Comparison Between Convex and Quasiconvex
Functions on R With Development

Encum Sumiaty?, Endang Dedy?, Sofihara Al Hazmy?, Andryana Juanda*
{ e.sumiaty@gmail.com 1}

Department of Mathematics Education, Indonesia University of Education, JI. Dr. Setiabudhi no. 229,
Bandung 40154, Indonesial? 34

Abstract. In this paper, we will introduce some basic properties about convex function
and quasiconvex fucnction on R. Some comparison between properties of convex function
and quasiconvex function will be presented also. Our results are quasiconvex function can
be represented as monotone function either or at most as two combination of monotone
functions, as consequences it is discontinuous mostly at countable points, and it is not
differentiable at zero measure set only. However the results are still fundamental, but we
will learn as clear as we can.
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1 Introduction

Functional analysis is a branch of analysis in which among others are discussed about
functions, function spaces, sequences, sequence spaces, series, convergence, metrics spaces,
normed spaces, Hilbert spaces, operators, and general topology.

In relation to the function space, researchers have drawn a lot of attention to study further,
including the continuous function space C[a,b]and integrable function space L,[a,bjare

complete classical spaces, discussed by [1-2]. Other findings about the row space and function
space put forward [3-7].

Specifically [4],[5] conducted a study related to the convex function in the Euclid space R
whose formation was motivated by a domain in the form of intervals at R, then extended in sub-
sets in convex and linear convex sub norms in R. Furthermore, it will be examined more deeply
about the properties that apply to the convex function space and quasi-convex space.

1.1 Research Methodology

In study of convex and quasiconvex functions, we want to see the shape of convex and
quasiconvex function as clear as we want. By surveying at locally points such as extreme points,
we will get some unique properties. Some supporting theories related to locally points is
presented below.

Definition 1. Letfunctionfon R, x,y € Rand x <y. We say that f is increasing if it satisfies
the
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inequalities f(x) < f(y) and fis descreasing if it satisfies the inequalities f (x) = f(y).

Definition 2. Let A € R and function f: A — R. Point x € A is said to be a local minimum point
if there is a Neighborhood N,.(x) = (x — €, x + €) such that

fG)<fO)
forevery y € N.(x) n A.

Theorem 3 (Nested Intervals). If I, = [a,, b,],n € N is a nested sequence of closed bounded
intervals, then there exist a number s € R such thats € I, foralln € N.

Theorem 4(Mean Value Theorem). If function f continuouss on [a, b] and differentiable on
(a,b), thanexis c in (a, b) such that

f) - f(a)

Eee—

f'@e) =
—a
Theorem 5 (Taylor). Let ne€N,I =[a,bl,and f:1 >R such that f,f",f", .., f"

continuous on | and f™** exist on (a,b). If x, € I than any x € I there is ¢ between x and
X, such that

FQO) = f(xo) + Fi(xo)(x — x0) + fgx) (= x0)% + -+ + Y(LX) (= x)"
0D
m+ 1) X

2 Result and Discussion

2.1 Convex Function

Definition 1. ( Convex function [1]). Function f : I - Ris convex if
fFAX+QA-A)Y)<AT(X)+@A-A) f(y)

Forany XY € I e (0,2).
Examples :

1. f(x) = |x|on (20,9 s convex.
— i -r,0
2. g(x) =sinx on [ ] , is strictly convex.
Definition 2. Let f : I — R. Epigraf of function f is defined as

epi(f) ={(x,y):xel,y = f(x)}

Theorem 3. Function fis convex if only if epi(f) is convex set

Proof (&) Let (xq,¥1), (x5, ¥2) € epi(f) . Since epi(f) is convex then

a(xy, y1) + (1 —a)(xz,¥2) = (ax; + (1 — a)xz, ay; + (1 — @)y,) € epi(f) for every a €
[0,1].



Let vy, =f(x;)and y, = f(x,). The choice of y;, and y, is wvalid since
(20, f (D), (22, f(x2)) € epi(f). Then,  af(xy) + (1—a)f (x) = falx) + (1~
@) (x2)).
(=) Letfisaconvex function, then f(ax + (1 —a)y < af(x)(1 —a)f(y) foreach0 < a <
1.
Let (x4, y1), (x3,¥2) € epi(f), then f(x;) <y, and f(x;) < y,, therefore for every a € [0,1]
we have

af(xy) <ay;and (1 —a)f(xz) < (1—a)y,
According to f convergence, then f(ax; +(1—a)x,) < ay; + (1 —a)y,. Therefore,
(ax; + (1 — )xy, ay; + (1 — a)y,) € epi(f).

