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Abstract. In response to the requirements for precision and robustness in trajectory tracking and
human-robot interaction of lower limb rehabilitation exoskeleton robots, this paper proposes a
sensorless solution that integrates a Sliding Mode Hyperbolic Extended State Observer (SHESO)
with Adaptive Sliding Mode Control (ASMC). In this scheme, SHESO is employed to achieve
sensorless estimation of external torque disturbances. Compared with the traditional Extended
State Observer (ESO), it features a faster convergence speed and a higher estimation accuracy,
thereby providing reliable disturbance information for subsequent control. Based on dynamic
correction of the desired trajectory by admittance control, the ASMC method further realizes
accurate tracking of the corrected gait trajectory and ensures the system stability during human-
robot interaction. The stability of both the observer and the controller is rigorously validated via
Lyapunov stability theory, while simulation results confirm that the proposed method achieves
superior performance in both external disturbance estimation and trajectory tracking.

Keywords: lower limb rehabilitation exoskeleton, sliding mode control, admittance control,
sensorless torque estimation, human-robot interaction

1 Introduction

Global aging drives rising demand yet scarce supply of lower-limb rehabilitation, degrading
patients’ quality of life; lower limb rehabilitation exoskeletons counteract this trend by providing
standardized gait training that improves clinical outcomes and reduces the workload of the physician
[1, 2]. Current research focuses mainly on passive training, which ignores active participation of
patients and may cause adaptability and safety problems [3]. Thus, active training-oriented models
are crucial, requiring both high-precision trajectory tracking and human-robot interaction, especially
real-time responses to active interaction torque of patients [4].

Admittance control, a mainstream compliant human-robot interaction solution, adjusts trajec-
tories via torque. However, it requires precise torque feedback from physical sensors, increasing
system complexity and risking accuracy issues [5]. In recent years, sensorless control methods have
become a research focus. Huo et al. [6, 7] used disturbance observers for state estimation, but do
not fully investigate convergence speed. Yang et al. [8] proposed a generalized momentum-based
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Luenberger observer to estimate the external torque of the end effector. Liu et al. [9] employed an
extended state observer (ESO) for internal uncertainties and external disturbances, though sensorless
ESO schemes exhibit lag in abrupt disturbance estimation. Traditional ESOs assume disturbances
to be slow or constant, which conflicts with the time-varying and discontinuous human-robot inter-
action torques in rehabilitation training, thereby reducing precision [10].

In the field of robot position control, extensive research has been done on sliding mode control
(SMC) methods, which are also widely applied in lower extremity rehabilitation exoskeleton robots
[11, 12]. SMC exhibits strong robustness and anti-interference capability, and is typically used in
complex nonlinear systems [13]. Yu et al. [14] proposed a terminal SMC, implementing a scheme
with finite-time convergence. To further shorten the convergence time, a fast convergence SMC
method was put forward [15]. However, the discontinuous reaching law of SMC tends to cause
high-frequency chattering, which will aggravate patients’ discomfort during rehabilitation training
and reduce the compliance of human-robot interaction.

To address the above issues, this paper proposes an ASMC method based on a SHESO. The
main contributions are as follows: (1) A sliding mode hyperbolic extended state observer (SHESO)
is proposed. Its optimized structure improves the estimation performance of external torque distur-
bances, achieving faster convergence and higher accuracy. (2) An ASMC with a parameter adaptive
mechanism is designe, which balances system stability and trajectory tracking accuracy while effec-
tively tackling time-varying disturbances. (3) A sensorless closed-loop framework is constructed,
where SHESO estimates interaction torque online, admittance controller corrects the trajectories,
and ASMC allows accurate trajectory tracking.

The following sections of this paper are organized as follows. Section II details the robot dy-
namics modeling with associated assumptions. Section III describes the design of SHESO, ASMC,
and the admittance controller. Section IV verifies the proposed algorithms via simulation. The
conclusion is presented in the final section.

