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Abstract. This research aimed to describe the reflective abstraction exhibited by each of 

part of reflective abstraction. The research question was about How is students‘ reflective 

abstraction in reflecting their prior knowledge into higher thought and reorganizing the 

new mathematical concept. We performed a qualitative research approach with a study 

case design as the research method. This study involved 36 11𝑡ℎ grade students and 36 

12𝑡ℎgrade students. The data was analyzed qualitatively by using hyperRESEARCH 

application. The first part of the students' reflective abstraction could be seen from how the 

students developed the concept of mathematical problem solving on the mathematical 

problem testing, while the second part of the reflective abstraction could be seen on the 

process of developing core concepts of mathematics learning.  

Keywords: Reflective abstraction, Problem Solving, Mathematical Concept 

1   Introduction 

In learning mathematics, there are many abilities that must be possessed by students in 

learning mathematics, one of which is a reflective abstraction. The idea of reflective abstraction 

was first developed and expanded by Jean Piaget [1,2]. Reflective abstraction is part of the 

abstraction which is the best and most important abstraction compared to another abstraction 

[3,4].  

Reflective abstraction includes abilities that are very important because mathematical 

concepts will be known, formed, and produced by students through reflective abstraction [2]. 

The importance of reflective abstraction is evidenced by the cognitive abilities in which students 

are able to develop due to reflective abstraction [5,6]. In addition, concepts built from reflective 

abstraction will be used as a basis for building further concepts that relate to the concept [7]. 

Mathematical concepts are the main points in learning mathematics, students who understand 

mathematical concepts will have no difficulty in dealing with any situation in mathematics. 

Even when students are given the most difficult mathematical problems, they can solve these 

problems by understanding their mathematical concepts. Mathematical concepts will be formed, 

produced, and understood if students involve their reflective abstraction, this clearly proves that 

reflective abstraction is significant to support students understanding in learning mathematics.  

According to Cifarelli [8] there are four levels of reflective abstraction, they are 

Recognition, at the first level, students are able to remember previous activities related to the 

situation they face; Representation, at this level, students can use the help of diagrams, tables, 

etc. in order to be able to help and facilitate students to solve the situation they face; Structural 

Abstraction, at this level, students are able to build new concepts based on the results of 

MSCEIS 2019, October 12, Bandung, Indonesia
Copyright © 2020 EAI
DOI 10.4108/eai.12-10-2019.2296403



 

 

 

 

projecting and rearranging the concepts they created; structural Awareness, students are able to 

build new concepts without completing procedures completely and anticipate the concepts that 

they built.  

Reflective abstraction is divided into two parts which are to estimate concepts that will be 

formed to be used in higher thinking by using concepts that are already known / previously 

owned, and reorganizing/reshaping a new mathematical concept by involving concepts owned 

by students [2, 4, 6, 9]. The first reflective abstraction part is to form the concepts used in higher 

thinking that can be seen when students from a concept in solving mathematical problems. The 

second part of reflective abstraction can be seen when students form mathematical concepts that 

are at the core material of mathematics learning. Reflective abstraction is the ability to build 

mathematical concepts by connecting some interconnected concepts that are already owned by 

students. Building concepts on reflective abstraction can be in the form of new mathematical 

concepts recognized by students as well as mathematical concepts in order to solve 

mathematical problems faced by students.  

Solving mathematical problems is a common activity and is considered as a basic 

component that is often faced by students for all levels of education [10-13]. When students are 

given a mathematical problem, the teacher can give students the freedom to solve the 

mathematical problem by using their own ways in order that they can encourage students to 

think independently and use different and open strategies [14]. With different strategies, 

students can develop concepts to solve this problem in order that students' reflective abstraction 

will be seen. 

The reflective abstraction part of students that can be seen from the problem-solving 

process is one of the important things that must be developed by students because developing 

students' ability to solve mathematical problems is the main goal in learning mathematics [15-

17]. The main objective in mathematics according to others says that learning and teaching 

mathematics might have to make students able to solve problems in daily life and to become 

good problem solvers [18, 19, 20]. The ability of students in learning mathematics can develop 

if students are often involved in the problem-solving process to become good problem solvers 

[21]. A student who becomes a good problem solver will not only succeed in learning 

mathematics but will also succeed in overcoming problems in daily life [22]. Through problem-

solving, mathematical operational knowledge and students' basic knowledge, the students will 

be easy to transfer them in order that learning will be more meaningful [11]. Mathematical 

problems are very important to be solved well by students. Students who cannot solve problems 

well will experience confusion, frustration and anxiety when they have difficulty in 

understanding and solving mathematical problems [23]. 

