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Abstract. Social networks are becoming important dissemination platforms and a large body of
works have been performed on viral marketing, but most works study the benefit associated with
the number of active nodes. In this paper, we study the benefit related to interactions among ac-
tivated nodes. Furthermore, a real advertising campaign is often conducted with discount instead
of free sample, since discount has been demonstrated to be an effective method to promote the
customers’ purchase behavior. Motivated by the above observations, we propose a new problem
named discount allocation for benefit maximization, where a few selected users are offered with
discounts and hope that they promote this influence to their friends so as to maximize the ben-
efit between all influenced users. We analyze its complexity and propose a new method which
decomposes the non-submodular objective function into the difference of two submodular func-
tions and design three algorithms which are guaranteed to monotonically increase the objective
function at every step.

Keywords: Social Networks; Discount; Benefit Maximization; Non-submodular; Difference of
Submodular functions.

1 Introduction

With the advancements in information science in the last two decades, social networks find
important applications in viral marketing, where a few individuals are provided with free products,
hoping that the product will be recursively recommended by each individual to his friends to create a
large cascade of further adoptions. Kempe et al. [1] first formulate it as the influence maximization
problem on independent cascade (IC) model and linear threshold (LT) model. After that, a large
body of works have been performed on viral marketing to maximize the profit associated with the
number of active nodes.
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Different from conventional online marketing, we study the benefit associated with the strength
of interactions among activated nodes, instead of the number of activated nodes. For example,
when multiple people participate in one game, a large amount of data are transferred to synchronize
the settings of game environment and operations between players[2]. Network provider generally
charges based on the amount of data used by customers. In addition, interaction behaviors between
game players are always accompanied by browsing and clicking on advertisements, which can bring
some advertising revenues to the network provider[3]. We use the benefit to represent all of the
revenues related to the strength of interactions between players and define a corresponding benefit
maximization problem.

Furthermore, mostly a real advertising campaign is often conducted with discount instead
of free sample. Discount has been demonstrated to be an effective promotional method as it cre-
ates short-term excitement and therefore immediately impacts the customers’ purchase behavior[4].
Hence, in online social marketing, discount enables the seller to convince the influential users who
were not able to be adopters without a coupon.

Motivated by the above observations, we consider the marketing process where a few selected
users are offered with discount and hope that they promote this influence to their friends so as to
maximize the benefit between all influenced users. Since the total discount is constrained by a
budget, an immediate question facing is to decide which set of initial users should be selected to
receive the discount, and how much should the discounts be worth. To this end, we propose the
discount allocation for benefit maximization problem in social networks.

For influence maximization problem, since its property of submodularity, the greedy algorithm
can achieve a guaranteed approximation with 1 — 1 /e. But unfortunately, our discount allocation for
benefit maximization problem is not submodular, thus the greedy strategy can’t be directly applied
to our problem to get a guaranteed approximate solution. To solve this problem, we propose a new
method called decomposition strategy in which we decompose our objective function as a difference
of two submodular functons. And based on the decomposition we replace them with the modular
functions which are upper or lower bound of them to address the non-submodularity part of problem
and design three algorithms.

The contributions of this paper are summarized as follows.

* We propose a new problem named discount allocation for benefit maximization and we ana-
lyze the modularity and complexity of the problem.

* We propose a new method for non-submodular optimization that decomposes the objective
function into the difference of two submodular functions which are monotone nondecreasing.

* Based on the modular lower and upper bounds of decomposed submodular functions men-
tioned above, we design three algorithms to solve the discount allocation for benefit maxi-
mization problem, which are guaranteed to monotonically increase the objective function at
every step and converge to a local maxima



2 Related Work

Kempe et al.[1] formulate the influence maximization problem under IC and LT models and
provide a greedy algorithm with an approximation ratio. Since then, considerable work [5, 6, 7, 8,
9, 10, 11] has been devoted to extending existing models to study influence maximization and its
variants. Recently, Wang et al.[12] study the activity maximization problem which finds k seeds that
maximize the sum of activity strengths among the influenced users. Their objective is similar to us.
But they only consider the activity between active nodes which are connected by edges, while we
consider the benefits among all active nodes regardless of whether there is an edge connecting them,
which can be viewed as a significant extension of it.

