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Abstract —It is well known that Space-Time Block Codes from
orthogonal designs (O-STBC) are linearly Maximum-
Likelihood (ML) decodable. However there are not full rate
complex O-STBC designs except for two transmit-antennas.
Recently, one class of minimum-decoding-complexity STBCs
(MDC-STBC) have been studied: (1) they have higher rate
than O-STBC; (2) they are single-symbol decodable (SSD) and

(3) they can exploit full diversity by constellation rotation (CR).

In this paper, we employ precoding technology for these MDC-
STBCs to realize: higher-rate, full-diversity, maximum coding
gain and half-symbol decodable (HSD), where HSD has the
lower complexity than SSD. Simulation results for MDC-
STBCs with 4 transmit antennas show that the proposed
precoder scheme with HSD decoder can get the same diversity
gain and an extra 1dB coding gain than the schemes with CR,
only at the cost of 3 bits feedback information for quantifying
the precoder.

Key words: Quasi-orthogonal space-time block coding
(QOSTBC), Minimum Decoding Complexity (MDC), Single-
Symbol Decodable (SSD), precoding, feedback

L INTRODUCTION

Coding for multiple-input multiple-output (MIMO)
channels can significantly increase transmission reliability
over wireless fading channels. For the system with two
transmit antennas, the space-time block coding (STBC)
scheme proposed by Alamouti is a noted full-diversity
scheme, which has been employed in many communication
systems (named as STTD in R99 of UMTS). For the system
with more than two transmit antennas, Tarokh extended the
theory of STBC in [1]. However the symbol-transmission
rate of these orthogonal-STBCs (O-STBC) is smaller than
one.

As to the system with four transmit antennas, a quasi-
orthogonal STBC (QO-STBC) with full rate is proposed in
[2] that provide half of the maximum possible diversity and
need maximum-likelihood (ML) detection to the pairs of
transmitted symbols. And it was modified in [3] by
constellation rotation (CR) to exploit the full diversity and in
the meantime become real-symbol pair-wise ML decoding,
which has same complexity as single-symbol decodable
(SSD). Subsequently, coordinate interleaved orthogonal
design (CIOD) has been proposed in [4] to also provide full
diversity (after CR) and full rate with even SSD. Then the
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authors of [5-7] have proposed another kind of quasi-
orthogonal STBC independently. And the name of
“minimum-decoding-complexity (MDC)” (same as SSD
actually) happened to coincide. These schemes have the
similar performance while the expression in [5, 7] is more
concise so that the coding and decoding is a little simpler
than that of [6]. In [8], Karmakar gave a comprehensive
summary about MDC-STBCs and introduced their
construction method based on Clifford algebras. Due to the
property of full diversity, higher rate than O-STBC and SSD
complexity, the MDC-STBCs should be readily applied to
future wireless communication systems, such as beyond 3G,
IEEE 802.11n or 802.16m, when more than two transmit
antennas are employed. The CIOD, which requires some of
the transmit antennas to be turned off regularly so as to
introduce high peak-to-average power ratio, and the other
high rate STBCs based on cyclic division algebras with high
decoding complexity are excluded in this paper. And only
the square or rectangular constellations in common use are
considered in the paper.

Precoding technology can improve the link reliability for
STBCs, as discussed in [9]. Therefore, the precoder over
STBC was designed to combat channel correlation in [10].
Many papers also studied the design criterion of precoding,
such as minimization of pair-wise error probability in [11].
In [12], a multimode precoder design was investigated,
which varies the number of streams depending on the
channel condition. In this paper, we propose a novel
precoding scheme for MDC-STBCs based on the
particularity of the equivalent channel matrices of MDC-
STBCs. Not only the performance can be improved, but also
the decoding complexity will be lessened.

The rest of the paper is organized as follows. Section II
gives the expanded real system model for linear dispersion
STBC systems. After introducing the construction method of
MDC-STBCs with arbitrary transmit antennas in Section III,
a precoder scheme for these MDC-STBCs is proposed in
Section IV. At the same time, its decoding complexity and
performance are analyzed. Then, the simulation results for
MDC-STBC with 4 transmit antennas in Section V show the
proposed precoder with quantified feedback information is
surely effective. Finally, conclusions are drawn in Section VI.

