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Abstract. The purpose of this research is to explore the ability of multiple
representations of college mathematics education students to solve word problems and
what representation forms are used. The questions given relate to the concepts that they
have learned in the previous education level. The written answer to the subject was
analyzed and continued with semi-structured interviews. The results of the analysis show
that there are two types of ways to solve word problems, namely the first type is to use
numerical and symbolic representations, and the second type is by symbolic, numerical,
and graphical representation. The difference in the students’ multiple representations
ability in solving problems is influenced by individual characteristics and the learning
experience that they get before. Therefore, it is hoped that the teacher can use various
representations in mathematics learning.
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1 Introduction

The notion about the importance of multiple representations in mathematics education has
developed considerably in recent years [1]-[11]. When students have understood and studied
several forms of representation about a mathematical concept, students are expected to solve
problems properly. Some researchers state that multiple representational skills of students are
the key to successful mathematical problem solving [7], [12], [13]. [12] states that the thinking
skills of multiple representations are important skills for problem-solving, students must be
able to mentally connect problem makers to solve problems correctly. Based on it, the
multiple representations ability is important for students.

Multiple representation skills as the ability of students to encode appropriate information
based on the domain of the given representation, choose or make representations that are
appropriate for the given problem and identify the relationship between the two
representations [13]. According to [14] in solving mathematical application problems, students
need to observe and find specific patterns or rules in the problem. It means that students need
to formulate concrete application problems into abstract mathematical problems. In the
formulation process, students must have multiple representation skills to articulate the same
problem in various forms or views.

The representation and multiple representation abilities are closely related to problem-
solving. [14] states that representation is related to problem-solving solution strategies. [15]
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state that every problem can be solved using various types of representations and this means
that there is a close relationship between problems and representations. So, students are
expected to understand various forms of representation to make it easier to solve problems.

It is very important to understand the need to use various representations in mathematics
learning because the use of various representations can help students in solving mathematical
problems [7], [8], [11], [16], for example, mathematical problems in the form of word
problems. However, problems in the form of word problems sometimes make students
difficult to translate the problem [15]. For that reason, in classroom learning, the teacher's
skills are needed to represent the meaning of the word problems into several forms of
representation so that students can easily understand the purpose of the problem and they can
solve the problem properly.

Teaching the use of various representations in mathematics learning should have been
given by teachers since elementary school, in the hope that the higher the cognitive level of
students, the more knowledge they have about various representations. So, when the students
are already in the college, the students are expected to have the ability to use various
representations in solving a problem. This is because students already have adequate
experience on the use of multiple representations, both in understanding the concepts and in
solving the problems. [3] revealed that multiple representations are very useful when students
expand their perspective to see representational practices from topics to be tools in learning
and mathematical activities. [1] stated that different representations are an important part of
mathematics learning because students' ability to transfer between different representations
can affect their mathematics learning achievement.

The ability of a person's multiple representations in solving problems is closely related to
how a conceptual understanding of a particular concept. [17] states that the transition between
and within each representation can help students developing new concepts flexibly and
efficiently. Previous research shows that one indicator of conceptual understanding is the
ability of a person who can structurally recognize the same relationship through various
representations [18]. When students demonstrate the ability to structurally recognize the same
relationships/concepts presented in different modalities (verbal, diagrammatic and symbolic),
it is likely that they have developed a conceptual understanding of relationships /concepts and
students' skills increased from procedural skills to structural skills [19]. [19] also states that if
students can connect between multiple representations of the same concept or problem, they
show conceptual understanding. Therefore, having a conceptual understanding can provide a
strong basis for solving problems effectively [18].

According to [13] that how well individuals deal with different representations depends
on the characteristics of students. Things that might influence are: (a) representational
familiarity, the relation between the representation and the domain, understanding the format
and operating the representation will be easy for learners when they are already familiar with
the representation; (b) domain familiarity, the lack of experiences both in the domain or into
representation used interferes their effectiveness of transferring knowledge across
representation (c) a learner's age, a learner’s age may also affect his/her abilities to translate
between representation. One’s performance represents their representation domain, and, (d)
individual differences, learners’ style approach of the representation that base with their need.