For discount allocation problems, [13] first propose to offer users in social networks discounts
rather than free products to trigger social cascades and model it as the continuous influence maxi-
mization problem. [14] adopt a discrete function to capture the adoption probability covering both
non-adaptive and adaptive settings and propose a novel adaptive policy with bounded approxima-
tion ratio. Our work is to maximize the benefit among activated users rather than the number of
influenced users.

3 Problem Formulation

In this section, we formulate discount allocation for benefit maximization problem formally
and prove it is neither submodular nor supermodular by counter examples. For complexity we prove
it is NP-hard by a special case of the problem.

3.1 Discount Allocation for Benefit Maximization

Our model decomposes the cascade into two stages: seeding and diffusion. In the seeding
stage, the initial set of users and corresponding discounts are decided for each initial user. The
initial set of users who accept the discount act as seed users. In the diffusion stage, starting from
seed users, the adoption propagates across the entire social network according to IC model.

In this paper, we use the directed graph G = (V, E) to represent a social network, where V is a
set of users and E is a set of social relations between users. Each edge (u,v) € E is assigned with a
probability p,, so that when u is active, v is activated by u# with probability p,,. Assume there are m
possible discount rates D = {d; ---dy, }, each user v € V is associated with an adoption probability
function p, : d; — [0, 1], which models the probability that v accepts any discount that is greater
than or equal to d;. We assume that p,(d;) > p,(d;) for any rational user v and discounts d; > d;.
And the benefit between nodes is represented by a nonnegative function b : V x V — R, in which
b(u,v) = b(v,u) for the unordered pair {u,v} of node u and v. Note that for each {u,v}, we only
compute once the benefit between them, i.e., b(u,v) or b(v,u) instead of b(u,v) + b(v,u).

Denote W £ V x D as the solution space, the pair w = (v(w),d(w)) € W means allocate discout
d(w) € Dto user v(w) € V. We use C C W to denote a strategy for discounts allocation. Please note
that it is feasible to assign multiple discounts to the same user, however, since her adoption decision
only depends on the highest discount, it suffices to use the highest discount as a representative. Let
dy(C) denote the highest discount assigned to user v under the strategy C, and d,,(C) = 0 if v has



not been allocated a discount. Under the allocation strategy C, the probability that a subset S C V
become the seed set is

Pr(8,C) = Hpv(dv(c)) H (1-py(di(C))) (L
ves veV\S

For any seed set S, denote by I(S) the set of all active nodes at end of the diffusion process.
The expected benefit would be defined as

B(S)=E[ ) b(uv) )

{uv}<I(s)

where {u,v} C I(S) denote the all unordered pair in the set I(S). Note that for each unordered pair
{u,v}, since b(u,v) = b(v,u), we only compute once the benefit between them.
Then under the discount allocation strategy C, the expected benefit is

f(€) =Y Pr(5.C)-B(S) 3)

seav

In this paper, we study the following problem.

Definition 1 (Discount Allocation for Benefit Maximization Problem, DABMP). Given a social
network G = (V,E), a propagation probability p,, for each edge (u,v) under the IC model, a benefit
functionb:V xV — RY, a discount rates set D = {d ---d,, }, and an adoption probability function
py 2 di — [0,1], and a budget H, find a discount allocation strategy C to maximize the expected
benefit between all activated users through influence propagation:

max f(C) 4)
sit.Y d)(C)<H (5)
veV

As an example of DABM problem, we use a toy social network in Fig. 1. There are three
nodes V = {a,b,c}; we have discout rates D = {0.4,0.6}; propagation probabilities are shown on
the edges; adoption probabilities p,(0.4) = 0.2, p,(0.6) = 1, Vv € {a,b,c}; budget H = 1; ben-
efit funciton b(u,v) = 1, ¥{u,v} C {a,b,c}. Let us consider a discount allocation strategy C =
{(a,0.4),(b,0.6)}, i.e., allocating a with discount 0.4 and b with discount 0.6. Then Pr({a,b},C) =
0.2x1=0.2, Pr({b},C) =(1-0.2) x 1 =0.8. When {a,b} are the seeds, c is activated with prob-
ability 1 — (1 —0.4) x (1 —0.1) = 0.46(i.e., I({a,b}) = {a,b,c}). The probability that ¢ is not acti-
vated is 1 —0.46 = 0.54(i.c., I({a,b}) = {a,b}). S0 B({a,b}) = 0.46 X ¥ (uuycapc} b(tsv) +0.54
Yiuvyciapy b(u,v) =0.46 x3+0.54 x 1 = 1.92. And we have B({b}) = 0.1 X Yyypycqp.e} (4, v) =
0.1x 1=0.1. So £(C) = Pr({a,b},C) x B({a,b}) + Pr({b},C) x B({b}) =0.2x 1.92+0.8 x 0.1 =

0.464.

