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Abstract. Orlicz spaces is one of Banach space were firstly initiated by Birnbaum and
W. Orlicz. There are two categories of Orlicz spaces, i.e. continuous Orlicz spaces and
Orlicz sequence spaces. Many authors have discussed about continuous Orlicz spaces,
especially Holder’s inequality in these spaces. In this paper, we present a sufficient
condition for generalized Holder’s inequality in Orlicz sequence spaces. One of the keys
to finding our results is to use the norm of the characteristic sequence of the balls in Z.
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1 Introduction

Orlicz spaces is one of Banach space were firstly initiated by Birnbaum and W. Orlicz in
[1]. We can consider Orlicz spaces as a generalizations of Lebesgue spaces. There are two
types of Orlicz spaces which are ‘continuous’ Orlicz spaces denoted by L4 and sequence
Orlicz spaces denoted by .

We called a function ®:[0,0) — [0,) as a Young function if & is a convex, left-
continuous, lti_r)r(}cb(t) =0 = ®(0), and gl_)rg ®(t) = oo. Let @ be a Young function, we define

@7 1(r): = inf{s = 0: ®(s) > r} for every r = 0.
Let us firstly recall the definition of Orlicz spaces and Orlicz sequence spaces. For @ is a
Young function, continuous Orlicz space L, (IR™) is a set of all measurable functions f: R" —

R such that
X
1f e ny = inf{b >0 o (lfi )l>dx < 1}
]Rn
is finite.

Now, let @ be a Young function. The Orlicz sequence spaces ¢4 (Z) is the set of all
sequences X = (X,)nez such that

||X||€¢(Z) = ll’lf{b > OZ 0] <%> < 1} < 00,
k=1
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If we take @(t) = t? forevery t = 0 and 1 < p < oo then we have £4(Z) = £,,(Z) is p-
summable sequence spaces. Furthermore, £4(Z) is Banach spaces.

Some expert have discussed about Orlicz spaces (see [2-7], etc.). They have revealed
sufficient and essential condition. One of them, Ifronika et al. [8] propose to generalized
Hoélder’s inequality in Orlicz spaces. In addition, Masta et al. suggest to generalized Holder’s
in p-summable sequence spaces. There for, in this paper will be discussed about the
generalized Holder’s inequality in sequence Orlicz spaces and in weak sequence Orlicz
spaces.

In the process of finding result, we involve the Young function, Luxemburg norm in
sequence Orlicz spaces, and some lemmas as follows.

Lemma 1. [9] Let @ be a Young function and ®~1(s):= inf{r = 0: ®(r) > s}, then we
have

1. ®71(0)=0.

2. ®7I(s)) < P71(s,) fors; < s,

3. (@ s) <s < OH(P(s)) for 0 < s < oo,

Lemma 2. Ifx 1= (xi) € £4(2) and xllpy ay # O, then Sy (25 <

1%l 2 (z)

2 Results and Discussions

Now, we have already known the properties of continuous Orlicz spaces. For getting the
result, we will apply these properties to Orlicz sequence spaces. First, we present several
lemmas in the following. We will also prove that the mapping on Orlicz sequence spaces
define a norm on £ (Z).

Theorem 3. Let &;,®, and ®; be Young functions and satisfy the condition
O D) < P31(t) for every t = 0. If X = (x,) € £4,(Z) and Y = (y,) € £4,(Z)
then XY € £4_(Z) with

XY leq, 2y < 2M1Xlee, @ 1Y lleg, @

Proof. Let t;,t, = 0. Without loss of generality, suppose that ®;(t;) < ®,(¢t,). By
Lemma 1, we have
tity < P (D1 (t)) P (P2(t2)) < DT (@2(82)) P2 (P2(82)) < @37 (P(L2)
Hence
D3(tyt,) < Py (¢§1(¢2(t2))) S Dy(ty) < Dy (ty) + Dy(tr)
Since, ® is convex function, we have

[oe]

Z(p ( [ %k Ve ) lz ( EAI )
o 201X leg,, 2 I1Y e, 29 2 1X1leq,, 1Y g, 29

k=1




Furthermore, using Lemma 2 we get

x X
Z%( EMI )SZ<P1< | | >+Z(p2< il )sz.
1X1leq,, 1Y lleg,, 2y 1Xleq,, ) IYlleo, @

k= k=1

Whenever X := (x,) € €4,(Z) and Y := (3,) € £4,(Z). Based on definition of ||‘||e¢3(z) we
have ”XY||£’¢3(Z) < 2”X”{’¢.1(Z)”Y”{’¢2(Z)7 as desired. m

Now, we present the sufficient condition for generalized Holder’s inequality in sequence
Orlicz spaces.

Theorem 4. For m> 2. Let q)i,cb be Young functions for i=1,23,...,m. If
1_[ o711 < d71(D)

for t > 0, then for every X; € £, (Z) l =123,. — 1 we have [[%; X; € £4 (Z) with

m
[Tx]| =m 1_[ I X; g,z
i=1 i=1

1o (Z)
Proof.. Let[[%,; ®;71(t) < & *(t) holds for t > 0. By Lemma 1, we have

t; < &7 (d(t)) < @77 (Z q’i(tz)>
i=1

fori = 1,2,3,...,m. Hence we have
m m m m
[Jo=] Jor (Y o) o (Y o)
i=1 i=1 i=1 i=1

Since, @, is an increasing function, we have

d (ﬁ ti> <o ot <i CDi(ti)) < i D, (t).

i=1
Now, let X; € €¢i(Z), i=123,...,m . Since ® convex function and using Lemma 2, we
have

SR S IR R SN S IR A
o(—| [—]<s=) @ <— @ <1
\ml ] ”X”"d’i(z) mé ||X||eqb @ mé e ||X||eq, @
Whenever X; = (x,gi)) € 4,(Z). By using the definition of ||-|| s,(z) We have
m m
ﬂ x| < ml_[ I X oy,
i=1 20 () i=1

as desired.m



3 Conclusion

In this short paper, We have shown the sufficient condition for generalized Holder’s

inequality in of sequence Orlicz spaces. From Theorem 2.1 in [10], we can state that the
condition [, ®;71(t) < @~ *(t) for t > 0 is sufficient condition for generalized Holder’s
inequality in continuous Orlicz spaces and Orlicz sequence spaces.
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