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Abstract. This paper discusses the variational iteration method for solving non-linear 
differential equation systems. To be specific, the system we consider is the SIR 

(Susceptible-Infectious-Recovered) model of tuberculosis. Based on our research 

results,the calculation using the variational iteration method can be done quite easily. The 

method can predict the exact solution accurately at an arbitrary time. 
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1   Introduction 

Differential equations occur not only in mathematics, but actually also in problems of 

everyday life. They also occur in other fields of sciences, such as, economics, physics, biology, 

computers science, etc. [1]-[3]. A system of ordinary differential equations consists of some 

ordinary differential equations that fulfill the nature that an unknown function depends only on 

one independent variable [3]. 

One of problems in everyday life and in the field of biology that can be modeled into the 

form of non-linear differential equations is the problem of the spread of infectious diseases. To 

model this problem, we can use the SIR model. In the SIR model [4]-[5], the population studied 

will be grouped into three groups labeled S, I, and R. Here, S(t) is a group of susceptible 

individuals (Susceptibles) against diseases that are not infected in time t; I(t) is a group of 

infected individuals (Invectives) within t, this group of infections is able to transmit the disease 

to vulnerable groups (Susceptibles) in case of direct contact; R(t) is a group of individuals who 

have been infected and recovered from the disease, and will not be infected again (permanently 

recovered). 

In this paper, we solve the SIR model for the spread of tuberculosis (TB) using a variational 

iteration method. Variational iteration method is a method used to solve linear and nonlinear 

differential equations that will predict solutions quickly, easily, effectively, and accurately [6]-

[7].  

This paper is written in the following structure. In Section 2, we will write about the SIR 

model for the spread of tuberculosis, which is the problem we want to solve. In Section 3, we 

will write about the variational iteration method to solve the SIR model. Results of mathematical 

computation will be presented in Section 4. Conclusions will be written in Section 5. 
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2   Mathematical Model 

Side [8] has modeled a non-linear differential equation system for the spread of tuberculosis 

(TB) by using the SIR model as follows: 

xxyx
dt

dx
hhhh  −−−=  (1a)

 

yx
dt

dy
h  −=  (1b)

 

zxy
dt

dz
h  −=  (1c)

 

where,          .,,)(,)(,)( hhhh
h

i

h

h

h

h

N

I
tz

N

I
ty

N

S
tx  +=+====                              (1d) 

Here: 

hN  is the total population at a certain time, 

hS  is the number of people suspected of being susceptible to tuberculosis at any given time, 

hI  is the number of people infected with TB at a certain time, 

hR  is the number of people who recover from tuberculosis at a certain time, 

ihI is the number of people recovering from an epidemic, 

h  is the rate of birth or death in the human population, 

h  is the level of suspected human being infected, 

  is the estimated level of population vulnerable to infection, 

h  is a parameter of the number of infected populations that are cured, and 

h  is a parameter of the number of infected populations who are cured. 

3   Variational Iteration Method  

Variational iteration method (VIM) was introduced by He [9]. VIM is the result of 

modification of the general Lagrange multiplier method which has been proven to find a solution 

easily from differential equations [8]-[10]. In VIM, there are 3 main concepts used to solve a 

differential equation, the Lagrange multiplier, the correction function and the restricted variation 

[3]. To solve the system (1) of differential equations (1a)-(1c) above, we will follow the writings 

of Rangkuti, et al. [11]. 

To illustrate the procedure in this variational iteration method, we consider the following 

differential equation: 

),()()( tgtNtL iii =+   ni ,...,3,2,1=  (2) 

where 𝐿 is linear operator, 𝑁 is nonlinear operator, and )(tgi  is nonhomogeneous term of the 

differential equation. According to the variational iteration method, the terms of the sequence 

)(ti  
are made in such a way that this finds the right solution of the mathematical model )(ti  

can be calculated with the following correction functions: 
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where, nii ,...,3,2,1, =  is a Lagrange multiplier that can be identified optimally through 

variational theory, index n shows the n-th order approximation, )(~
, sni  is restricted variation, 

that is, 0)(~
, =sni  [11].  

The correction functional of the differential equation system [1] will be obtained as follows: 
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where ,~,~
nn yx dan nz~  are restricted variations, that is, ,0~ =nx ,0~ =ny

 
dan 0~ =nz . From 

equations (4-6) we will get the following equations: 
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By using integration by parts, equations (7-9) will be: 
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Therefore, for each variations  nx ,  ny ,  nz  and  '
nx ,  '

ny ,  '
nz  we obtain stationary 

conditions as follows: 
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The solution of equation (13) above is as follows: 
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Then we obtain: 
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Substitution of the Lagrange multipliers (15) to the initial equations (4)-(6) so that it is obtained: 
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Equations (16)-(18) will provide the estimate solution to the spread of TB disease. 

 



 

 

 

 

4   Results and Discussion 

To do the iteration, we need initial data. Suppose that the initial data is  
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Then the variational iteration solutions of equations (16)-(18) are as follows: 
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Using the Maple software, a graph of solutions of equations (31)-(33) above can be obtained 

in a Cartesius plane so that we can see the solution behavior of the three human populations (S, 

I, and R). Figure 1 is a graph of the solutions of the three human population groups for the spread 

of TB disease with the SIR model and solved using the variational iteration method at the fifth 

iteration. 

 

Fig. 1. Solutions to the SIR model obtained from the VIM at the fifth iteration 
From Figure 1, we observe that: first, the more people infected with TB, the number of 

people who are vulnerable to the disease will also decrease until eventually all members of the 

population will be infected over time; second, the human population that is susceptible to disease 



 

 

 

 

is close to zero when 3 years have passed from the time when the disease spreads; third, the 

rapidly infected human population to the highest level reached 77.569% of the total human 

population. These are results obtained using the setting we use in this paper. Different results 

may occur if we have different setting. However, the phenomenon will be similar. Therefore, 

the variational iteration method has been able to solve the SIR model. 

5   Conclusion  

Based on our results, the variational iteration method can estimate the solution of a 

nonlinear differential equation system with an initial value. The system of nonlinear differential 

equations studied is a system of equations of the spread of tuberculosis in the SIR epidemic 

model. Variational iteration methods can approximate exact solutions at any given time and the 

approximate solutions are continuous at all time. In addition, the formulas contained in each 

iteration are not complicated. Therefore, calculations carried out using variational interation 

methods are easy. 
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