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Abstract. In this paper, we solve the water purification equation in a reverse 0smosis
system of salt water. We shall predict the concentration of salt solution at a given position
and time in the process of reverse osmosis. We use the two-dimensional advection-
diffusion equation as the governing equation, which is a partial differential equation. The
partial differential equation is converted into ordinary differential equations with a
transformation method. Furthermore, in searching for solutions, an analytical approach is
used. This approach is successful in computing the concentration of salt in the reverse
0SMOSIs process.
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1 Introduction

One alternative in water purification systems is to use a reverse osmosis (RO) process. This
is because desalination using RO membranes requires low energy compared to other
desalination processes [1]. Reverse osmosis is the process of separating and removing dissolved
solids, organic, pyrogenic, submicron colloids, colors, nitrates and bacteria from water using a
semipermeable spiral membrane [2]. Membrane is a thin layer that can separate various
materials physically or chemically by applying a driving force [3]. In the reverse osmosis
process high pressure is applied to the concentrated side (contaminated side) of the membrane.
When pressure is applied to this side, pure water will flow through a semipermeable membrane
towards the other side of the lower concentration [4]. In reverse osmosis systems, a
semipermeable membrane is arranged in layers in one roll as in Figure 1.
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Fig. 1. Semipermeable membrane layers in reverse osmosis

In this process, the solute is deposited in the pressure-filled layer so that pure solvents can
flow to the next layer while the water containing the concentration of salt solution will
accumulate on the other side of the semipermeable membrane [5]. The process of distributing
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concentration with space and time is described by parabolic type partial differential equations
known as advection-diffusion equations [6]. Therefore, we will develop the 2D advection-
diffusion model by considering the form of a semipermeable membrane in a reverse osmosis
system. One-dimensional model cannot capture transverse transport so that a two-dimensional
model is needed [7]. This 2D advection-diffusion equation is a partial differential equation. This
partial differential equation is the governing equation of many physical phenomena such as fluid
dynamics, acoustics, electrostatics, electrodynamics, fluid flow, and elasticity [8]. This equation
will be converted into ordinary differential equations with transformation methods.
Furthermore, in finding solutions we use an analytical approach. Analytical solutions of an
equation are very important in understanding and describing the physical phenomena that occur
[9]. This case study topic was previously carried out by Fulford and Broadbridge using
analytical analysis [10].

In this paper, the author will explain mathematical modeling and mathematical computation
to predict the concentration of salt solution in reverse osmosis process in water purification.
This paper is a description in line with Fulford and Broadbridge [10].

The rest of this paper is organized as follows. Section 2-4 consists of mathematical
modelling, results, and conclusion.

2 Mathematical Modelling

The focus of this problem is on the concentration of salt which is very close to a
semipermeable membrane because this is where salt buildup is formed. This is shown in Figure
2 by considering semi-infinite areas X >0,y >0 and a semipermeable membrane on y=0. The

flow of water flows through the channel with speed v(y), parallel to the X axis and the pressure
on the membrane accelerates the water out at a known flow rate g.
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Fig. 2. Advection and diffusion near semi-permeable membranes

The mathematical model for defining salt concentration C(x,y,z) is expressed by the
following 2D advection-diffusion equation:
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where v;(y) is a horizontal component of velocity that depends on the distance from the

membrane whose value is zero on the membrane surface. The salt concentration changes rapidly
in the y direction, so as to allow the spread of salt in the y direction, and thus dispersion in the x
direction is ignored. Setting oC _, the governing equation (1) becomes
a

ac  8%C
X oy? : (2)

The speed of the salt mixture in the membrane is zero. Above the membrane, the speed
increases to some speed v, . Thus, the velocity close to the semipermeable membrane is

vi(Y)

v(y) =L, ®3)

where h is the distance from the semipermeable boundary to the center of the channel. Note
that the horizontal velocity v(y) is zero at the semipermeabel membrane. Differential equations

governing the salt concentration are obtained by substituting equation (3) into equation (2), so
that we obtain
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where , _ Dh . Because the focus of this problem is the concentration of salt which is very

Vo
close to the semipermeable membrane, it is necessary to consider the semi-infinite region where
the concentration away from the membrane is the concentration of the solution before flowing
into the filter, that is, ¢, . Therefore, we have
C(0,y) =¢y, C(x,20) =Co,y =0 (5)
At the boundary y =0 there is no salt flow. The boundary y =0 is the position of the
semipermeabel membrane. However, because at y=0 there is vertikal velocity, we have

diffusion flux J gy of salt and advection flux J .4, of salt:

J =it + Jagy- (6)
Here
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and
Jady =—0C(x,0), (8)

where q is the water flow rate through the membrane. At the membrane y =0, we have
J(x,0)=0 SO we obtain:
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We can also model the excess concentration as follows:
c(x,¥)=C(X,y)—Co. (10)
Substitution of equation (10) into equation (4) leads to
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where



c(0,y)=0, c(x,0)=0,y=0. (12)
From equation (9) we obtain

ac
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an based on equation (10) we have
ac
- Da(x,O) =q(c(x,0)+¢,). (13)
Assuming that c(x,0) << ¢, we can approximate the boundary condition (12) as

ac
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Using the stretching transformations following Fulford and Broadbridge [10], we obtain the
concentration of salt at the x direction on the semipermeable membrane is

1
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C(x,0) =1.53611715 [qcoj[DhT X3 + . (15)
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Equation (15) is the solution to our reverse osmosis problem. Note that there is a typographical
error in the solution of Fulford and Broadbridge [10]: Fulford and Broadbridge calculated the
coefficient to be 0.64, but in fact it is 1.53611715 .

3 Results

Suppose that we have q=10",v, =103,D=10"°, and h=10"3cm. Equation (15) gives
1

CX0) _; 53611715 103)x3 +1. (16)

Co
Based on equation (16), concentration increases with distance along the place, but this
1
increase occurs slowly due to the factor x3 . We observe in Figure 3 with the parameter values

selected, the increase in salt solution concentration is proportional (300 in 200 cm). This
concentration increases if the flow rate q is increased through a semipermeable membrane.
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Fig. 3. Concentration C/c, at position X and Y=0 tor nd

h=10"3cm.

4 Conclusion

We have investigated that analytical methods can predict salt solution concentrations in
reverse osmosis systems in water purification. Before using analytical methods, the writer
needed to convert partial differential equations into ordinary partial differential equations by
using analytical stretching transformation methods. This analytical method successfully solves
the reverse osmosis problem.
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