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Abstract. Introduced by Z. W. Birnbaum and W. Orlicz in 1931, Orlicz spaces are a
generalization of the Lebesgue spaces. There are two kinds version of Orlicz spaces which
are continuous Orlicz spaces denoted by L4 and discrete Orlicz spaces denoted by £4. The
properties of Ly spaces are already known. The aim of this study is to discuss the properties
of discrete Orlicz spaces. We will see that the properties of continuous Orlicz spaces are
also valid in discrete Orlicz spaces. Methods in this research are by using the properties of
Young function and Luxemburg Norm. The result of this research is to show that several
properties of continuous Orlicz space are also valid in discrete Orlicz spaces.
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1 Introduction

Introduced by Z. W. Birnbaum and W. Orlicz in 1931, Orlicz spaces are a generalization
of the Lebesgue spaces [1-4]. Many authors have discussed about Orlicz spaces [3-9]. In this
paper, we are interested in studying the properties of discrete Orlicz spaces.

First, let us recall the definition of the Young function. A function @: [0, ) — [0, ) is
called Young function if @ is a convex, continuous, }:I_I}(} @(t) =0 =&(0),and 2‘12 ®(t) = .
For @ is a Young function, we define @~ 1(s) := inf{r > 0: ®(r) > s} for every s > 0.

For @ is a Young function, the continuous Orlicz spaces L, (R™) is set of measurable
functions f: R™ — R such that

I lp@my = inf{b > 0:j @ (@) dx < 1} 1)
]Rn

is finite [6]. Furthermore, space L4, (R™) is a Banach space [2, 10, 11]. Sometimes, other
researchers also defined the continuous Orlicz spaces as follows:
1 Ls(R™) is a set of measurable functions f: R™ — R such that

f ®(@lf (0))dx < o @
Rn

for some « > 0 [8, 11].
2 Lg(R™) is a set of measurable functions f: R™ — R such that
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f ® <|f(x)|> dx <1 3)
R™ @
for some a > 0 [4].

Note that, we can prove that all definitions of continuous Orlicz spaces are equivalent.
Furthermore, if @(t) := tP for some p > 1, then L, (R™) = L,(R™), the Lebesgue spaces of p-
the integrable functions on R™ [11]. So we can view the continuous Orlicz spaces as a
generalization of the Lebesgue spaces.

Now, we recall the definition of discrete Orlicz spaces. Let @ be a Young function. The
discrete Orlicz spaces €4 (Z") is the set of all sequences X := (x,): Z™ — R such that

X
X Ilpyzmy = inf{b > o:z @ (%) < 1} < o 4)

k=1

In this paper, we denote A := {b >0: 30, @ (%) < 1}. So, we have [|X||,,zn) = infA.
Note that, if @(t) = t?, then we have £, (Z") = £,(Z"). The discussion about Lebesgue spaces
can be found in [12, 13].

In 1989, Maligranda discussed the properties of Orlicz spaces [9]. Later in 2016, Masta et
al. obtained sufficient and necessary conditions for inclusion relation between two Orlicz spaces
and between two weak Orlicz spaces by using a different technique from Maligranda [6].
Moreover, they have found that two Orlicz spaces and two weak Orlicz spaces can be compared
with respect to Young functions for any measurable set, although the Lebesgue space L,, are not
comparable with respect to the number p. Similar results about the inclusion properties of Orlicz
spaces can be found in [14, 15]. Some properties of continuous Orlicz spaces, we gave as
follows.

Lemma 1.1. [2, 6] Let & be a Young function and f € Ly (R™). If 0 < ||f||,,,rn) < 0, then

1)
fw‘p <||f||¢(Rn>) dx < 1. )

; : IF @)l
ny < <1
Furthermore, [|f]|,, @& < 1ifonly if fRn @ (Ilfllqb(Rn)) dx <1

Lemma 1.2. [2] Let @ be a Young function and f € L4 (R™). Then the following statements
are equivalent.

1) [ ® (@) dx < 1 forevery e > 0.

@) IfllLp@wmy = 0.
Lemma 1.3. [2] Let @ be a Young function and f € L,(R™). Then the following statements
are equivalent.

(1) [z @(alf))dx = 0 for every a > 0.

(2) ”f”Lq)(]Rn) =0.
Lemma 1.4. [6] Let @, @, be Young functions and some C > 0. Then the following statements
are equivalent.

