aspects that students understand or not understand.

Interpreting student thinking is an important component of high quality learning and
assessment [14], [15]. Interpretation of students 'mathematical thinking is giving the
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impression, opinion, or theoretical knowledge towards the mathematical information in the
form of students' written work in solving the problem [16]. When prospective teachers
(hereinafter referred to as PTs) were asked to attend to the strategies or procedures that
students do in solving problems, they can describe and show student thinking. The
interpretation is indicated in the way the mathematical elements are identified in the details of
the student strategy and a comments relevant to the student's strategy.

To understand students' work, teachers should interest on mathematical knowledge and
knowledge of students, different aspects of mathematical knowledge for teaching. The focus
of view of interpreting student thinking is about what can be observed from the teacher's
teaching skills in giving attention to what the student done. A key factor in interpreting student
work is the ability to see key aspects of students’ mathematical thinking (e.g [17][18]). These
results motivate consideration about what kind of attention is involved when PTs are asked to
analyze student work.

2 Method

This study applied the descriptive qualitative approach. Participants are 5" semester
students of Mathematics Education Program in Muhammadiyah University of Purworejo. The
subjects were eight participants selected by considering their skills in attending the students’
strategy or procedure in solving Building Construction Problem (BCP). The data used for this
study collected by asked participant to complete Task of Interpretation of Student
Mathematical Thinking (ToloSMT) in [19] while think aloud. The process was recorded to
obtain visual and verbal description of interpretation. ToloSMT contain a Building
Construction Problem (BCP) and four variation of students’s work in solving BCP:
incomplete answers, answers using reasoning strategies, answers using direct proportion, and
answers using inversed proportion. Subjects were asked to attend to the students’s strategies
and explain what they understand or learn about students' mathematical thinking based on the
student's work. From the implementation, the researcher obtained written and think aloud data.
Interview was conducted unstructured to obtain an explanation of what do not appear in the
subjects” work or think aloud. Data analysis was using qualitative analysis from [20] include
data reduction, presenting data in narrative, as well as make conclusions and verification.
Researcher highlighted expressions in the PTs” written works that showed their attention to
students' mathematical thinking and matched the transcript of think aloud and the results of the
interview. These triangulation methods used to obtain the data validity.

3 Results and Discussion

Reasearcher use the Building Construction Problem (BCP) in the ToloSMT from [19]
below:

In order to construct a building, the contractor takes 15 months with 120 workers. For a
reason, the contractor wants a 3 month accelerated job. If the ability to work for each
worker is the same and that the project can be completed on time, how many workers
should be added?
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The ToloSMT provided four written student work that shows four variations of the student's
strategy namely students A, B, C, D as presented on Fig.1. below.

Inversed Proportion
Time number of worker 0.8
15 month —> 20 people 15/120 0,8 x 120 =96 workers
15-3=12month —  p x 120
5 -

Number of workers added:
=150-120
= 30 workers

(@) (b)

15months — 120 workers Known: *15months —» 120 workers

12 months — 120 +x7? * 15 —3months =12 months — x
15%(120+x)=12 % 120
1800+ 15x=1440

1800-1440=15x

Asked : howmany workers must beadded
(inversed proportion)

Solution:
360= ::Dx Time number of worker
T 15 months 120 workers
x=24 12 months x
So, there are 24 workers that must be added 15 %120 =12 % (120 +x)

by the contractor.

1800 =1440+12x
(© 1800 - 1440 =12x
360 =12x

_ 380

Tz

x =30 workers

(d)

Fig. 1. The rewrite of examples of (a) Student A, (b) Student B, (c) Student C, and (d) Student
written works [translated and rewritten due to low resolution][19]

The ToloSMT completion process groups the subjects into each group of the
interpretation analysis models in [19], [21]. These gropus also triggers to classify the
prospective teacher's attention profile in interpreting students' mathematical thinking in four
groups.

3.1 Describing group (DG): PTs attention in interpreting students mathematical
thinking

From the ToloSMT completion and interview data for the DG, the researcher obtaine PTs
interpretation. PTs give different attention to each type of strategy. PTs describe in detail the
strategies in student work and their interpretations expressed in the form of descriptions of the
problem solving strategies that are carried out. They use the concept of inversed proportion
which they understand as a second aspect of noticing [16], [17] but have not demonstrated a
third key aspect of connecting their observations with broader learning principles.