2 Preliminaries and robot model description

2.1 Preliminaries

Lemma 1: Let V (x) : Rn → R≥0 be a continuously differentiable positive definite function.
If there exist constants ν > 0 and 0 < ϑ < 1 such that V̇ (x) ≤ −νV ϑ (x), then the system states

converge to the origin in finite time T ≤ V 1−ϑ (x(0))
ν(1−ϑ) .

2.2 Dynamic Model of Robots

In general, the dynamic model of a lower limb rehabilitation exoskeleton with n degrees of
freedom can be written as

M(q)q̈+C(q, q̇)q̇+G(q)+ f̄ = τ + τext (1)

where q, q̇, q̈ ∈ Rn×1 are the exoskeleton joint angle, angular velocity, and acceleration vectors;
M(q) ∈ Rn×n is the inertia matrix; C(q, q̇) ∈ Rn×n denotes Coriolis and centrifugal torques; G(q) ∈



Rn×1 is the gravity vector; τ ∈ Rn×1 is the joint motor control input; τext ∈ Rn×1 represents external
interaction torque; and f̄ ∈ Rn×1 is the lumped disturbance.

This paper adopts a simplified 2 - DOF exoskeleton dynamic model with the following proper-
ties:

Property 1: The matrix M(q) is positive definite by virtue of its symmetric structure.
Property 2: The matrix M(q)−2C(q, q̇) is identified as symmetric in skew.
Additionally, the following assumptions hold for system (1):
Assumption 1: The actual states q and q̇ of the system are bounded, and the inertia matrix M(q),

Coriolis and centrifugal torque matrix C(q, q̇) is bounded.
Assumption 2: The lumped disturbance term f̄ and its derivative ˙̄f both remain bounded, satis-

fying ∥ f̄∥ ≤ θ1, ∥ ˙̄f∥ ≤ θ2.
Assumption 3: In lower limb rehabilitation training, system’s model uncertainty is negligible

compared to human-machine interaction torque, so this paper assumes that τext − f̄ ≈ τext .
Assumption 4: The derivative of the external torque τext of the system is bounded, satisfying

∥τ̇ext∥ ≤ L, L > 0.
Define the system state variables

x1 = q, x2 = q̇, x3 = τext (2)

According to Assumption 3, the system (1) can be redefined within a second-order state-space
framework. 

ẋ1 = x2

ẋ2 = M(x1)
−1
(
τ + x3 −C(x1,x2)x2 −G(x1)

)
ẋ3 = τ̇ext

(3)

3 Design of controller

3.1 Design of Sliding Mode Hyperbolic Extended State Observer

To achieve safe and compliant human-robot interaction in lower limb rehabilitation, this paper
designs a SHESO for interaction torque estimation. Combining sliding mode control advantages
with a hyperbolic tangent function, it suppresses high-frequency chattering of the sliding mode ob-
server while retaining strong robustness; additionally, a third-order extended state observer structure
enables high-precision estimation of uncertain external torques during rehabilitation.

Firstly, the sliding mode surface of the observer is defined as follows:

s1 = ė1 + γe1 (4)

where e1 = x1 − x̂1 is the angle estimation error; x̂1 is the estimated value of x1, and γ is a is a
positive-definite diagonal matrix.



Then, according to the model (3), the proposed SHESO can be designed as
˙̂x1 = x̂2 +α1ω tanh(s1)
˙̂x2 = M(x1)

−1(
τ + x̂3 −C(x1,x2)x̂2 −G(x1)

)
+α2ω

2 tanh(s1)

˙̂x3 = α3ω
3 tanh(s1)

(5)

where x̂2 is the estimated value of x2; x̂3 is the estimated value of x3; α1,α2,α3 > 0 are the designed
observer gain parameters and ω > 0 is the bandwidth parameter.

Define the estimation errors e2 = x2 − x̂2, e3 = x3 − x̂3. The dynamics of estimation errors can
be written as 

ė1 = e2 −α1ω tanh(s1)

ė2 = M−1(−Ce2 + e3)−α2ω2 tanh(s1)

ė3 = ẋ3 −α3ω3 tanh(s1)

(6)

Theorem 1: For system model (1) equipped with the observer designed in (5), if there exists a
constant ϖ > 0 such that the observer gain satisfies κ tanh(1) > η , then the sliding surface s1 will
reach the region Pϖ = {s1 ∈ Rn | ∥s1∥ ≤ ϖ} in finite time and remain uniformly ultimately bounded.