3.2 Modularity of Objective Function

We say that g(-) is submodular if it satisfies a natural “diminishing returns” property: the
marginal gain from adding an element to a set X is at least as high as the marginal gain from adding



0.4

Fig. 1. A toy social network

the same element to a superset of X. Formally, For every X,Y CV with X CY and every e € V\ Y,
it follows that

g(XUfe}) —g(X) = g(Y U{e}) —g(Y)
And it is monotone if g(X) < g(Y) whenever X CY .

Theorem 1. f(C) is neither submodular nor supermodular under IC model.

Proof. 'We prove by two counter examples shown in Fig.2. We set discount rates D = {1}
and adoption probability p, (1) = 1,¥v € V which means each user will accept the product since it’s
free. The first element in the tuple tied on each edge represents the propogation probability, and the
second one denote the benefit between its two end nodes. For pairs {u,v} between which there is
no edge set b(u,v) = 0. In Fig.2 (i), (0,1) on edge (a,b) means propogation probability p,, = 0
and b(a,b) = 1, then we have f({(a,1)}) =0, f({(a,1),(d,1)}) =1, f({(a,1),(b,1)}) =1 and
f<{(a7 1)7 (b7 1)7 (d7 1)}) = 3. Thus, f({<a7 1)7 (d’ 1)}> - f({(a7 1)}) < f({(a’ 1)7 <b7 1)7 (d’ 1)}> -
Ff{(a,1),(b,1)}), which implies f(-) is not submodular. In Fig.2 (ii), we have f({(a,1)}) =
f{la.1). (0. D) = F{(5:DD) = & Thus, f({(6:1)) = /(0) > £({{a.1): 0.} = F{{@. D)

which implies f(+) is not supermodular.

3.3 Hardness Result

Theorem 2. Discount allocation for benefit maximization problem is NP-hard.

Proof. 'We prove by showing a special case of DABMP is NP-hard, where discount rates
D = {1} and adoption probability p,(1) = 1,¥v € V, which means each user will accept the product
since it’s free. The budget equals k. Then the problem is transferred to seek k seeds that maximize
the benefit between activated nodes. Now we prove by reducing from the set cover problem, which is



Fig. 2. Counter examples

NP-complete [15]. Given a ground set U = {u;,us,...,u,} and a collection of sets {S1,S2,...,5n}
whose union equals the ground set, the set cover problem is to decide if there exist k sets in S so that
the union equals U. Given an instance of the set cover problem, we construct a corresponding graph
with m + 2n nodes as follows. For each set §; we create one node p;, and for each element u; we
create two nodes ¢; and q’j. If the S; contains the element u;, then we create two edges (p;,¢;) and
( p,-,q'j). Note that each edge is live which means the probability is 1. Now we design the benefit
function over pairs of nodes. For the pairs {g;, q}}, the benefit equals to 1, and the other pairs equal
to 0. Then the set cover problem is equivalent to deciding if there is a set S of k nodes such that the
benefit of S equals to n. The theorem follows immediately. O

4 Decomposition

Since discount allocation for benefit maximization problem is not submodular, the greedy strat-
egy can’t be directly applied to our problem to get a guaranteed approximate solution. To solve this
non-submodular problem, we propose a new method called decomposing strategy in which we de-
compose our objective function as a difference of two submodular functions. Our idea is inspired
by the fact that any set function can be expressed as a difference between two submodular functions
[16]. However, in general, it is conjectured to be NP-hard to do so. In our case, it is not trivial,
but we successfully found a decomposition with special technique and moreover, we made obtained
submodular functions computationally possible.

