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Abstract. In this paper, we solve a SIR (Susceptible-Infectious-Recovered) epidemic
model of dengue fever. The SIR model is difficult to solve exact-analyticaly. Therefore,
we use an approximate method. The method that we use is the Adomian decomposition
method. The method produces approximate solutions as series. With only three terms in
the series, we observe that the approximate solutions are observed. This means that the
Adomian decomposition method can be used in solving the SIR model.
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1 Introduction

The spread of dengue fever can be considered as a study in biology. However, the spread
of dengue fever can be studied through mathematics using mathematical models. One
available model is the SIR (Susceptible-Infectious-Recovered) epidemic model.

A number of researchers have studied the SIR epidemic model of dengue fever. Side and
Noorani [1] simulated the spread of dengue fever disease for South Sulawesi, Indonesia and
Selangor, Malaysia regions. Rangkuti et al. [2] proposed homotopy perturbation method and
variational iteration method for solving the SIR model.

To complete the studies of those researchers [1]-[2], we shall use Adomian decomposition
method. Putranto and Mungkasi [3] used Adomian decomposition method for solving a
population dynamics model involving two species. The SIR model that we shall consider in
this paper involves three groups of populations. In this paper, we implement Adomian
decomposition method for solving the SIR model of dengue. We use the Adomian
decomposition method, because it is a reliable method, as has been studied by Wazwaz [4].

This paper is structured as follows: Section 2 will discuss the mathematical model,
Section 3 will discuss the Adomian decomposition method used to solve the mathematical
model, Section 4 will provide mathematical results of computations, and Section 5 will give
conclusions.

2 Mathematical model
Side and Noorani [1] as well as Rangkuti et al. [2] defined the dengue fever SIR model in
the following system of equations:
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B 1= x(8) — ax(Dz(0) )

dt
d
d—Jt/ = ax(t)z(t) — By(t) 2)
dz
- =1(1=2@)y(® - 6:2(6) @
where x = I, y=1’v—';l, z=1’v—‘;=A;—‘;h, =Zf—1’;i, B =y +p, andy = bB,, 8, = u,. Here

Voo BB,y BBy, and g, are parameters, tis the time variable, A is the number of mosquito
population births, N, is the human population, s, is the number of people who are potentially
infected with the dengue virus, I,, is the number of people who are infected with dengue, R,

is the number of people who have recovered after infection. The number of mosquito
population as the virus vectors (N,) is divided into two groups: mosquitoes that are

potentially infected with dengue virus (susceptible; s,) and mosquitoes infected with dengue
virus (1,). bg, is a sufficient level of correlation between vector populations and human
populations.

3 Adomian decomposition method

Let us consider the dengue SIR model (1)-(3). We rewrite the system of equations (1)-(3)

to:
% = axz — By (%)
% =Yy —vyyz— 6,2 ©)

Furthermore, we assume to have the initial condition x(0) = x, =¢; ¥(0) =y, =, and
z(0) = zy = c3.

Following Wazwaz [4], we use the operator notation L = % then the system of equations
(4)-(6) becomes:

Ly = pp — Bpx — axz (7
L, = axz — By 8
L,=yy—vyyz—06z ©)

If the inverse operator L™= fot(.)dt is applied to the both sides of each equations, the
system of nonlinear equations becomes:

L L, =Ly, — L upx — L laxz (10)
L7'Ly, = Laxz — L' By (11)
L L, =L yy—LYyyz— L7168,z (12)



The Adomian decomposition method decomposes x, y and z into an infinite number of
components, so that they become:

x(®) =X5xn YO =EFVn  z(t) = X7 2, (13)
and for non-linear components of the system equation (10)-(12) namely xz and yz to be:
xz =25 An, vZ = 2.5 By (14)
The sum of nonlinear components can be described as follows:
=20 XkZn—k» Bn = X0 YiZn—k (15)
where k =0,1,2, ...,
The Adomian polynomials A, and B,, are obtained as follows:
Ao = x02
A1 = szl + xlzo
A2 = X022 + Xlzl + xzzo (16)

A3 = XOZ3 + xlzz + szl + X3ZO

By = Yoz

By = yoz1 + y12
By = yoz; + Y121 + Y229 (17)

B3 = yozz + y12; + y221 + Y320
Substitution these results into the system of equations (10)-(12) leads to:

x() = x(0) = Ly — L~ uth 1 az A, (18)

Y =y(©) =y A= L7f Z i (19)
z(t) — z(0) =L~ yZ Y — L™ yzo: B, — L‘I(‘ilzo:z (20)

or

[oe] [ee)

an—x(o)—L u, — L™ uth - L az A, (21)

0

(oo}

Z —y(0>=L-1aZ A—17 1ﬁzyn (22)
Zz—z(O)—L‘ yZy _ 1y ZB —L‘16lz (23)

or



[oe] [ee)

