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Abstract. In this paper, we present a simple modified Lax-Friedrichs method for the
numerical solution of shallow water equations. In the proposed method, we approximate
the next-step value by applying the Lax—Friedrichs method at the half grid of space. The
method was applied to simulate the wave propagation at a resting pool for non-flat
topography. Based on the simulation, the proposed method is more accurate in terms of
fulfilling the conservation law than the Lax-Friedrichs method and it shows good
agreement with the steady analytical solution.
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1 Introduction

The shallow water equations (SWE) are nonlinear hyperbolic systems of partial differential
equations that consist of simplifying the conservative equation and the momentum equation.
The simplification came as a consequence from the assumption that on the SWE the horizontal
length scale is much greater than the depth scale. Thus the considered velocity component is on
horizontal direction only. This equation has been widely used to model phenomena that involve
wave motion, such as water flows, flood waves, tsunami waves, and dam-break problems.

Many numerical methods are available in the literature to solve the SWE, such as the finite
difference method, the Lax-Friedrichs method, the Lax—-Wendroff Method, the Upwind
Methods, and the Godunov’s Method. On its extension, the researcher created and improved the
methods to produce a more accurate and more efficient solution. Saiduzzaman and Ray
compared the solution of the shallow water equation by different schemes, i.e Lax-Friedrichs
scheme, LaxWendroff scheme, and Leap-Frog scheme [1]. They stated that the error term in the
Lax-Wendroff scheme is less than the Lax-Friedrichs scheme and the Leap-Frog scheme.
Benkhaldoun and Seaid proposed a method for the numerical solution of SWE which is consists
of a predictor stage and a corrector stage [2]. Doyen and Gunawan developed an explicit finite
volume scheme for the SWE, where the upwind and the centered discretizations are used to
compute numerical fluxes [3]. August et. al. derived a well-balanced scheme to overcome
inaccurate numerical solution problem for near steady states that caused by numerical truncation
errors [4].

The Lax-Friedrichs method is a classical explicit three-point scheme to solve the SWE.
The method is simple to implement. However, this method introduces much more diffusion than
is required and gives numerical results that are typically badly smeared unless the grid is very
fine [5]. Boukadida and Leroux developed a two-dimensional version of the Lax-Friedrichs
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Scheme by using corrected fluxes to reduce diffusion in the scheme [6]. Press studied the
structure of the operator corresponding to the Lax—Friedrichs method and gave a recipe for
better solutions [7]. Lu et. al. proposed two time-step-convergence improved schemes to resolve
the excessive numerical diffusion [8].

In this paper, we propose a simple modification of the Lax-Friedrichs scheme to reduce the
diffusion in the scheme by defining the average term at the half grid of space. To test the
accuracy, the results of the proposed scheme are then verified to the analytical steady-state
solution of SWE at a resting pool.

2 The Modified Lax-Friedrichs Method

We consider a homogeneous hyperbolic equation which is called conservation law:

o (xt)+ f (q(x,t))X =0, 0

where f(q) is the flux function. Let Q" is the approximation of the average solution g over the
ith interval at the time t,;:

1 (%l
no 2
Qi A fx | q(x, t,)dx,

i—=

NI

with Ax = x, 1 — x,_1. Based on Leveque [5], the Lax-Friedrichs scheme for the solution of
2 2
equation (1) has the form:
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The Lax-Friedrichs method is stable for v < 1, where v is the Courant number. According
to Leveque [5], if the term average i(Q{’_1 + Q%) of the equation (2) is replaced by Q' then

the scheme is unstable. So, the average term acts as a damp for the instability. In this paper, we
propose the modified Lax-Friedrichs by increase the order of instability damped as follow:

M= Q1 + 207 + Q1) — 1 [F Q1D — FQR D). ®)

To apply to the shallow water equation, the SWE can be written in a conservative form as

h hu _ 0
9% (1) * 2 (huz + %ghz) N (—ghaxz)' ()

where h(x, t) is the height of the water, u(x, t) is the flow velocity, g is the gravity, and Z (x)
is the function for the bottom topography. Then the modified Lax-Friedrichs scheme for the
shallow water equation is:
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3 Simulation of SWE at a resting pool and its verification

In subsection 3.1, we show the numerical results for wave propagation at a resting pool. In
subsection 3.2, the numerical solutions are verified with the analytical solutions at steady-state
conditions. The solutions resulted from the modified Lax-Friedrichs method also compared to
the classical Lax-Friedrichs method.