(1) &.(t) < d,(Ct) forevery t > 0.




(2) For every f €Ly, (R"), we have Lg,(R") S Ly (R™)  with ||f||L¢1(]Rn)g

Clf Nl ry-

In this paper, we are interested in studying the properties of discrete Orlicz spaces. In
connection with Lemmas 1.1, 1.2, 1.3, and 1.4, we shall prove the properties of discrete Orlicz
spaces respect to Young function @. To obtain our result, we will use the properties of the Young
function and Luxemburg Norm [2].

2 Results

Now, we have already known some properties of continuous Orlicz spaces. For getting the
result, we will apply these properties to discrete Orlicz spaces. First, we present several lemmas
in the following. We will also prove that the mapping on discrete Orlicz spaces defines a norm
on £4(Z™).

Lemma2.1. If X := (xy) € £,(Z™) and || X|| s, zn) # O, then X377, @ (#) <1
{’(D(Zn)
Proof.
Let X := (xy) € £,(Z") such that [|X||,,n) # 0 and take an arbitrary € > 0, note that
IX1l ¢, zny + € is not a lower bound of the set A := {b >0: 30,9 (Ikal) < 1}, then there exists
b, € A such that by < ||X|[,zm) + €. Note that, by < ||X|[,zn) + € are equivalent to
— 1 <2 Since |x, | is nonnegative for every k € N, we have
X1l pgy (znyte ~ b1
| | E
—_— < — (6)
IX|log(zny + €~ by

Because @ is increasing, we have @ (A) <o (";"') <1 for every k € N. So we

||X||{;¢(Zn)+6 1
obtain equation 7.
N x| N |xk|
Z ( Z . %
- 1X1 ¢y zmy + € —
Since the following inequality Y., @ <||X|| 12l +6> 1 is true for e > 0, we can conclude that
£ (ZT)
||
@ <1, ®)
o] 1X1ley zmy

as desired. m

Lemma 2.2. Let @ be a Young function. Then the following statements are equivalent.
(1) 2z @(x ) = 1.
(@) 1Xllegzny < 1 forevery X == (xx) € €4 (Z").

Proof.



Suppose that (a) holds, then we have Y-, @(|x]) = Yp=1 @ ('x"l) < 1. Therefore, 1 € A :=

{b > 0: )0, ('x"l) 1}. S0, [IX|l¢gzmy < 1. Now, suppose that (b) holds, then we have
IX1z4zmy < 1. Hence, we have equation 9

||

< —. 9
Xlroam’ ©)

|2 | <

Because @ is increasing, then we obtain equation 10

||
Z d(|x,]) < Z <”X”[¢(Zn)> <1 (10)

Hence, we can conclude that

Zcb(lxkl) <1lm (11)
k=1

Lemma 2.3. Let @ be a Young function. Then the following statements are equivalent.

(1) 2, @ ('xkl) < 1 for every € > 0.

(2) 11Xl epzny = 0 for every X == (xx) € £4(Z").
Proof.
Suppose that (a) holds, then € € 4 := {b >0: 37,9 ('x"l) < 1} for every € > 0. Therefore,
0 < ||X|lz4zm) < € for any e > 0. Consequently, we can conclude that [|X||,,zn) = 0. Now,
suppose that (b) holds. By contradiction, there exist €, > 0 such that .3, @ ('x"l) > 1, hence

€0 & A. Take an arbitrary b; € A, then we have b; # €,. Therefore, || X||,,zn) < b;. Next, we

consider two cases.

Case 1: if b; < €, then we have Ei < bi. Since |x; | is nonnegative for every k € N, we have
0 1

||

< ";—"'. Hence, we have equation 12
0 1

(o) o]

() Sels)Eel)e

k=1 =1 k=1

Observe equation 13,

Zcp(@)sz:qb(@)SL (13)
€o by

k=1 k=1

Hence, we have || X||,, ) < 1. This contradicts with the fact that || X||,,,zn) = 0.



Case 2: if b; > €, then we have ||X||,,zn) = €0 > 0 or we can see that 0 < [[X]|z,,zny. This
contradicts with the fact that ||X|l,,n) = 0.