Notation: For a complex number x, x* x’ and x* denote its
real part, imaginary part and conjugation respectively.
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X" stands for the conjugated transposition of the matrix X.
X* is the matrix composed of the real part of each element
of X, similarly, X’ composed of the imaginary part. The n-
th row of X is denoted as(X) , and the n-th column of X

as[X] - The full-face 0 means zeros matrix.

n

II.  LINEAR DISPERSION STBC
Suppose an MIMO system with N, transmit antennas and
N, receive antennas, the channel is single-path and block

fading in an interval of 7 symbols. According to the
introduced model in [13], the transmitted STC matrix can be
written as a N,xT matrix S, which is composed of Q

(g=1,---,0) and their

dispersion matrices of size N, xT { A ,B_} are:

Szi(szq#séBq) (1
g=1

complex symbols s, =s; + s,

here j =+/-1 is absorbed in B, . So the code rate of this
linear dispersion STBC is defined as R=0/T.
Then the system model can be expressed as:
Y=HS+N 2
where Y is the received signal matrix, its element y, is the

received symbol at the k-th receive antenna and the #-th
interval; H is the channel matrix, and its element h,, is the

complex channel gain from the /-th transmit antenna to k-th
receive antenna, which is independent complex Gaussian
random variable with zero mean and unit variance; N is the
noise matrix, and its element 5, , is a complex white
Gaussian noise element with zero mean and covariance o .

Here, we omit the factor of power normalization before S,
which can be considered when calculating noise power for a
given SNR.

Then we decompose each matrix into its real part and
imaginary part:

Q
Y* = Zl[(HRAjj ~H'Al)sk+ (H*B® ~H'B!)s!]+N* 3
=

Q
Y' =) [(H*A! + H'AX)sX + (H*B! + H'B!)s!]+ N’

g=1
Let
- Al Al B B!
A, = q[ ;:I’B :|: 41 Z )
! |:_Aq A, ! -B, B,
llI=|:(HR)/’(H,)1:| )
Therefore, the equation group of (3) can be rewritten as:
y=Hi+n (6)
where
(h1A1)T (h1B1)T (hlAQ)T (hlBQ)T
H= : : : :

(h,A) (b, B) (h, A, (h,B,)

Al
Il
Uiﬂ
Il
=
Il

N,
N,

AN

are the equivalent real channel matrix, received vector,
transmitted vector and noise vector, respectively.

III. CONSRUCTION OF MDC-STBC

Before explaining our precoding scheme, we firstly
introduce how to construct the needed MDC-STBC in this
section. Firstly for the system with even transmit antennas,
then with odd antennas.

A. From O-STBC to MDC-STBC

Assuming an O-STBC consists of O/2 sets of dispersion
matrices denoted as { A, , B, } (1<p<g/2) for N, /2
transmit antennas with time interval 7/2. These {A,,B, }

have the following properties [8] (the following expressions
are different from [5] because j is not included in the
dispersion matrices in (1) in [5]):

égép = nylgp = INI/z (7'1)

A"A, +A"A =0,B"B, +B"B, =0(p, # p,) (7-i)

— P =P
A'B, +B"A, =0(p, % p,) (7-ii)

Here, only (7-ii) and (7-iii) are the sufficient and necessary
condition for an O-STBC. Generally, unitary weighting (UW)
can simplify matrix multiplication and keep lower PAPR. So
we discuss the UW-STBC and the condition (1) appears.