Proof: Taking the time derivative of the sliding surface s1 yields

ṡ1 = M−1(−Ce2 + e3)+ γe2

−ω(α2ω + γα1) tanh(s1)−α1ω sech2(s1)ṡ1
(7)

Let Φ = M−1(−Ce2 + e3)+ γe2. According to Assumption 1 and 4, there exists η > 0 such that

∥Φ∥ ≤ ∥M−1∥∥C∥∥e2∥+∥M−1∥∥e3∥+ γ∥e2∥
≤ η1∥e2∥+η2∥e3∥+ γ∥e2∥
≤ η

(8)

Rearranging terms gives

ṡ1 =
Φ−ω(α2ω + γα1) tanh(s1)

1+α1ω sech2(s1)
(9)

Construct the Lyapunov function

Vs =
1
2

s2
1 (10)

Taking its time derivative yields

V̇s = sT
1 ·

Φ−κ(1+α1ω) tanh(s1)

1+α1ω sech2(s1)
(11)

where κ =
ω(α2ω + γα1)

1+α1ω
. Since 1+α1ω sech2(s1)≥ 1, it follows that

V̇s ≤ sT
1 Φ−κsT

1 tanh(s1) (12)



Furthermore, by applying the Cauchy-Schwarz inequality and substituting (8), we obtain

V̇s ≤ ∥s1∥∥Φ∥−κsT
1 tanh(s1)

≤ η∥s1∥−κsT
1 tanh(s1)

(13)

Take an arbitrary constant ϖ ∈ (0,1), and consider the region Ω1 = {s1 ∈ Rn | ∥s1∥ ≥ ϖ}. In
this region, when |s1,i| ≥ ϖ , it holds that s1,i tanh(s1,i)≥ |s1,i| tanh(ϖ). Therefore,

sT
1 tanh(s1) =

2

∑
i=1

s1,i tanh(s1,i)

≥
2

∑
i=1

|s1,i| tanh(ϖ)

≥ ∥s1∥ tanh(ϖ)

(14)

Substituting (14) into (13) yields

V̇s ≤−∥s1∥(κ tanh(ϖ)−η) (15)

Let ν = κ tanh(ϖ)−η > 0. According to Lemma 1 (with ϑ = 0.5), Vs will decrease to the boundary
∥s1∥ = ϖ in finite time within Ω1. That is, there exists a time T1 > 0 such that ∥s1∥ < ϖ for all
t ≥ T1. In the region Ω2 = {s1 | ∥s1∥< ϖ}, from (9), it can be seen that ṡ1 is bounded since Φ and
tanh(s1) are bounded, and 1+α1ω sech2(s1) ≥ 1. Therefore, the system states will not diverge to
infinity in finite time. Furthermore, at the boundary ∥s1∥ = ϖ , we have V̇s < 0, which implies that
once the system enters Ω2, it can never leave again. Hence, s1 always remains within Ω2, meaning
that Ω2 is a positively invariant set.

In conclusion, the sliding surface s1 enters the neighborhood Pϖ in finite time and remains
within this neighborhood. Since ϖ can be made arbitrarily small by increasing the gain κ , s1 can
converge to an arbitrarily small neighborhood of the origin.

This completes the proof.

3.2 Design of Admittance Controller

This paper employs a mass-damping-stiffness admittance control model to achieve human-
machine interaction control of the exoskeleton. The form of this model is

Md ë f +Bd ė f +Kde f =−τext (16)

where Md ,Bd ,Kd ∈ R2×2 stand for mass, damping, and stiffness matrices, respectively, and are all
characterized by being positive-definite diagonal matrices. τext ∈ R2×1 is the interaction torque
externally applied to the exoskeleton. e f = qd − qr is the error in the admittance correction and
qd ,qr ∈R2×1 are the input desired trajectory and the reference trajectory corrected by the admittance
controller respectively. Through this model, according to the human-robot interaction torque τ̂ext ,
estimated by the proposed SHESO, the desired trajectory qd can be reshaped into the admittance
reference trajectory qr, thereby achieving human-machine interaction.