Z xXp = x(0) + L1y, — L™y, Z Xy — L‘laz A,
0

0
oo

0
D =yO + e ) A =LY
0

0
oo

Zz =z(0) + L‘lyZyn - L‘lyZBn - L‘lé‘lz z
0 0

0 0

The initial values are x(0) = x4, y(0) = y,, z(0) = z,. We obtain, as a result:
xo+x; x4 =x(0)+ L7y — L pp (g + 21 + x5 4+ ++)
_L_la(AO + Al + Az + "')

Yo+ +y+=y(0)+ L a(4g+ 4, + A2+ )
—L7Bo+ Yy +yy

Zotztzp+ =200+ LTy(o +y1 +y2 +00)
—L_ly(BO + Bl + Bz + )
_L_161(Z0 + Z]_ + Zz + )

By observing the two sides of equation (27), it is obtained:
xo = x(0) + L™y,
x1 = =L Yupxo — L7 taA,
x, = =L ap, — L™ laA,

By observing the two sides of equation (28), it is obtained:
Yo = y(0)
V1= L_laAo - L_lﬁYO
V2 = L 'ad; - L_lﬁ)ﬁ

Further, equation (29) gives results:
7, = z(0)
2y = L7'yyo — L7'yBy — L7181 24
7, =L7'yy; — L7'yB; — L7817

In general, equations (30)-(32) have the forms:
xo = x(0) + L7y, Xne1 = L7 pxy, — L7 aA,
Yo=y(0),  Yu1=L"ady,— LBy,
Zp = z(0), Zn+1 = L_1y3’n - L_lan - L_1612n

(24)

(25)

(26)

(@7)

(28)

(29)

(30)

(1)

(32)

(33)
(34)
(35)

In general, the solution of the equation system is the sum of all iterations. However, we can
determine the number of iterations according to our needs. For example, when the solution is

searched until the third iteration, it can be determined as follows:
x(t) = X = x9 4+ x1 + x,+x3,

(36)



yO) =Y =yo +y1 +y2tys, (37)
z(t) ® Z = zy + z; + 25+ 25. (38)

4 Results
We assume to have the following values for the parameters [2]:

7675406 487
1= 7675893° 2~ 7675893 C2 = 0056, a=0.232198, (39)

B = 0.328879, w, = 0.0000460,y = 0.375 and &, = 0.0323.

Therefore, the Adomian initialisation gives

= 7675406 + tO 0000460dx = 0.999936555 + 0.0000460t (40)
Y= 76758937 ) =0 '
487 (41)
Vo = 7675893 0.0000634454
zo = 0.056 (42)
By using Maple software, x,, y, and z, are obtained:
x; = —0.01304826010t — 3.001290240 10~ 7¢2 (43)
y, = 0.01298139716t + 2.990710240 1077t (44)
z, = —0.001786340333t (45)
Next, x,, y, and z, are:
x, = 0.0002925131156t% + 7.6665501357107%¢t3 (46)
y, = —0.002426867464t? — 4.044695913 10~8¢3 47)
z, = 0.002326577944t% + 3.529038083 10~8¢3 (48)
Finally, x5, y; and z; are:
x3 = —0.0001831405726t3 — 8.31719574010°t* — 7.538807380 10~ 4¢> (49)
ys = 0.0004491846690t3 + 1.164264646 1078 + 7.538807380 10~ 14¢> (50)
z3 = —0.0003085396521t3 — 3.8146503681 10~ 9t* (51)

The solution to the system of equations (1)-(3) is the sum of the results of all iterations that
have been computed. Suppose the sum for x is X, the sum for y is Y and the sum for z is Z,
then the solution is:
X = 0.999936555 — 0.01300226010t + 0.0002922129866t% — 0.000183132907t3 —
8.317195740 10~°t* — 7.538807380 10~ 4¢5,

Y = 0.00006344538675 + 0.01298139716t — 0.002426568393t2 +
0.0004491442220t% + 1.164264646 10~8t* + 7.538807380 10~ 14¢5,

Z = 0.056 — 0.001786340333¢t + 0.002326577944t% — 0.000308504361¢3
—3.8146503681 10~ 9t*.



Figure 1 shows the solution of the SIR model of the spread of dengue fever obtained using
Adomian decomposition method up to the third iteration. This solution is accurate for small
time. For large time, more iterations are needed.
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Fig. 1. Solution up to the third iteration of Adomian decomposition method X,Y,and Zon 0 <t < 9.

5 Conclusion

We have solved the SIR model of dengue fever using the Adomian decomposition
method. The method produces explicit forms of solutions. Therefore, calculation of the
solution is easy to do. This is the advantage of using the Adomian decomposition method in
solving mathematical models.
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