Following is the atention captured from PTs in DG for each strategy.

Table 1. PTs’ attention for each strategies in DG

PTs* attention for strategy
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A B Cc D
e Written e the process that o strategies used by e allegations about students'
information that students allegedly students understanding of concepts,
is known, what is  carried out to obtain regarding the use information that is known
asked, and the results in student work of cross and asked
concept to be e what is not considered multiplication in e concept of direct proportion
used by the students, namely  solving inversed used by students that is not
e steps done or not the reduction of time of ~ proportion in accordance with the
done by students 3 months questions given

For incomplete answers, PTs pay attention to what is written on the student's work and a
description of the completion steps. For answers that use reasoning, the attention of PTs is
focused on the alleged steps taken by students and the mistakes made by students. For answers
using the concept of direct proportion, the attention of PTs is focused on the algorithm used by
students. PT is influenced by its interpretation of student C's work. The student's work C is
more familiar to them because in his view, the comparation of the inversed proportion must
use cross-multipliying ieifa/b=c/dthenax d =b x ¢. PTs do not understand the concept
of inversed proportion that is: ifa, b, ¢, and d (a# 0, b #0, ¢ # 0, d # 0) form a relationship a x
b = ¢ x d then the relationship formed inversed proportion [22]. For answers that use a
inversed proportion algorithm, PTs pay attention to the information the student generate and
the concept used. Based on what PTs interpret, their attention is to: operations carried out to
get the final results, allegations of students strategy, the concepts used by students, and
mistakes allegedly committed by students.

3.2 Comparing work group(CWG): PTs attention in interpreting students
mathematical thinking

PTs look for similarities or differences between the actions of the students observed with
their actions but do not lead to student thinking. PTs compare the actions of students with their
own actions directly or indirectly. PTs of this group use their work to analyze ideas about
students' mathematical thinking.

Following is the atention captured from PTs in CWG for each strategy.

Table 2. Pts’ attention for each strategies in CWG

PTs’ attention for strategy

A B C D

e written e written information e detailed steps to solve e steps to solve the story
information e process allegedly the story problem problem

e process to get carried out to obtain based on Polya's e students’ understanding of
150 that _ results in student problem_ solving stage  inversed prop_ortion
students didn't o calculation errors o the use of variable x for

- . work . :

write down ie. lculati . made by student two different meanings:
120:12 and * Sa culation errr10rs N o concept errors used the number of workers for
multiplying the etetr_mlplng the by students ie. a certain time and the
result by 15 quotien direct proportion number of workers added

For incomplete answers, PTs pay attention to what is written on the student's work and the
alleged use of the concept of a inversed proportion in obtaining a value of 150 that does not
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appear in student work. For answers that use reasoning, the attention of PTs is focused on
operations that are allegedly carried out by students. For answers that use the concept of direct
proportion, the attention of PTs is focused on the steps that students take in using the problem
solving stages for story problems they already know. For answers using the inverse proportion
algorithm, PTs also pay attention to the use of the story problem solving stages.

Based on the interpretation of PTs, their attention is focused on: written information,
allegation about strategies undertaken by students both written and unwritten, operation
mistakes made by students, the steps used to solve the story problem, and the use of variables
in completion. The attention given by these PTs shows concern for cognitive behavior [23] in
completing the task and is a good start-up for PTs to respond to students’ mathematical
thinking [24].

3.3 Comparing knowledge group(CKG): PTs attention in interpreting students
mathematical thinking

In the process of scrutinizing throughout the process of think aloud, PTs of this group
compare students ‘work with their knowledge to interpret students' mathematical thinking in
solving problems. The concept of inverse proportion is explicitly used to determine which
answer is correct. The idea of mathematical thinking focuses on solving story problems, that
the solution of story problems must be systematic using Polya’s problem solving steps [25]
from writing down what information is known, what is asked, then answered using formulas
and obtaining the final result. According to them, writing of correct mathematical sentences
will be followed by correct workmanship and results and if students understand the problem,
then they must be able to write down the problem solving steps in sequence.

Following is the atention captured from PTs in CKG for each strategy.