3.3 Design of Adaptive Sliding Mode Controller

To achieve high-precision trajectory tracking and strong robustness against disturbances in
lower-limb rehabilitation training, this paper proposes an ASMC scheme combined with SHESO
and an admittance control strategy, as illustrated in Fig. 1.

Fig. 1. Algorithm of ASMC System with SHESO and Admittance Controller.

The controller’s sliding mode surface is constructed as follows:

s2 = ėrd +Λerd (17)

where erd = qr − q, ėrd = q̇r − q̇, Λ is a positive-definite diagonal matrix and serves as the sliding
mode surface gain parameter.

The derivative of the sliding mode surface can be represented as

ṡ2 = ërd +Λėrd = (q̈r − q̈)+Λėrd (18)

Based on the proposed SHESO in this paper, the control law is designed as follows:

τ = τeq + τsw − τ̂ext (19)

where τeq maintains the system on the sliding mode surface; τsw suppresses disturbances and un-
modeled dynamics; and τ̂ext is the external torque estimate from SHESO. The equivalent control law
and the switching control law are designed as follows:

τeq = M(q)q̈r +C(q, q̇)q̇r +G(q) (20)

τsw = K̂ · sgn(s2) (21)

where K̂ = diag(k̂1, k̂2) is a positive-definite diagonal matrix, and k̂i is the adaptive gain estimation
value, updated by the adaptive law (22).

˙̂ki = µi|s2,i|−σik̂i, i = 1,2 (22)

where µi > 0 is the adaptive gain coefficient and σi > 0 is the correction parameter.



Theorem 2: For system model (1), under the action of the sliding mode control law (19) and the
parameter adaptive law (22), all signals of the closed-loop system are uniformly ultimately bounded
under bounded initial conditions, and the tracking error converges to a small neighborhood of the
origin.

Proof: Choose the Lyapunov function as

V =
1
2

sT
2 M(q)s2 +

1
2

2

∑
i=1

1
µi

k̃2
i (23)

where k̃i = k̂i − k∗i (i = 1,2) is the adaptive gain estimation error, and k∗i is the ideal gain value.
Substituting the control laws (19)-(21) into model (1) and rearranging terms yields

Mṡ2 =−K̂ sgn(s2)− τ̃ext + f̄ +(MΛ−C)ėrd (24)

where τ̃ext = τext − τ̂ext , which is bounded according to Theorem 1; and (MΛ−C)ėrd is bounded
according to Assumption 1. Taking the time derivative of (23), and substituting (22) and (24), we
obtain

V̇ =−
2

∑
i=1

k∗i |s2,i|+ sT
2 ϕ +

1
2

sT
2 Ṁs2 +

2

∑
i=1

σi

µi
k̂ik̃i (25)

where ϕ =−τ̃ext + f̄ +(MΛ−C)ėrd is bounded, satisfying ∥ϕ∥ ≤ Ψ. From Property 2 and Assump-
tion 1, there exists ∂ > 0 such that ∥M∥ ≤ ∂ , thus

1
2

sT
2 Ṁs2 ≤

α

2
∥s2∥2 (26)

Let ∑
2
i=1

σi
µi

k̂ik̃i ≤ ρ . In addition, let k∗min = min(k∗1,k
∗
2), then

−
2

∑
i=1

k∗i |s2,i| ≤ −k∗min∥s2∥ (27)

Substituting (26) and (27) into (25) yields

V̇ ≤−(k∗min −Ψ)∥s2∥+
α

2
∥s2∥2 +ρ (28)

Choose k∗min such that k∗min −Ψ > 0. From (28), it can be seen that V̇ < 0 when ∥s2∥ exceeds
a certain threshold. Therefore, ∥s2∥ eventually enters and remains in a bounded region, i.e., s2 is
uniformly bounded. Since s2 is bounded, equation (22) represents a first-order linear system with
bounded input, so k̂i is bounded, and thus k̃i is bounded. That is, there exists a constant ρ > 0 such
that ∑

2
i=1

σi
µi

k̂ik̃i ≤ ρ . From the definition of the sliding mode surface (17), it can be concluded that
the tracking error erd and its derivative eventually converge to a small neighborhood of the origin,
and all closed-loop signals are uniformly ultimately bounded.