Several studies related to students' ability in solving mathematical problems using
multiple representations, for example the results of [18] research that shows a relationship
between students’ achievement based on standardized tests and their ability to recognize and
solve problems involving the same linear relationship structure as something unknowns are
presented in different modes (symbols, diagrams, and words). The findings of the study are



students are most successful at solving equations that are represented symbolically and are less
successful in finding lengths of unknown line segments and somewhat difficult in verbal
problems. The results also show that students can manipulate symbols but express a little
conceptual understanding. It might be that these students particularly have little experience in
using diagrams, and generally multiple representations.

The results of the research by [20] state that students have a tendency to use symbolic
representation rather than other types of representation in solving the problem of two-variable
linear equations. When students use verbal representations, they tend to have difficulty in
composing words, while in representations of images or tables students cannot solve problems
correctly. Furthermore, [14] states that in a problem formulation process, students must have
multiple representation skills to articulate the same problem in various forms or views.
However, some researchers show that most students fail to understand the importance of
connections between different types of representations. [21] and [22] studies’ state that
students got difficult negotiating various forms and functions of representation.

Above research findings shows that problems in the form of symbolic representations are
easier to solve by students. On the other hand, they also have a tendency in using symbolic
representations in solving problems and a little difficulty using verbal representations,
pictures, and tables. It inferred that the representation commonly used by students tends to be
single in solving problems. This study will examine whether students can solve word
problems in multiple types, whenever, it is presented in verbal representation, What type of
representation used and what factors influence students using various type to solve word
problems.

Every problem in mathematics sometimes has a lot of ways that can be done to solve it.
Of course, in solving the problem there are also many representations that can be used. This
study wants to know and explore how the multiple representation abilities of students in
solving word problems, in this case, related to the material of the Two-Variable- Linear
Equation System (TVLES). The reason for choosing TVLES in this research is because the
questions used in TVLES allow the students to use multiple representations in finding
problem-solving solutions. So, the aims of the research are exploring college students’
multiple representation ability and what type of multiple representations used to solve word
problems. Besides that, the researchers also to know what factors influence students’ ability of
multiple representations. Later, the finding becomes the basis for developing a learning that
can practically improve students' multiple representation abilities.

2 Methodology

This study uses a qualitative approach involving first semester students in the
Mathematics Education undergraduate program in Malang, East Java. The reason why
choosing first semester students is because these students have just passed junior high school
and senior high school level and they also have been given sufficient material related to the
Two-Variable Linear Equation System (TVLES), Furthermore, the test is given to 20 students
in one class with a processing time of about 60 minutes. The instrument in this study was
modified from the 2013 Curriculum book as follows.



There are two kinds of candle in Mr. Karno’s house, the
first candle is 25 cm in height, which melts 1.5cm/hour,
and the second candle is 28 cm in height which melts 2
cm/hour. If the candles are lighted together, when will
the two candles have the same height and how high are
the candles? Do the task with as many ways as possible
and explain vour answer!

Fig. 1. Research Instrument.

Based on the instrument in figure 1, researchers asked students to give solutions to the
problems in various ways. This aims to find out and explore the students’ multiple
representation abilities in solving these problems using a variety of possible representations
because the use of different ways in solving these problems can involve various
representations. Some representations that can be used to solve the problem in Figure 1 are by
using numerical representations (manual method and using matrix), symbolic representation
(elimination and substitution), and graphical representation (using graphics). So, the thing that
wants to be seen is whether students are able to solve the problem using several ways that
involve multiple representations.

After the test, the students’ answers are analyzed to select the research subject. Based on
the analysis by considering students' written answers, two students were chosen to be the
subject of this study. The choice of subject is based on the following considerations: 1) in
solving word problems, the subjects use more than one problem solving with different types of
representation (at least two representations); 2) the selection of subjects is also based on
responses that have the right answers and potentially provide information to structurally
recognize the problem by involving various representations.

In this study, the meaning of students’ multiple mathematical representations ability in
solving problems refers to [23], [24], which is the ability of students to use various ways to
solve problems by involving various forms of possible representations, namely by using
graphical representations, symbolic representations (mathematical statements /mathematical
notation, algebraic symbol); numerical representation, verbal representation (words or written
text).