Theorem 4. If function f is convex on open interval | then f is continuous on I.
Proof. Let x € I. We can choose N.(x) = (x — €, x + €) such that N_(x) is proper subset of I.

Since f is convex then
If Q) = f(I

gx(y) = |y _ xl
is bounded on Ne(x). Let M, be the bound. So that |f(y) — f(x)| < M.|y — x| for every y €
2
Ne(x). By taking limit y — x, we have lim|f (y) — f(x)| = 0.
2 y—)X

Theorem 5. Every local minimum of convex function is a global minimum.
Proof. Suppose that interval I is the domain of convex function f. Let x be local minimum.
Then, there exist a neighborhood N, (x) = (x — €, x + €) such that
f&)<f»

foreveryy € N.(x) n 1. Let z € I be any points outside of N.(x). Then there existw € N.(x) N
I such that w is between z and x, thus w = ax + (1 — a)z for some a € (0,1). Since f is
convex, then

fG) < fw) <af(x) + (1 - a)f(2).
Thus we have f(x) < f(2).

Theorem 6. Convex function f : I — R has one-side partial derivative on int(I).
Proof. Since function f is convex, then for each x € int(I) withy < z we have

f@-fx) _fO) - f)

Z—X y—Xx
This shows that the function g, (w) defined as
o) = T ZfG)
w—-X

is monotone on int(I). Since monotone functions always have one side limit, then we have
lim g,(w) and lim_g,(w) exists.
WX w-=X

Theorem 7. Let f € C?, then f convexon R ifonlyif f” >0.

Proof. (=) Since f is convex and f € C? then f' is increasing, therefore £’ is non-negative.
(<) Let x4, x, be interior points of the domain of f, x; # x,. Suppose thatt € (0,1) and x, =
(1 — t)x, + tx, . By Taylor Theorem, there exists c¢; between x, and x; such that

Fl) = Flo) + f/(x0) 0y — %) + f"(c1)

ETE (= xo)z,



and there exists c, between x, and x, such that

fO) = fxo) + f'(x)(x2 — x0) +

Since f'" is non-negative, then

R= 2 (1= Df (e — x0)? + 3 tf7(Ex) (2 — o)
is non-negative. Therefore,
A =0f ) +tf(x2) = fx) + f’(xo)((1 =) (g — xp) + t(x; — xo))
> f(xo) + f’(xo)((l —t)x; +tx; — xo)
= f(x0)
=f((1 = t)x; + txy)

f"(c2)

21 (x; = xo)z

Theorem 8. Suppose that function f is continuous and differntiable on R, then fis convex on
R if only if
fO)=f() = ')y —x)
Forevery x,y € R.
Proof. (=) Since f is convex, we have f(ax + (1 — a)y) < af (x) + (1 — a)f(y). By mean
value theorem, there exists ¢ between x and y such that
, fO) —f)
flle)=—/——"
y—Xx
Without loss of generality, let x < ¢ < y. Since f is convex, we have f'(c) = f'(x), therefore

Jw 2 f'x)orfy) —f(x) = ')y —x).

(<) Suppose that f(y) — f(x) = f'(x)(y — x). For every z between x and y, we have
f&)=f(2) =z f'(2)(x —2)

and
f)-f@ =@ —2).
Therefore,
af(x) —af(z) 2 af'(2)(x — 2)
and

A-a)f-A-a)f(2) =20 -a)f ' (2 -2).

As consequences, we have

af )+ A -a)f) - f@ 2 f'@Dax-2)+ 1A -a)y-2)

or

af )+ A -a)f() =2 f@)+ f'@(ax+ (1 -a)y—2z)

Choose z = ax + (1 — a)y with 0 < @ < 1, then we have

af(x) + (A -a)f(y) 2 f(2)
af(x) + (1 -a)f(y) = flax + (1 - a)y).

Therefore, fis a convex function
2.2 Quasi-convex function

Definition 9. Real-valued function f on interval I is said to be quasi-convex if
flax + (1 = a)y) < max{f(x), f(y)}



Forevery x,y € I and a € [0,1].