This completes the proof.



4 Simulation results

To verify the proposed algorithm, this section uses MATLAB/Simulink for simulations to
mimic lower limb rehabilitation training. The 2-DOF exoskeleton model in Fig. 2 is adopted, which
reproduces key lower limb motion features and provides a realistic physical basis for simulation.

Fig. 2. Single-leg Two-link Model of Lower-limb Rehabilitation Exoskeleton.

The dynamic parameters are as follows:

M =

[
M11 M12
M21 M22

]
, C =

[
C11 C12
C21 C22

]
, G =

[
G1
G2

]
(29)

where 

M11 = m1d2
1 +m2l2

1 +m2d2
2 +2m2l1d2 cosq2

M12 =−(m2l1d2 cosq2 +m2d2
2)

M21 =−m2d2(l1 cosq2 +d2)

M22 = m2d2
2

C11 = (−2m2l1d2 sinq2)q̇2
C12 = (−m2l1d2 sinq2)q̇2
C21 = (m2l1d2 sinq2)q̇1
C22 = 0
G1 =−m1gd1 sinq1 −m2gl1 sinq1 −m2gd2 sin(q1 −q2)
G2 = m2gd2 sin(q1 −q2)

(30)

m1,m2 are the masses of the exoskeleton thigh and shank, respectively. l1 is the thigh length. d1,d2
are the distances from the centers of mass of the thigh and shank to their respective joint centers,
and g stands for gravitational acceleration.

In the simulation experiments, the desired trajectory was obtained as follows. An infrared
passive optical motion capture system collected a healthy adult motion trajectory [16]. The trajectory



data was then filtered, followed by fitting to obtain Fourier functions of the hip and knee joints, which
served as the desired trajectory of the system. Specific expressions are as follows:

qd(1) = 0.08335
+0.002038cos(0.2174t)−0.008812sin(0.2174t)

+0.04158cos(0.4348t)+0.004634sin(0.4348t)

+0.04158cos(0.6522t)+0.004634sin(0.6522t)

−0.1409cos(0.8696t)+0.1545sin(0.8696t)

+0.04073cos(1.087t)+0.04348sin(1.087t)

qd(2) = 0.4202
+0.02816cos(0.3142t)−0.0415sin(0.3142t)

+0.0939cos(0.6284t)−0.09252sin(0.6284t)

−0.2007cos(0.9426t)+0.3199sin(0.9426t)

−0.08075cos(1.2568t)+0.09316sin(1.2568t)

−0.03518cos(1.571t)+0.2463sin(1.571t)

(31)

To assess the performance of the SHESO proposed in this paper, an input consisting of a cosine
signal embedded with random noise is applied to the system.

f (t) = 3cos(2t)+0.8 ·

{
Z, If U > 0.9
0, Otherwise

(32)

where Z ∼ N (0,1) is characterized by a standard normal distribution curve and U ∼ U (0,1) is
characterized by a uniform distribution over a defined interval. The results are shown in Fig. 3.

Fig. 3. Estimation Errors of Different Observers.



Table 1: Analysis of Estimation Errors of Different Observers

Error Index ESO SHESO

MAE (N ·m) 0.4738 0.1414
RMSE (N ·m) 0.7753 0.2817

MAXAE (N ·m) 12.2111 3.0000
IAE (N ·m · s) 9.5000 2.8000

It can be clearly seen from Fig. 3 that, compared with the traditional ESO observer, the pro-
posed SHESO in this paper has a smaller estimation error for the external torque. Then, analysis is
conducted on the estimation error data, with key indicators including MAE, RMSE, MAXAE, and
IAE. The results are shown in Table 1.

Fig. 4. Estimation of External Torque of Hip Joint.