The next step is to conduct semi-structured interviews related to the subjects’ written
answers. The interview was conducted to find out and explore how the subject solved the
problem by using various ways and what forms of representation used. In addition, in-depth
interviews were also conducted to find out how the learning process that the subject had
passed through previous levels of education. Furthermore, it will also be seen how the
characteristics of the subjects related to the representational familiarity and domain
familiarity. This can later be used as a basis for consideration to develop a learning or teaching
material that can enhance the multiple representation abilities of students or university
students.

Some examples of questions in semi-structured interviews are: "What is known and what
is asked in the problem?", How many ways that you have been done? "," Why do you choose
that way? ", Is there any other way to solve the problem?" For such problem which way is
your teacher taught before? The results of the interview and written answers of the subjects
were analyzed for further discussion and being concluded.



3 Result And Discussion

3.1. Result

The results of this study were obtained from the answers of the subjects related to the
provided instruments. From these answers it can be seen that only a few students can solve
problems in various ways, most students use only one way, either by using elimination and
substitution methods (symbolic representation) or by manual method (numerical
representation). But there are also some students who use more than one problem-solving.
Based on the consideration criteria for taking the subjects, two subjects were taken since they
met the criterion. From the written answer of the subject, it appears that the subjects solved the
problem by using more than one method.

SUBJECT 1 (S1)

The answer from subject 1 (S1) is that S1 can solve the problem in two ways, the first is
by using manual method and the second is by elimination and substitution. Then the subject
was interviewed to search further related to the way or other representations that the student
could do. Below is the written answer of S1.
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1% way.

It is known 1%t candle = 25 cm
Melted in 5 cm/hour
2" candle = 28 cm
Melted in 2 cm/hour

Being asked: When were the candles at the same height?
How high are they?

Answer:
Hour 1 2 3 4 5 6
1%t candle 23.5; 22; 20.5; 19; 17.5; 16
2" candle 26 ; 24; 22 ; 20; 18 ; 16

So, the candles will be at the same height after 6 hours and the height
is 16 cm.

Fig. 2. First solution of S1 using numerical representation



Based on Fig. 2, it can be seen that S1 solved word problems manually. This method
involves numerical representation in its solution. Then the second method carried out by S1 to
solve the word problem, presented in Fig. 3.
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Fig. 3. Second solution of S1 using symbolic representation

In Fig. 3, viewing from the form of representation used, it can be seen that S1 solved
word problems by using elimination and substitution. This method involves symbolic
representation. Based on the written answers of S1, there are things that need to be explored
more deeply about the answers that have been written. This is done to explore how the
subject’s mathematical problem-solving ability using various ways that can be seen from the
form of representation used and whether there are other ways that can be used to solve the
problem. The researcher (P) started the interview regarding what is known in the problem and
what is being asked of the question. From the results of the interview, it was seen that S1 was



able to understand what was known and what was asked of the question. Next, the researcher
asked related to the method used by S1 in completing the answers that had been written.

P : In the problem that you have done, what method that you
use to solve it?

S1 : First, | use “manual” method then secondly, 1 make an
imagery that is x as the time and y as the height of the
candle

P : Oo... it means that you use 2 ways in solving it.

S1 : Yes.

P : Do you think that there are any other ways?

S1 : (while thinking) No Ma’am

When S1 was asked whether there is another way to solve the problem or not, S1 said that
under S1's knowledge there is no other way to solve the problem. When a more in-depth
interview was conducted, it turned out that S1 initially only solved the problem in just one
way, but after hearing a friend stated to complete the method by making an imagery, then S1
is only thought to make an imagery. S1 stated that "at first | was not thinking about making an
imagery, but because | heard a friend who said, this seems to be an imagery, then |
immediately thought ... yes.... if it seems to be solved by an imaginary", then S1 immediately
thought of solving it by using that way and get the answer. Based on this, it can be seen that to
find other ways to solve problems, S1 required a scaffold from her friend.

To S1, it was also asked whether she often see such given questions, so S1 stated that it is
not always, because usually in the questions given, for the word problem is usually not many,
at most it is the last number in the exam. Based on this, it can be seen that S1 is not yet
familiar with problem-solving in the form of word problems, so she initially confused about
what she had to do, but after being given stimuli from other people, then S1 just found out
how to solve the problem by making equations.