3.1 Numerical Results

For simulation, we consider the computational domain x € [—2,2], t € [0,22] and the
mesh width Ax = 0.1, At = 0.01. To represent the condition at the walls of the pool, we set the
boundary conditions:

u, (2,0)=0,

h, (+2,0)=0. )

For the function of topography and the initial conditions we defined:

Z(x)=-0.02(x-2),
u(x,0)=2,

h(x,O):1+0.1exp(1—x2)—Z(x). ®

In Figures 1 and 2, we show numerical results of our method for the height of the water
and flow velocity, respectively. Based on Figure 1, it can be shown that from the initial height,
the water oscillates. The amplitude monotonically decreases. At t = 10 and t = 22, the
oscillation is very small. In other words, they almost attain steady-state conditions, i.e. the
constant height. From this simulation, the constant steady solution is h(x, 22) = h(x) =
1.1159.
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Fig. 2. Flow velocity.

The flow velocity for the wave several times is presented in Figure 2. In this simulation,
initially, the velocity is zero. Then at t = 0.2, for x > 0 the velocity is positive, and vice versa
for x < 0. It means that for x > 0 the wave moves in the right direction, and for x < 0 it moves
to the left direction. Hereafter, the values of the velocity decrease and the signs are reversed.
This situation corresponds to the oscillating wave with decreased amplitude. The flow velocities
att =10 and t = 22 are not significantly different. Both values tend to zero, heading to the
steady-state condition. We remark here that the steady-state condition is achieved when
u(x,t) =0.

3.2 Accuracy Tests



An important property reflecting the accuracy of our simulations is the conservation of
mass. Since at the boundary conditions there is no either flux out of flux in, then the total mass
along the simulations must be conserved. To compare the accuracy of our modified Lax-
Friedrichs scheme to the classical Lax-Fridrich scheme, we calculated the total area (A) along
with the simulations. Based on the initial height, the initial area (A,.s) is 4.3195. The area at ¢
= 22 for the modified Lax-Fridrich is 4.3034, whereas for the classical Lax-Fridrich is 4.2923.
Thus, the modified Lax-Fridrich method is more conserved than the classical Lax-Fridrich
method.

To test the accuracy, we also verify the numerical solution to the analytical solution at a
steady-state condition. The analytical steady-state solutions are obtained when d.h = 0 and
d.(hu) = 0. It is expected that the steady-state solution for water velocity (u,.) is zero. For the
case function of topography is linear (9, Z is a constant P), the steady-state solution for h(x)
can be obtained from:

0:(39h%) = —ghP. )
So that, h(x) = —Px + ¢, where c is a constant that associates with the area between the
water free-surface and the topography. Since the initial area is 4.3195 and P = —0.02, then the
value of ¢ is 1.08. Thus the steady-state solution for water height is

h(x) = 0.02x + 1.08. (10)

The water free-surface is represented by h(x) + Z(x). As a result, we have a constant free-
surface of water (h,.) is 1.12.

The comparisons errors for the two methods are presented in Table 1. From the table, it can
be seen that the modified Lax-Friedrichs method is more accurate than the classical Lax-Fridrich
method.

Table 1. The comparisons errors for the two methods.

The modified The classical
Lax-Friedrichs method Lax-Friedrichs method
|A—Arer|  0.0161 0.0272
Total mass Error (%)  0.3731 0.6308
. |h — hyep|  0.004 0.007
Steady height Error (%)  0.357 0.625
Steady velocity |u—urer|  0.0088 0.0143

4 Conclusion

In this paper, we developed a method for the numerical solution of the Shallow Water
Equation. The method is a modification of the Lax-Friedrichs method by replacing the average
term which acts as a damped instability with the average term in higher order. The new method
has been tested to simulate the wave propagation at a resting pool with non-flat topography.



Based on the simulations, the new method is more accurate than the Lax-Friedrichs method in
terms of the mass conservation principle and analytical steady-state solution.
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