For seed set S, we define the B; (S) as benefit between activated users /(S) and all users V, and
define B,(S) as the benefit among all activated users I(S) plus the benefit between the activated users



I(S) and the non-activated users V \ I(S), which are formulated as follows:

Bi(S)=E[ ), } b(uv)]

uel(S)vev
=E] Z 2-b(u,v)+ Z Z b(u,v)]
{uv}CI(S) uel(S)veV\I(S)

By(S) =E]| Z b(u,v)+ Z Z b(u,v)]

{uy}CI(S) uel(S) veV\I(S)
Thus we have
B(S) = B1(S) — Bx(S)

And under discount allocation strategy C, we define the following functions

(€)= ZVPr(&C%Bl(S) (6)
f(C) :SE Pr(S,C)-B(S) M
Then =
f(C) = ZvPr(S,C)-B(S)
= SE Pr(S,C)-Bi(S)— Y Pr(S,C)-B(S)
se2v se2v
So we have

f(C)=h(C)=12(C) ®)

Actually f(C) is decompose as a difference of two functions, now we prove both of them are sub-
modular. To facilitate analysis, we introduce the following two concepts to deal with the randomness
of the propagation process.

Definition 2 (Seeding realization y). When a node v is offered the discount d, v accepts offer and
becomes the seed with probability p,(d) and rejects it with probability 1 — p,(d), i.e, w = (v,d) is
probed. The outcome of this random event could be determined by comparing p,(d) with a random
number r that is uniformly selected from [0,1]: if p,(d) > r, then w = (v,d) is declared to be valid
under y, i.e, v accept the discout and become a seed.

Definition 3 (Diffusion realization ¢). For each edge (u,v) in the graph, a coin of bias p,, is
flipped at the very beginning of the process. The edges for which the coin flip indicated a successful
activation are declared to be live in @; the remaining edges are declared to be blocked in ¢, which
construct a live edge graph [1]. A user is influenced if it can be reached from some seed through a
path consisting of live edges.



Note that similar to the diffusion realization, where the coin can be flipped at the beginning
of the process, the seeding realization can also be performed ahead of the actual seeding stage.
With both seeding and diffusion realizations are performed in advance, it is easy to determine the
subset of nodes that can be influenced at the end of the cascade process: given a configuration C and
realization y, ¢, a node u ends up influenced if and only if u is live or there is a path from some live
node to u consisting entirely of live edges[14].

Theorem 3. f|(C) is submodular and monotone under the IC model.

Proof. By the property of seeding and diffusion realizations, f;(C) can be fomulated as

A=Y Pr(y.0)-f1(C| w,9) 9)
v,

Due to the fact that a non-negative linear combination of submodular functions is also submodular,
we just need to prove f1(C | v, @) is submodular under realization (v, ¢).
According to equation 6, we have

Ni(Clw,0)=Y Pr(S,C|y)-Bi(S|9) (10)
N=rid
= ) Y buv (11
uel($(C))veV
= Y b(u,v) (12)
uERL(1(S(C))) veV

Note that we denote Pr(S,C | y) as the probability that nodes S become the seeds given discount
allocation strategy C under seeding realization y. Since the realization is given which means the
threshold of acceptance that a user become a seed is deterministic, Pr(S,C | ) =1 or Pr(S,C |
W) = 0, for some nodes S. Thus there is only one user set S € 2" will become seeds under above
settings and we use S(C) denote the users which accept the discounts and become the seeds under
seeding realization y. We denote B(S | ¢) as the benefit under diffusion realization ¢. So equation
10 follows. And g denotes that the live graph generated under realization ¢, R,(S) denotes the set of
nodes reachable from seed set S via live edges in g. So we have equation 12 from equation 11.

Let discount allocation strategy M, N be two sets such that M C N C W. For any node-discount
pair x € W\ N,

We have

fl(MU{x} | W7¢)_fl(M| Wa(P)
= Z Zb(u,v) (13)

uERy (S(x))\Rg (S(M)) VEV

JINU{x} [y, 0)— filN | v.9)
= Z Zb(u,v) (14)

UER(S(x))\Rg (S(N)) vEV



Comparing all terms on the right-hand sides of 13 and 14, we have S(M) C S(N), since M C N. And
Ro(S(x))\Rg(S(M)) D Ry(S(x)) \ Ry (S(V)) follows.Through above analysis, we obtain fi (M U{x} |
V.0)— (M| ¥,0) > A(NU{x} | w,0)— fi(N | v, ). Therefore, /i (C) is submodular:

For monotonicity, we need prove fi(M | y,¢) < fi(N | v, ¢), which is non-decreasing. Ac-
cording to equation 12, we have

nlye)= Y Y buv) (15)
ueR (I(S(M))) veV
AWNTw.e)= Y Y buy) (16)

u€Ry(I(S(N))) veV

Since the benefit function b : V x V — R is non-negative and S(M) C S(N), the monotonicity of
f1(C) follows immediately. O

Theorem 4. f>(C) is submodular and monotone under the IC model.