Table 3. PTs’s attention for each strategy in CKG

PTs attention for strategy

A B C D

o information written e allegations of the e mathematical sentences and e acuration of calculation
by students students’ mathematical models process to get the

e allegations about calculation process e incorrectness of students correct answer
how students get o students’ lacking of ~ mathematical sentences e problems expression in
150 that students understanding o the use of cross mathematical sentences
didn’t write down about inversed multiplication as a direct e systematic operation:

proportion concept  proportion, instead of the use of distributive

inversed proportion concept  multiplication.

For complete answers and answers that use reasoning, PTs in this group also pay attention
to the alleged use of concepts in obtaining a value of 150 that does not appear in student work.
For answers that use the concept of direct proportion and the concept of inverse proportion,
the attention of PTs is focused on mathematical sentences made by students to express
problems and operations performed. PTs interpretation is attended to: writen information, the
operations performed or suspected, the use of the proportion concept explicitly or implicitly
as well as errors made by students, student understanding.

3.4 Inferring Group (IG): PTs attention in interpreting students mathematical thinking
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The PTs in this group showed the analysis concludes students' mathematical thinking
based on the details of the students’ work during the process of thinking aloud to their
interpretation of students' mathematical thinking. Following is the atention captured from PTs
in IG for each strategy.

Table 4. PTs’s attention for each strategy in IG

PTs attention for strategy

A B C D
e the words " e operations written o detailed compl_etiqn . deta!led step problem
inversed proportion by s_tudents steps and appllcatlor_] of solv[ng gnd
" at the beginning o the inversed the inversed proportion application of
of the student's proportion formula. _ inversed proportion
answer concepts: when the e operations carried out by formu!a
e undetailed _number of wor!<er stgdents e operations performed
completion steps increases, thetime o mistakes made by as proof of students’
« students strategy to decrea§es students in applymg the understanding
solve the problem o allegations abou_t formula so that it e the use of pq|ya
students’ reasoning produces wrong answers problem solving steps

For incomplete answers, PTs pay attention to students understanding and detailed
completion steps. For the answers that use reasoning, PTs in this group also pay attention to
students understanding and reasoning of inversed proportion. For answers that are used in
direct proportion concepts or inversed proportion concepts, the attention of PTs is focused on
the detailed of problem solving step and operation permormed by students.

Based on their interpretation, the researcher specifies attention PTs in IG are sequence of
details of problem solving or operations performed to obtain the final result; students'
mathematical understanding such as having a good, bad, or good understanding, and
understanding based on what they follow; and the concept used is inversed proportion and the
mistakes made by students.

Mathematical thinking of students can be summed up either or poorly based on the process
that students do from the details of student strategies. If the process is good work or sorted
then student answers tend to be correct. So the interpretation is more attention to the process
undertaken by students related to the Polya problem solving strategies [25]. Based on this,
they arrive at the guess work and conclusions about students' mathematical thinking and
interpret by concluding students' mathematical thinking in the form of students' understanding
as not understand and understand, unfavorable, good or excellent. According to them, there is
a connection between student answers and their conclusions about mathematical thinking that
they understand. Inferring group PTs demonstrate an analysis of concluding students
'mathematical thinking based on student work details during the process of thinking aloud to
their interpretation of students’ mathematical thinking. They consider the sequence of
problem-solving steps as the basis of interpretation.

4 Conclusion

Although the profile of PTs ‘attention to students' mathematical thinking is carried out on
the four groups of models of interpretation analysis, their attention can be concluded as
follows. The first attention is directed at the operations carried out by students. If there are
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operations that are not written in the student's work then they provide allegations of the
operations performed by students. This assumption is influenced by their work, their thoughts,
or their inference on the work of students. The second concern is addressed to the concepts
and formulas used by students, such as: the concept of direct proportion, inversed proportion,
cross multiplication, the distributive properties of multiplication. The third concern is aimed at
writing the Polya problem solving stages. Solving problems using the correct steps will lead to
the acquisition of the correct results. This attention is influenced by their tacit knowledge and
experience. These three concerns can be used as a basis for teacher educators to open
students’ insights into various problem solving strategies, including the use of reasoning. The
attention of the prospective teacher is much influenced by tacit knowledge and past experience
S0 it is necessary to strengthen mathematical knowledge, mathematics for teaching, various
problem solving strategies, as well as an introduction to a variety of student reasoning in the
form of written work and video recordings.
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