From case 1 and 2, we conclude that .7, & (%) < 1foreverye>0.m

Lemma 2.4. Let @ be a Young function. Then the following statements are equivalent.
(1) Y=, @(alx]) = 0forevery a > 0.
(@) IX|leg(zny = O for every X := (x;) € €4 (Z™).
Proof.
Suppose that (a) holds. Then ¥, @ (alx]) = 0 < 1,then ¥, & ("‘T"') = 0 < 1. Hence, we

a

can obtain 0 < [|X||¢,zn) < al for any @ > 0. So we can conclude that ||X||,,zn) = 0. Now,

suppose that (b) holds. Observe that Y7 ; @ (a|x;]|) = X1 @ (e
function, we have

“':"'). Because @ is a convex

k=1 k=1
o[ Il
Xk
-eSo
k=1 a
<e€

Therefore, 0 < Y17, @ (a|xi|) < €. So, we can conclude that }:;7_; @ (a|xx|) = 0. m
Theorem 2.5. Let @ be a Young function. The mapping || - [|¢,,zn) defines a norm on £, (Z").
Proof.

Since [|X|lqzm) = inf{b >0: 3, @ (%) < 1}, by definition of infimum, we have
IX1¢gzny = 0. Now, we will prove that ||X]l,, ) = 0 if and only if X = 0 for every X :=
X, € £p(Z™) and k € N. If X = 0, then x;,, = 0 for every k € N. Now, take an arbitrary b > 0.

So, we have %= 0. Because @ is increasing, we have <D(@) = @(0) = 0. Hence,

b
x|

Z,?=1cb(7) = 0. By the definition of norm, we have |[[X||;,zn) < b for every b = 0.

Consequently, we have [|X|[,,zn) = 0. Now, let ||X||,,zny = 0. By Lemma 2.4, we have
Yoee1 D(alx,|) =0 for @ > 0. Since @ is a non-negative function, then @(a|x,|) = 0, for
every k € N. We know that @ (ar|x; |) = 0 when a|x,| = 0. Since a > 0, then x;, = 0 for every
k € N. So we can conclude that X = 0. Now, we will prove that ||aX||,, ) = la|llX]l¢q@m)
for every X := x;, € £,(Z™), k € N, and @ € R. We consider two cases.

Case 1: for a # 0 (setting ¢ = %). Observe equation 15.

laXllgpzmy = inf{b > 0: 57, & (2)) < 1}



= inf{b >0:30, @ <@) < 1}
Tal

- inf{c|a| >0:Y2, @ ("‘C—"') < 1}

8

= lalllXl ¢y zm)- (15)

= |a| inf{c > 0: X2, @ (Ixc_kl)

AN

Case 2: for @ = 0. Observe that for every X = x;, € £4,(Z™), we have equation 16
laXllsgzmy = 0llsp@m = 0 = OllXllsp@ry = allXllogzm- (16)

Hence, from case 1 and 2, we can conclude that ||aX||s,zny = lall|X|l¢,zn) for every X ==
X, € £5(Z™),k € N,and a € R.

Next, we will prove that ||X; + X;llp,zm) < 1X1llep@my) + X2l o zn), for every X, X, €
£o(Z™) with X, = x}, X, = x4, and k € N.

Let X1, X, € £4(Z™) with X; == x; , X; = x, for every k € N. So, we have

Z(D |xk1 +xk2|g¢(zn)

X112 amy + 1X2leg@m)

@( |xk1| + |xk2| )
1X1 12 zmy + X2l 2o (zm)

k=1

<

)
k=1

Z d)< |xk1| + |xk2| )
1X11lepzny + IX2llepany — WXillop@ny + 11Xzl eq @m)

=1
d)( 1 1l oz |k, | 1262 Il £z %, | )
1X1 ey zny + X2l egamy IXillepzny — W Xillop@ny + 11Xzl e @my X2l e @ny

8

x

=1
S AT y (p( [ | )
T Xillegzmy + 11Xzl 2 — 1X1 1l gy 2

R .51 P i (p( i | )
1X11l e zny + X2l e zmy = 1X2 1l ey 27
X1l 52y X110z
T X llegzny + 1X2llegzny X1 llegzny + 1X2lleg zm)
Xy lleg 2y + 11Xzl ey zm)
Xl @y + 11Xl zm)
=1.
By definition of ||X; + X, ||, zn) for every X;, X, € €4 (Z") with X; = x; , X, = xy,,and k €
N, we have equation 17




X1 + X2lle0am) < 1 lleg@m + 1221l eg@m- (17)

So, the mapping || - ||, (zn) defines a norm on £, (Z"). m

Theorem 2.6. Let &@;,®, be Young functions. If &,(t) < Cd,(t) for every t > 0 and some
C > 0, then ||X||,¢1(Zn) < max{1,C} ||X||€¢Z(Zn) for every X := (x,) € €4, (Z").