A comparative analysis of the metrics in Table 1 indicates that the SHESO outperforms the
ESO across all critical parameters: its MAE is 70.2% lower, RMSE 63.7% lower, MAXAE re-
duced by 75.4% and IAE decreased by 70.5%. These results confirm that the SHESO enhances
both estimation accuracy and anti-interference capability, particularly excelling in observing sudden
disturbances, thus establishing it as a superior state observer design.

Then, to further validate the control efficacy of ASMC, after the system has been running for 5
seconds, white noise signals: {

f1(t) = 3cos(t)+2sin(2t)+ sin(t)
f2(t) = 3cos(t)+ sin(2t)+2sin(t)

(33)

are introduced. These signals simulate external torque inputs to observe the system’s control per-
formance. The parameters of SHESO are: γ = diag(1,1), α1 = diag(3,3), α2 = diag(5,5), α3 =



diag(14,10), ω = diag(15,13); the parameters of the admittance controller are: Md = diag(0.5,0.5),
Bd = diag(20,20), Kd = diag(100,100); the parameters of ASMC are: Λ = diag(8,6), µ1 = 20,
µ2 = 20, σ1 = 0.05, σ2 = 0.05. The experimental results are shown in Figs. 4-9.

Fig. 5. Estimation of External Torque of Knee Joint.

Figs. 4 and 5 present the estimation effects of the external torques in the hip joint and the
knee joint. The analysis shows that, regardless of sudden disturbances or continuous disturbances,
the proposed SHESO can achieve accurate estimation of such torques, and the estimation results
highly coincide with the actual disturbances, verifying the effectiveness of this observer in complex
disturbance scenarios.

Fig. 6. Trajectory Tracking Effects of Different Controllers for Hip Joint.



Fig. 7. Trajectory Tracking Effects of Different Controllers for Knee Joint.

As can be seen in Figs. 6 and 7, when the lower limb rehabilitation robot system is subjected to
external moments, the admittance controller will dynamically modify the desired trajectory qd based
on the state of human-robot interaction. By perceiving the dynamic changes of the interaction force,
it generates an admittance trajectory qr that matches the actual interaction requirements. On this
basis, the ASMC controller can drive the robot to achieve accurate tracking of the admittance tra-
jectory qr, endowing the human-robot interaction process with favorable compliance characteristics.

Fig. 8. Trajectory Tracking Errors of Different Controllers for Hip Joint.

Figs. 6-9 show the tracking effects of two control methods. Comparison reveals that the de-
signed ASMC has better tracking accuracy than the traditional SMC. This difference arises because



Fig. 9. Trajectory Tracking Errors of Different Controllers for Knee Joint.

the traditional SMC algorithm itself cannot compensate for external disturbances. In contrast, the
ASMC estimates and compensates for external interaction torques via an observer, adaptively adjusts
parameters, and dynamically suppresses such disturbances.

5 Conclusion

To meet the requirements of high-precision trajectory tracking and compliant human-robot in-
teraction for lower limb rehabilitation exoskeleton robots, this work proposes an Adaptive Sliding
Mode Control (ASMC) method based on the Sliding Mode Hyperbolic Extended State Observer
(SHESO). In this method, SHESO can estimate external torque disturbances without force sensors,
and compared to traditional ESO, it has a faster convergence speed and higher estimation accuracy.
In addition, the admittance controller dynamically corrects the desired trajectory according to the
human-robot interaction state; ASMC achieves precise tracking of the admittance reference trajec-
tory while ensuring the robustness of the system. The stability of the observer and the controller
is verified through Lyapunov stability theory. The simulation results indicate that the proposed
SHESO can precisely estimate the external interaction torque exerted by patients during rehabil-
itation training of the lower limb exoskeleton. Furthermore, the ASMC achieves high-precision
trajectory tracking while ensuring a compliant human-robot interaction. However, this study still
has certain limitations: it does not fully consider the sampling delay and friction nonlinearity of the
actual system, and it ignores the model parameter perturbation caused by individual differences in
the human body. Future work will further verify the application feasibility of this method in real
rehabilitation scenarios.
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