Viewing from the step of problem-solving in a second way, S1 completed by elimination
and substitution methods but S1 stated that the method used was the substitution method only.
Based on this, it can be seen that S1 had not fully understood the name of the settlement
method that has been done. From this, it can be seen that S1 only knows procedurally in
solving the problem but has not understood the solving problem step conceptually. This is in
accordance with the results of [18] study that students can manipulate symbols, but have little
conceptual understanding.

Furthermore, the results of the interview revealed that the preferred method of S1 in
solving the problem was by manual method (Figure 2) and when she was asked how the
teacher taught when she was in junior high school or senior high school, the results of the
interview were below.

P : if you find such a problem when you were in the junior or
senior high school, which method will your teacher use
usually?

S1 : | think this method (elimination and substitution) but... If |
forget it...I tend to use this one (manual or logic method)

P : ool see..but if you solve such problem, which method that

you like more?




S1 :  The first one ma’am
P : 0o...Doyou mean that there is no other methods?
S1 : No..Ihaven't found it Ma’am.

Furthermore, the researcher asked S1 about what concepts are discussed in the problem,
then S1’s answers are below.

P : If you see the problem like this, what topics that you think?
when you were in high school?

S1 : Topics about..mm.? (while thinking)

P : Do you think something? When you solved it yesterday?

S1 : No Ma’am.

P : So, what did you think?

S1 : Make an imagery and imagery ma’am.

P : Howdid you think it yesterday?

S1 : [Iam not really sure ma’am, the first thing that comes to my

mind is a manual method (the first method) the second one
was the imagery.

P : 0o..,since you hear it from friends?

S1 : Yes, | heard afriend said we can make an imagery

P : Didyour friend tell you how to make an imagery?

S1 : No, just said it can be made an imagery...then I just
thought.... great....an imagery...

P : So..if looking at the problem...you don’t know the concept
of it

S1 : Yes, ma’am..Idon’t know...

Based on the interview it can be seen that the S1 does not understand what the concept of
the problem given and if there is not much knowledge about the forms of representation in the
students’ mind, the representation that will be raised is also limited.

SUBJECT 2 (S2)

Judging from the answers of subject 2 (S2) that S2 can also solve the problem using two
methods, the first method used substitution method and the second method, S2 named it to
trial and error method. The written answer of S2 is presented below.
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If the candles’ height that had been melteds y
and the time is x

So,
1%t candle
y=25-15x —= y+15x=25
2 candle
y=28—-2x =  y+2xr=28
To find out when do the two candles have the same height, so the way
used is:
* Elimination
y+15x=25
y+2ir=28
_ -1
=T
¥y+1.5x=25
X = 6 hours

So, the time used to be at the same height is 6 hours and the height is
y=28-2x=28-12.6
=28—12
=16 cm
* Substitution
1ox+y=25
Ix+y=28
1Lox+y=25
1.5x+ (28 —2x) =25
1.5x+ 28 —2x =25
—0.5x=25—28
-0.5xr=-3 (x (—2))
x =6 hours

y=28-2.6 The candle height is 16 cm in
=28-12 6 hours
=16cm

Fig. 4. First method solution of S2 using symbolic representation




Based on Fig. 4, it can be seen that the first way used by S2 to solve word problems is by
elimination and substitution. In this way, the representation used is symbolic representation.
Very clearly the steps of S2 in solving the problem. Furthermore, the second method carried
out by S2 in solving problems can be seen in Fig. 5 below.
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The result is
Xx=6 hoursand y =16 cm

Fig. 5. Second solution of S2 using numerical representation.

Figure 5 shows that the second method used by S2 in solving word problem is by trial and
error, and the representation used is numerical representation.

Based on the answers of S2 which are presented in Figures 4 and 5, it can be seen that S2
solves the problem given using two forms of representation, the first is using symbolic forms
and the second is using numerical forms. From the written answer, S2 also shows that there
are other ways used to solve the problem, but the answer is not continued and deleted.
Therefore, to explore more about the ability of multiple representations of S2 in solving word



problems, the researcher conducted in-depth interviews. The first question was whether S2
understands what was known about the question and what was being asked of the question, so
based on the interview it can be seen that S2 understands the purpose of the problem and
understands what was known and asked about the question. Next, the researcher asked S2 as
follows.

P You got a word problem yesterday, didn’t it...then...what
is asked by the problem?
S2 : | think the main point is the ways used to get the exact

time when the candles are at the same height... it just
the ways how to solve it...