Proof. By seeding and diffusion realizations, f>(C) can be fomulated as

fZ(C): ZPI‘(I[/,(P)fz(C‘ W7¢) (17)
V.0

Due to the fact that a non-negative linear combination of submodular functions is also submodular,
we just need to prove f>(C | v, ) is submodular under realization (y, ¢). According to equation 7,
we have

H(Cly.9)

=) Pr(S.Cly)-Ba(S|9)

se2v

= Y v+ )Y Y b(uy)

{uv}CI(S(C)) uel(S(C)) veV\I(S(C))

= )Y  buv+ Y Y buv) (18)
{u,v}CR,(S(C)) UER(S(C)) veV\Rg(S(C))

where S(C) denote the users which accept the discounts and become the seeds under seeding real-
ization y, g denotes that the live graph generated under realization ¢, R, (S) denotes the set of nodes
reachable from S via live edges in g .

Let discount allocation strategy M, N be two sets such that M C N C W. For any node-discount



pair x € W\ N, we have

f2(MU{x} | Wa¢) 7f2(M | Wad’)
= Z b(u,v)+
{uv} SR, (S(x))\Rg (S(M))
b(u,v) (19)
UERG(S(x))\Rg (S(M)) vEV\Rg (S(MU{x}))

LNU{x} [y, 9)— L(N [y, 9)
= Z b(u,v)+
{u,v}CR (S(x))\Rg (S(N))
b(u,v) (20)
uERG(S(x))\Rg(S(N)) veV\Rg (S(NU{x}))

Comparing all terms on the right-hand sides of 19 and 20, we have S(M) C S(N), since M C N.
And Ry(S(x)) \ Rg(S(M)) 2 Rg(S(x)) \ Re(S(N)) follows. By the same way, since M C N, we have
SMU{x}) CS(NU{x}) and V\ Rg(S(MU{x})) D V\ Rg(S(NU{x})). Through above analysis,
we obtain /2(MU{x} | ,0)— (M | ¥,0) > A(NU{x}| w,0)— (N | w,9). Therefore, />(C)
is submodular.

For monotonicity, we need prove f>(M | v, ¢) < f2(N | w,¢), which is non-decreasing. Ac-
cording to equation 18, we have

f2(M| Wa(p)
= Z b(u,v)+ Z Z b(u,v)
{uv} SR, (S(M)) UER,(S(M)) veV\Ry (S(M))
= Y  buv+ Y Y b(u,v)
{u,v}CRy (S(M)) UER(S(M)) veRg(S(N))\R, (S(M))
+ ) Y by
uER(S(M)) veV\Ry(S(N))
fZ(N| IV,¢)
= Z b(u,v)+ Z Z b(u,v)
{u,v}CRy(S(N)) UER(S(N)) veV\Rg(S(N))

Since the benefit function b: V x V — R" is non-negative, S(M) C S(N) and V(i, j) € {(u,v) | u €
Ro(S(M)),v € Rg(S(N)) \ Ry (S(M))}, we have i € Ry(S(N)) , j € Rg(S(N)). Thus the sum of first
two items of f>(M) is less than the first item of f,(N). By the same reason, we have the third item
of f2(M) is less than the second item of f>(N). Through above analysis, the monotonicity of f>(C)
follows immediately. O



5 Algorithm

According to the decomposed submodular functions, we designed three heuristic algorithms
based on the modular upper and lower bounds of the corresponding submodular functions. The
main idea is based on the framework which is used for minimization of the difference between
submodular functions[17]. Our algorithms are guaranteed to monotonically increase the objective
function at every step.