Theorem 10. Every local minimum of quasiconvex function £ is a global minimum or
f is constant on a neighborhood

Proof: Assume that x be a local minimum but it is not constant on a neighborhood. Then there
exists neighborhood N.(x) = (x — €, x + €) such that

FO) <)
for every y € N.(x). Otherwise, if there exists y # x such that f(x) = f(y), then by
quasiconvexity of f we have f(z) = f(x) for every z between x and y, contradiction with
assumption.
Let w is any point outside of N.(x), then we should have

fO) < f(w).
Otherwise, we have y € N.(x) such that f(x) < f(y) and f(y) > f(w), contradiction with f
is quasiconvex.

Theorem 11. Let f quasi-convex on I, then x € I° is a global minimum point if only if fis
decreasing on (—oo,x] NI and increasing on I N [x, »).

Proof: (=) Let x;,x, € (—oo,x] NI withx; < x,.Then, x, = ax; + (1 — a)x whicha =

X— X2

X—x1

Therefore,

f(x2) < max{f (x;), f(x)} = f(x).

Similarly for x;,x, € I N [x, o).
(e)Since f(y) = f(x) fory <xandy > x, then x is global minimum.

Corollary 12. Let f quasi-convex on | then x € I°is local minimum if only if there is a
neighborhood V(x) such that fis decreasing on (—o,x] N V(x) and increasing on V(x) N
[x, 20).

Theorem 13. If f quasi-convex on interval I, then f is monotone either or there is t € int(I)
such that f is decreasing on (—oo,t] NI and increasing on I N [t, ).

Proof. Assume that function f is not monotone. Define

m = inf{a: |L,| > 0}
with |L,| is lebesgue measure of L. First, in case of f is bounded below, then there is M such
that f(x) > M for every x €1. Since L, =@ , thus [m| < o. According to infimum
properties, there is a sequence (a,, ) such that a,, » m. By monotonic properties of L, we have

H= ﬂg= ﬂm
n=1

a>m =
According to Nested Interval Theorem, we have H # Q.

For cases of f is not bounded below, then L, # @ for each a. Then



H= ﬂz: ﬂL—
n=1

a€R

Since quasiconvex function f is not monotone, then there are x; ,x,,x; with x; <x, <
x3 such that f(x;) > f(x;) and (x3) > f(x;) . Consequently, H € Lg(,,) © (x1,x3) €
int(I). Thus H is a bounded set. Therefore, L, or L_,, are closed bounded interval for n large
enough. According to Nested Interval Theorem, H # @.

Lett € H. Since H c int(I),then I N (—oo,t) and I N (t, o) are not empty. Take any
x,y € I'withx < y < t. According to definition of H, we have t € Zf(x). Since Ly, is an
interval, thus Ly, is also an interval. Therefore, y € (x,t) S int(Ls(y))- This shows that f is
decreasing on I N(—w,t). Similarly, f is increasing on I N (t, ).

Next, by quasiconvexity of f, we have f is decreasing on I N (—oo, t] and increasing on
I N [t, ). Otherwise, there exists x; € I N (—oo,t] and x, € I N [t, ) such that f(t) >
f(xy) and f(t) > f(x,), contradiction.

Theorem 5 stated that convex functions can be decomposed at most into two monotonous
functions. According to Lebesgue theorem, the function is discontinuous only on countable set
and not differentiable only on zero measure set.

Corollary 14. If f quasi-convex then f only discontinuous on countable set and not
differentiable on zero measure set.

Corollary 15. Suppose that f is quasiconvex function, then f has one sided derivatives for every
points.

Proof. By Theorem 13, we have f is at most can be decomposed as two monotone functions.
Since monotone function always have one sided derivatives, as well as f.

3 Conclusion

According to definition of convex and quasi-convex functions on R, several theorems have
been acquired that can be seen in the Table 1.

Table 1. Theorems of convex and quasi-convex function on R.

Convex Quasi-convex
Every local minimum is a global minimum Every local minimum is a global minimum
or f is constant in an neighborhood

f is convex if and only if epi(f) is convex set f is quasiconvex if and only if level set L, is
convex set for every a

f countinuous everywhere on interior of its domain  f  continuous  almost  everywhere.
Specifically, f is not continuous at countably
many points only.




Has one sided derivatives at any points Has one sided derivatives at any points

If function f is continuous and differentiated in R, f  fis quasi-convex on interval | if only if f is

is convex in R if and only if monotone or there is t € I such that f is
fR)-—f)=f®y—x) decreasing on (—oo,x] NI and increasing
on I N [x, ).

Assume f € CZ, therefore fis convex ifand only  Lef f € C2, if £ = 0 then f is quasiconvex
iff'" =20

Differentiable almost everywhere Differentiable almost everywhere
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