P :  Then... what ways that you used to solve it...?

S2 The first way by elimination and substitution... and the
second way by trial and error

P : Do you think that there are only two ways to solve it or
any other ways?

S2 :  There are some other ways.

Surprisingly, S2 replied that there were other ways to solve it, so the researcher resumed
the interview.

P : Howis the other way?

S2 :  Such as using graphics and matrix

P Why don’t you write it in your answer sheet? Or maybe
you just remember it?

S2 :  No. yesterday | wanted to used matric but | forgot the
way...So I didn’t use it and I erased my answer

P :  Then... what are the other ways?

S2 :  Graphics... | just remembered when | have submitted my
work...

P : oo.lsee.

S2 Yes...I have done it.

P : Ifyou used graphics...how will you solve it?

S2 1 By having trial and error...I just need to put it into

graphic Cartecius x and y... then draw it so that we will
get the intersection...actually, the intersection is the
time when the time and height are the same.

P :  You just remembered it when you have submitted your
work?

S2 Yes....

P : When you find such problem, what ways that you
usually used?

S2 It will be easier if we use elimination and substitution.

Based on these interviews, it is surprising that S2 knows several ways to solve problems
by using several methods, namely elimination and substitution (symbolic representation), trial
and error (numerical representation), graphs (graphical representations), and with matrices



(numerical representations). However, only two methods are written, using substitution and
elimination and using trial and error. For the graph, S2 just realized the way when the task has
just been collected. Whereas for using matrices, there are steps to solve these problems that
have not been understood by S2.

When being asked which method will be used if the same problem was asked, S2 replied,
" I will solve the problem using the elimination method" when being asked why to use the
method, then S2 answered, "because | understand better to eliminate it first, then substitute it
... and 1 think using substitution is more complicated, and if | use the matrix ... sometimes |
forget the steps ... if | use trial and error it's too long, and the graphics are too long, so | prefer
to use this one (elimination and substitution). Based on this, it can be seen that S2 comprehend
more about how to solve the problems, so she is knowing which method is more effective and
appropriate to use. This study supports [18] statement that the more diverse representational
knowledge of students, the more likely they are to be able to produce the right solution for the
problem and the exposure of various representations helps students in developing their
mathematical knowledge. Furthermore, [25] stated that students' understanding of
mathematical concepts is reflected in the number of representations used to solve problems.

Based on the interview results that have been given by S2, it seems that S2 seems to have
become accustomed to or familiar with problems with characteristics of such those questions.
After being asked, it was true that S2 was accustomed to discussing such questions, because
when she was in high school, S2 often joined Olympiad. Furthermore, the researcher also
interviewed how S2 was taught how to solve if the problem was like a problem in this research
instrument. The results of the interview are as follows.

P : You have just learned such problem in your previous
education., Then if you find such a problem how did your
teacher usually teach you how to solve it?

S2 : Theway?

P : Yes..what way was used...? Are all the ways that you have
said?

S2 : Almost all...but the teacher gave a choice at that time...

P : o0.lsee..

S2 : The teacher said “which one that you like most...just use
it...that you like. ”, just like that ma’am...

P . o0..l see...00...it means that you know such problem since
you were in senior high school, right?

S2 : Yes

P : So that you just think that the form of the equation is like
that

S2 : Yes

When being asked what is the concept of the given problem, it can be seen in the
following interview.

P : What concepts that you know if you are given such a
problem?
S2 @ [It’s..what...two variables ...two variables equation ma’am...




P : How can you remember it?

S2 : From what is it.from this one ma’am ..for
example...yesterday I thought about it because .... Qo0.. the
model is two variables, isn'’t it...

P : So, you just remember that there are two variables?

S2 : Yes..

P : Are there any certain characteristics so that you remember
that this problem is two variable linear equation?

S2 : There is a known and there is a limit that becomes...
1 just do it instantly ma’am (smile)

P : Oo..butis it difficult to be said?

S2 . yes...(smile)

Based on the result of the interview, it seems that S2 has a conceptual understanding
about TVLES.