5.1 Modular Upper Bound

For any submodular set function g(-) on ground set V, we have the following two tight modular
upper bounds that are tight at a given set X [17]:

my (V) =g(X)— Y (X \/)+ X 8(jl0)

JEX\Y jer\x
mi,(Y)£e(X)— Y g(iIVAN+ Y, g(ilX)
jex\y jevi\x

5.2 Modular Lower Bound

A modular lower bound of g(-) is tight at a given set X can be obtained as follows ([17]). Let
o be a permutation of V and define S° = {o(1),6(2),...,0(i)} as ¢’s chain containing Y, in which
Sg =0 and ngl = X. Define
g o(0(i)) = g(S7) — &(S71)-
Then

o)=Y I o (v)

veY
is a tight lower bound of g(Y), i.e., i ;(¥) < g(¥), VY CV,and h§ ;(X) = g(X).

5.3 Procedures

Algorithm 1 S-M Procedure

1: initialize X° < random allocation strategy C; ¢ <— 0
2: repeat X

3: X' < argmaxy fi (X)—mf(z,(X),

4:  t<+t+1;

5: until converged, i.e., X' = X'~!

6: return X’ or maxX;

For algorithm 1 named submodular-modular procedure (S-M for short), we iteratively mini-
mized f(C) — f»(C) by replacing f>(C) by its modular upper bound at every iteration, which is



actually a lower bound of the original function. At every iteration we maximize only a submodular
function under knapsack constraint, which can be sovled by a practical greedy algorithm with 1 — %
approximation factor[18]. Since we have two modular upper bounds, we can use any of the variants
discussed above.

Algorithm 2 M-S Procedure

1: initialize X° < random allocation strategy C; ¢ < 0

2: repeat

3 choose a permutation 6" whose chain contains the set X’;
4 X" argmaxyhll L (X) = f(X);
5
6
7

X!, o!
t<t+1;
. until converged, i.e., X' = X' 1;
: return X/;

For algorithm 2, named modular-submodular procedure (M-S for short), we iteratively maxi-
mize f;(C) — f>(C) by replacing f;(C) by its modular lower bound at every iteration to approximate
the original problem, which is actually an lower bound of the original function. At every iteration
we minimize a submodular function under knapsack constraint, which is still an open problem. We
use the simple greedy algorithm which is similar to [18].

Algorithm 3 M-M Procedure

1: initialize X° < random allocation strategy C; 7 + 0

2: repeat

3 choose a permutation 6* whose chain contains the set X*;
4: X argmaxxhgfl,_c, (X) —m{(z, (X);

5 t+t+1;

6: until converged, i.e., X' = X' 1;

7: return X’;

For algorithm 3, named modular-modular procedure (M-M for short), we use the modular
lower bound of fi(-) minus the modular upper bound of f(+) to approximate the original problem.
At every iteration we maximize only a modular function which can be done in O(n) time, so this
is extremely easy. Like before, since we have two modular upper bounds, we can use any of the
variants discussed in the subsection above.

5.4 Analysis

Since optimizing the difference between two submodular functions is multiplicative inapprox-
imability unless P = NP. Thus, it is difficult to measure the gap between the discount allocation
strategy obtained and an optimal allocaiton strategy. Note that the M-S, S-M and M-M function
is actually a lower bound of the original function. This indicates that all the three algorithms are



still guaranteed to monotonically increase the objective at every iteration and converge to a local
maxima. Because [17] have given detailed proofs, we will not do repetitive work in this article for
respect to the originality of their work. Although their work is about minimizing the difference of the
submodular function, while our problem is to maximize the difference of the submodule function,
in fact, the two are one-to-one correspondence.

6 Conclusion

In this paper, we investigated the discount allocation for benefit maximization problem in so-
cial networks, where benefit is derived from interactions among activated users rather than merely
the number of active nodes. Unlike traditional viral marketing works that focus on free samples,
our model incorporates discounts as a realistic promotion mechanism. We proved that the objective
function is neither submodular nor supermodular and that the problem is NP-hard. To tackle this
non-submodular optimization, we decomposed the objective into the difference of two submodu-
lar functions (DS decomposition). Leveraging this decomposition, we designed three algorithms,
each guaranteed to monotonically increase the objective function at every step, converging to a lo-
cal maximum. Our approach bridges the gap between theoretical non-submodularity and practical
algorithm design. The results demonstrate the effectiveness of our methods in capturing interaction-
based benefits under discount allocation. This work provides a new perspective on viral marketing
by emphasizing user interactions over simple activation counts, and offers a tractable solution frame-
work for non-submodular optimization problems arising in social network advertising campaigns.
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