Another part of reflective abstraction is to rearrange/reshape a new mathematical concept 

by involving and connecting among concepts that have been previously owned. Building 

mathematical concepts is an important thing, students who can build their own concepts by 

involving the concepts they have before are students who have good reflective subtraction 

abilities. Students starting at an early age have knowledge of their respective concepts based on 

their daily experiences related to mathematics [24], therefore, there is no reason for students to 

say that they do not have enough concept stock to start building new concepts for them. In 

learning mathematics, students will more easily build and understand new concepts because of 

the interrelationship among concepts that already exist and are owned by students before [25], 

and of course, the mathematical concept should not have a problem in order that the next concept 

which is related will not also be a problem [26]. The mathematical concept is an important thing 

compared to the number of exercises, tests given by the teacher [27]. A student who understands 

mathematical concepts will certainly not experience difficulties in completing as many exercises 



 

 

 

 

and tests, but if the tests and exercises are given as much as possible, and students do not 

understand mathematical concepts, of course, the exercises and tests are not useful.  

Reflective abstraction and the reflective abstraction section to solve problems and new 

mathematical concepts as described above are important things. Therefore, this article explains 

Two parts of reflective abstraction: for Problem Solving and New Math Concepts, With the 

formulated research question “How is students‘ reflective abstraction in reflecting their prior 

knowledge into higher thought and reorganizing the new mathematical concept. 

2   Method 

This research uses a qualitative approach with a case study research design. The research 

involves 36 students of class XI to see the reflective abstraction part, which is to 

rearrange/reshape a new mathematical concept by involving concepts owned by students. The 

subject of class XI was chosen because the formation of new mathematical concepts can only 

be seen in students who have not obtained material yet related to the new concepts they will 

build. Furthermore, 36 students of class XII is to see the reflective abstraction, which is to 

estimate the concept that will be formed to be used in higher thinking by using concepts that are 

already known / previously owned. The subject of class XII was chosen because students of 

class XII have studied a material that was chosen as the main material in forming mathematical 

problems in order to see the reflective abstraction part. The students of Class XI and XII are 

given a test twice. Test results are analyzed qualitatively with the help of the 

hyperREASEARCH program.  

3   Results and Discussion 

3.1    Results 

Student results on the reflective abstraction section for mathematical problem solving. 
The reflective abstraction section "estimated the concepts that would be formed to be used in 

higher thinking" and was analyzed from mathematical problem solving by class XII students. 

In this section, the results of two students were taken in completing two tests. The results of 

students constructed concepts / estimated concepts in solving problems as follows: 

Student results in solving problems on the first test. 

Result of subject 2 in completing the first test problem No. 1 as can be shown in Figure 1. 

 



 

 

 

 

 

Fig. 1. Subject result 2 in solving problems on the first test, the problem No. 1.  

In the picture above it can be seen from the results of subject 2. Subject 2 could separate 

the number of bicycles into variables in order that they could build mathematical models 

correctly. Subject 2 used the help of images to make it easier to solve the problem, but there was 

a mistake in determining the coordinates of the images used as results. Subject 2 made points 

A, BC, D, and E as a result to get the number of bicycles (i) and type bikes (ii) that met the 

requirements according to subject 2. The points that should be tested to get the number of 

bicycles (i) and ( ii) where points A, D, and E. The number of bicycles (i) produced by subject 

2 was 60, and bicycles of type (ii) were 17 bicycles which were the right result. However, the 

concept developed by subject 2 to solve the problem was a wrong concept because it involved 

all the points as a test point to determine the results of the many types of bikes (i) and types (ii).  