3.2. Discussion

The results of interviews with S1 and S2 were also asked about the subjects’ learning
experience in the secondary education about how the teacher taught if there were a problem as
in this study. S1 answered that the teacher usually taught by making equations first and then
completing it by elimination and substitution. Based on this, it can be seen that S1 is only
taught in one way, namely elimination and substitution, whereas there are several other ways
that can be done to solve this problem. While S2 said that when she was in high school the
teacher taught it in several ways, but which way that the students choose depends on the
student him/herself. Therefore, the way teachers teach influence more on the multiple
representation’s abilities of students.

When the teacher teaches in many ways or many representations, the student will have
knowledge of various representations in his/her thinking, so that when solving a problem,
students will be able to choose which representation is appropriate to be used to solve a word
problem. This is in line to [16] opinion that it makes sense to assume that the development of
conception and the ability of students to use representations are influenced by the conception
of the representation of their teacher.

Furthermore, based on written answers of S1 and S2 as well as in-depth interviews, the
first answers written by students (the first written answers) are the preferred way for students
to solve the word problem. S1 preferred to solve the problem by using the manual method, but
S1 will also try first by elimination and substitution but she did not find the answer, S1 will
complete it manually, S1 did not analyze which method should be used to solve the problem.
While S2 preferred to solve the word problem by elimination and substitution because this
method is easier to understand and more efficient in working on it, while the graph and matrix
methods take longer to complete. Based on this, S2 has had sufficient understanding of
multiple representations, because according to [26] some characteristics of the theory of
understanding multiple representations is that one is able to determine the exact representation
used in a particular problem, the next characteristic is that one can identify strengths and
weaknesses, differences and similarities in various concepts of representations.

Based on it, it can be concluded that S2 has a good understanding related to the concept of
Two-Variable Linear Equation System (TVLES) so that S2 has the ability to have multiple



representations in understanding concepts and solving problems involving multiple
representations. S2 knows how to solve in several ways, namely by elimination and
substitution, by trial and error, by matrix, and by drawing graphs, but only two ways are
written, namely by using symbolic and numerical representations, because the method is
understood by S2. [23] stated that the ability to be able to move multiple representations from
the same concept can be seen as an indication of conceptual understanding and also a goal in
learning. While S1 has the ability to use multiple representations in solving problems, the
concept of TVLES needs to be improved.

The broad representation of a concept is also influenced in solving word problems
involving various representations. In addition, how the subject's experience in previous
learning also influenced the ability of multiple subject representations, namely whether there
are many ways of solving or many representations taught by the teacher in understanding the
concept or in solving problems. Furthermore, students' ability to connect between
mathematical concepts also influences their multiple representation abilities in solving
problems. This is consistent with the opinion of [13] that several factors that influence a
person to make different representations are the representation familiarity and domain
familiarity.

Comprehension related to mathematical concepts also influences the use of various
representations. As stated by [20] that the ability to understand concepts and the relationship
between mathematical concepts is found to be a necessary condition for achieving the ability
of multi-mathematical representation. Therefore, it is recommended that teachers use different
types of representations, such as verbal, tables and pictures, to improve students'
comprehension of the material.

A learning design that can improve the ability of multiple representations of students in
solving problems is needed. The result of the study [27] stated that it is better for teachers to
use different learning strategies so that students can do various representations in the
classroom so that they can improve learning performance. Therefore, the learning done by the
teacher should be able to use various representations, one of which is the material of the Two-
Variable Linear Equation System, because when the child already has these abilities, students
will be able to solve a mathematical problem easily.

4 Conclusion

There are two types of solutions that students make. The first type is that students solve
problems using numerical representations and symbolic representations, while the second type
is solving word problems using symbolic, numerical, and graphic representations.

College students’ multiple representations ability in solving mathematical problems
depends on the characteristics of students, namely familiarity with the concept of TVLES and
familiarity with the given representation. Furthermore, this ability is also influenced by how
teachers teach TVLES concepts in the previous education level. Based on this, it is important
for teachers to design a learning environment that enhances the students’ multiple
representations ability so that the students can understand a concept deeply and can solve a
problem properly.

Recommendations based on this research are (1) the teacher should introduce the use of
multiple representations in understanding a concept and be able to connect a concept with
other concepts by involving several representations; (2) The information that must be learned



in class must be consistently and explicitly presented to students in various ways so that they
can develop various methods and thinking techniques because it will improve their cognitive
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