Proof.

Let A, = {b > 0:352, &, (%) < 1} and 4, = {b > 0: 2, , (%40 < 1}. Hence, we have

||X||€¢1(Zn) = infA, and ||X||€¢2(Zn) = inf A,. Because &, (%) < CP, (%) is true for every
k € N, then we have equation 18

o (%] S
kzzlqbl <T> < Ckzzld)z (T) (18)

Now, we consider two cases.
Case 1: for 0 < C < 1. Observe equation 19

S A\ R A
;qbl (T) < ;qbz (T) <1 (19)

Since b € A, implies b € A;, so we have A, € A,. Thus, infA; <infA,. So, we have
1Xlleq, @y < I1Xleg, @)
Case 2: for C > 1. Observe equation 20

C || C Y
< —_
Et;bl(b _CE(I)Z ) (20)
k=1 k=1
Therefore to be equation 21

[ee) 1 [ee] [oe]
= x| 1 X X
Yottty e ye e e
k=1

k=1

Note that for b € A, imply to equation 22

o /1
Elxkl
Z o (=<1 22)

k=1




olxkl

IA

Now, let A; = {b > 0: )% 1¢>1< ) < 1}. Hence, b € A, implies b € A;. Because inf A,

1
infA,, we have ” X” _||X||€¢2(Zn). Because ¢ > 1, we have EIIXIIfd)l(Zn)

L@

||X||,¢2(Zn). Consequently, we have ||X||{,¢1(Zn) < C||X||€¢2(Zn).

So, we can conclude that for ¢ > 0, if @, (%) <Co, (%) then we have ||X”g¢1(Zn) <

D||X||€¢2(Zn), with D := max{1, C} for every X := (x;,) € £4,(Z™). m

Theorem 2.7. Let &,, &, be Young functions. If &,(t) < ®,(Ct) for every t > 0 and some

C > 0, then ||X||g¢1(zn) < C||X||€¢2(Zn) for every X := (x;,) € £,(Z").

Proof.

Let 4, = {b >0: 3%, d, ('x"l) < 1} and A, = {b >0:3%, 0, (Clx"l) } Hence, we
x| Clxgl

have ||X||€¢1(Zn) = infA, and ||CX||4¢2(Zn) inf A,. Because @, (xb") <o, ( z") is true for

every k € N, then we have equation 23

id)l(w) i‘pz (C|xk|> 23)

k=1 k=1

If b € A,, then we have equation 24

[ee]

qul(lx"l) quz (Clx"l) 1, (24)

oo
=1 k=1

which implies b € A,. So we have A, € A,. Thus, inf A; < infA,. So, we have ||X||€(D1(Zn) <
||CX||€¢2(Zn). Since C is an arbitrary positive real number, we can conclude that ||X||€¢1(Zn) <
||CX||€¢2(Zn) = C||X||[¢2(Zn) for every X := (x;) € £4,(Z™) Furthermore, we have ¢4, (Z") <
£y, (Z7). m

Remark.

Theorems 2.6 and 2.7 are often called as the sufficient condition for inclusion properties of
discrete Orlicz spaces. Analog results for other properties of Orlicz spaces can be found in [1,
5,6, 8,12, 14, 15, 16].

3 Conclusion

We have shown the properties of discrete Orlicz spaces. The discrete Orlicz spaces are a
generalization of p-summable sequence spaces in [11]. From Lemmas 2.1, 2.2, 2.3, 2.4, and
Theorem 2.5, we can see that several properties of continuous Orlicz spaces are also true for
discrete Orlicz spaces. In the proof of our results, we used the properties of Young function and
Luxemburg norm in discrete Orlicz spaces. Furthermore, we also obtain sufficient conditions
for the inclusion properties of discrete Orlicz spaces as presented in Theorems 2.6 and 2.7.
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