3.1.2 Student results in the reflective abstraction section for mathematical concepts 

The reflective abstraction section "rearranged/reshaped a new mathematical concept by 

involving concepts owned by students" and was analyzed from how class XI students 

constructed new mathematical concepts for them by involving and linking previous concepts 

that they had. In this section, the results of two students were taken in completing two tests. The 

results of students building new mathematical concepts were as follows: 

The results of subject 3 in constructing the concept of inequality of two variables are as can 

be shown in Figure 2. 

 



 

 

 

 

 

 

Fig. 2. Subject 3 results in constructing the concept of a two linear inequality system.  

In the picture, it can be seen how subject 3 constructed the concept of linear inequality of 

two variables. The steps made to make the linear inequality of the two variables above were 

appropriate but not yet complete. because it was supposed to make a two-variable linear 

inequality based on the mathematical problems presented, it should change the important points 

that were still complete in everyday discussion into mathematical language by involving 

variables that had been made in such a way that they formed a linear inequality of the two 

variables. Subject 3 according to the steps he made, wrote down the important points, but when 

taking everyday language into variable form, subject 3 experienced an error. Subject 3 supposed 

that x is the cost of baggage, and y was the cost of the cargo. Supposedly in the form of a variable 

was something that was not yet known in order to make it easier to know its value. Baggage and 

cargo fees were already known in advance as written by subject 3 as shown above.  

3.2   Discussion 

In this discussion, we will discuss how the levels of abstraction produced by research 

subjects, which were viewed from the reflective abstraction section. "Reorganizing/reshaping a 

new mathematical concept by involving concepts owned by students and estimating the 

concepts that would be formed were used in higher thought by using concepts that were already 

known / previously owned. In the reflective extraction section, to build concepts on higher 

thinking was resulted from how students build concepts in solving mathematical problems while 

building mathematical concepts for students was analyzed from how students build concepts 

they had never known before. 

It will be discussed first about the reflective abstraction section for solving mathematical 

problems. Subject 1 on problem-solving the first problem No.1 can build concepts to solve 

mathematical problems that were presented properly and complete procedures without making 



 

 

 

 

any mistakes. When viewed from the results, it can be said that in solving problem No.1 on the 

first test, subject 1 achieved level 3 reflective abstraction which was Structural Abstraction.  In 

solving problem No.2, subject 1 used a graph as an aid, but because the inequality built by 

subject 1 had been mistaken, the graph made by subject 1 was a wrong graph and could not help 

subject 1 in constructing concepts to solve the problem. When viewed from these results, it can 

be said that at the completion of problem No.2 on the first test, subject 1 reached level 2 which 

was Representation. In solving the problem on question No.1 of the second test, subject 1 did 

not give a reason why the chosen point was the intersection point between the two lines. Subject 

1 developed concepts to solve problems correctly but did not provide complete procedures. 

therefore, it can be said that subject 1 in solving the problem No.1 second test had reached level 

4, namely Structural Awareness. In solving problem No.2 on the second test, subject 1 used the 

help of a graph to determine the area of the cellphone. The endpoint in the HP area was tested 

by subject 1 to produce the least value. However, in developing the concept to solve the problem, 

subject 2 did not complete the procedure completely and chose as many as 4 superior rooms and 

6 deluxe rooms which were the least expenditure. Because the concepts built to solve problems 

were imperfect and imprecise concepts, it can be said that subject 1 reached level 2, namely 

Representation.  

Subject 2 in solving the first mathematical problem in the first test involved neurography 

to facilitate resolution. However, in developing concepts to solve these mathematical problems, 

subject 2 involved all the points in this picture that caused concept errors in solving problems 

in order that it could be seen that subject 2 reached level 2, namely Representation. In solving 

the first mathematical problem on the second test, subject 2 developed the concept with the help 

of the mathematical model that subject 2 had built before, to find the amount of small remaining 

car park space was by calculating the total parking area for small cars and buses and by reducing 

area for small car park space that had been used. There was a mistake in constructing the concept 

to solve the mathematical problem because what was produced was outside the remaining 

parking area for buses and small cars, and there was no amount of parking space left for small 

cars. The results concluded that subject 2 in solving the second mathematical problem on the 

first test reached level 2, namely Representation. Subject 2 in solving the first mathematical 

problem on the second test used the help of images and mathematical models to facilitate 

problem-solving. Subject 2 built a concept to solve mathematical problems by adding up income 

for one year and reducing the rented costs that were not rented so that income was generated for 

one year, but in developing the concept of solving the problem, subject 3 did not provide a 

reason why the maximum income received was by renting out rented type (i) as many as 4 rooms 

and rented type (ii) as many as 6 rooms. From the results of subject 2, it could be concluded that 

subject 2 reached level 4, namely Structural Awareness. Subject 2 in solving the second 

mathematical problem on the second test used the help of a mathematical model but experienced 

errors in determining the sign, so the help using graphics also experienced errors. The concept 

built to solve this problem was to compare the results of the points obtained on the graph, and 

the smallest point was the final result. From these results, it can be concluded that subject 2 

reached level 2, namely Representation. 

The reflective abstraction section to build new mathematical concepts according to students 

was tested to students of class XI. When the subject was given a case to construct a concept of 

the two-variable inequality system, it would result in subject 3 to use help to change the 

everyday language into the form of a variable, but there was a misconception in converting it 

into the form of that variable. The concept of linear inequality system constructed by subject 3 

was also an incomplete concept to be able to form a linear system of two variables that connects 

important points with variables that had been changed in order that everyday language could be 



 

 

 

 

changed into mathematical language and without any form of a linear inequality. two variables 

From these results it was concluded that subject 3 reached level 2, namely Representation. when 

given a case that allows subject 3 to construct the concept of a linear program, subject 3 would 

write that to determine something the maximum or minimum value was to provide several steps. 

Subject 3 used the help of a mathematical model, but the concept of a linear program developed 

by subject 3 did not use a complete procedure like the linear program procedure that we knew 

of. Subject 3 only involved concepts that he knew about mathematical models while other 

concepts related to linear programming such as using graphs and endpoints in order to get the 

maximum value and were not used by subject 3 as a step. Subject 3 uses steps to find the 

maximum or minimum value to get through possible trials. From these results, it can be 

concluded that subject 3 reached level 4, namely Structural Awareness.  

Another subject involved in this research was to see how reflective abstraction in this 

section could build new concepts. according to them, it was subject 4. when subject 4 was given 

a possible case, he would construct the concept of linear inequality of two variables. subject 4 

wrote steps that helped to understand the problem and steps that could help remember important 

points related to the case. From these results, it can be concluded that subject 4 only reached 

level 1, namely Recognition. When subject 4 was given a case that allowed it to construct a 

linear program concept, it did not write the steps in solving the case but only wrote the important 

points of the case that did not show any concept related to the concept of a linear program in 

order that it could not be analyzed by the achievement level of the subject's reflective abstraction 

4 in that case.  

4   Conclusion 

The reflective abstraction of students in projecting knowledge about existing concepts into 

higher forms of thinking in this study is seen from the results of students in solving mathematical 

problems. Students in solving mathematical problems reach the level of Representation, 

Structural Abstraction and Structural Awareness. While the reflective abstraction part about 

forming new mathematical concepts according to students by involving and connecting 

concepts that they have previously reached the level of Recognition, Representation, and 

Structural Awareness. At the level of Recognition in the reflective abstraction section for 

problem-solving, students are able to identify problems by involving knowledge of related 

concepts/lessons they have previously learned. The level of Recognition in the reflective 

abstraction section is to build new concepts in which students are able to identify the required 

concepts they already have. In level Representation of the reflective abstraction to solve 

problems, students are able to develop strategies to solve problems using assistance such as 

mathematical models, images, and graphics. In level Representation of the reflective abstraction 

section to build new concepts for students, students are in the process of building their new 

concepts by using help such as graphs and mathematical models. The level of Structural 

Abstraction in both parts of reflective abstraction can be characterized by the ability of students 

to develop mathematical concepts both to solve problems and concepts that they have just 

recognized, with very complete procedures without experiencing any errors and they are able to 

show the interrelationships and relationships between concepts. Level of structural Awareness 

on the part of abstraction is for problem-solving, and students are able to build concepts to solve 

problems without using related concepts in full without complete procedures and without 

making concept mistakes in order that problems can be resolved. Level Structural Awareness to 



 

 

 

 

build new concepts students are able to build new concepts without using complete procedures, 

and students can build concepts that are different from what is known procedurally and without 

making concept mistakes.  
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