According to [5, 8], the dispersion matrices of O-STBC
can be used to build an MDC-STBC, which consists of O
sets of dispersion matrices { A ,B, } (1<g<Q) for N,
transmit antennas with interval 7, when the following
mapping rules are satisfied:

=2
0 }(q P

A 0] 0
|: 0 Ap:|7(q_p) |:_A
B = (8)

A= .
B 0| o 0 B 0
{0 Bj,(q—fp) {Bp 0} (q—2+p)

Using (7) and (8), it is easy to prove that { A ,B, }
satisfy the following properties (Generally, there must be an
identity matrix in { A_,B,_}, soweletA, =1):

Al =-A,(g=22) (9-0)
AlA, +AIA, =0(q %) (9-ii)

B =B, (9-ii)
BA, =AB, (9-iv)

B, =+B/A, (¢22) (9-v)



Those are the sufficient condition for a linear dispersion
STBC to become an MDC scheme. When these conditions
are all satisfied, it is easy to demonstrate [5] the correlation
of the equivalent channel matrix H in (6) is symmetric
block-diagonal with nonzero submatrices of size 2x2, like
the form in (10).

N, N,
A T A RTWT
Zl_llAquhl ZhlAqul—ll
HH= I=1 I=1 (10)
ih A B'h/ ih A An/
I=1 e I=1 s
oo

After the matched filtering at the receiver, the diagonal
element in H'H is regarded as the signal power for each
element in X and the non-diagonal element as ISI. Then the
minimization of ML decoding metric of (6) can be
decomposed as the minimization of the Q independent
metrics, where each is corresponding to a single complex
symbol decoupled with the others, namely,

mm

73" & min /,(5,), (124 <0)
]
That is why MDC is also called SSD.

B. MDC-STBC with Odd Transmit Antennas

As we all known, a complex O-STBC design exists only
if N, =2 and 4 [1] and the code rates are 1 and 3/4
respectively. By the construction equation (8), we obtain the
MDC-STBC with even transmit antennas N, =4 and 8. The
constructed complex MDC-STBCs have a code rate, which
is same as the half-size O-STBCs used to construct it. On the
other hand, for odd transmit antennas N,” that can be
generated by removing some rows of the space-time coding
matrix with a smallest even transmit antennas N,°, which
satisfies N, <N,°=2" (n is an integer). This keeps the
characteristics of MDC-STBC and the same code rate except
the diversity gain due to the lack of transmit antennas.

Therefore, we can conclude the MDC-STBCs for the
systems with N, = 3~8 have a higher code rate than
corresponding O-STBCs. The gap is shown in the Fig.1.1t is
noted that, in this figure, the O-STBC and MDC-STBC for a
certain N, has the minimum coding period (I' <2N, ).
There exist some other complex orthogonal designs [14] with
the higher rate than [1] but the longer 7, which needs the
static channel with long period so as to be infeasible. Now,
for the systems with N, =3~8, there are practical MDC-
STBC schemes. These space-time matrices are easy to write

by (8).

(11)

1.00+ o O- STBC

\ \ —A— MDC-STBC
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0.50 \[ O O 04
2 3 4 5 6 7 8
Nt
Figure 1. The comparison of code rate between O-STBC and

MDC-STBC

IV. PRECODING FOR MDC-STBCs

In this section, we will explain how to lessen the
detection complexity by precoding for MDC-STBCs.

A. The Expression of Interfrence Items

Here, we discuss a different decoding algorithm with that
in [5]. At the receiver, a matched filter H is left-multiplied
to y in (6), then the system model (6) can be modified as:

H'y=H'Hx+Hq

r *
* [s&]
;s KER(EY
= * Cl+H R
So
r % Sé
L * T Jhox20

where r—Zh A,A’h] and *—Zh A Bh/

q q—
I=1

According to the definition of (4) and the property of (9),
we know

R ! R 7
A AT - Aq Aq Aq Aq
q AL AR|| Al AR
q q q q

HN\R HAN\I (13_1)
:{(Aqu) (A,Al) }:[IM 0}
H~NI H\R
~(A A (AAN 70 1,
T
LA AT B
qq _Al AR _BI BR
fora (13-ii)
(@B AB) ”:”FiBI)R (rBl)’}
~AB) AB)'| [FB) @B
Then the elements of the diagonal block matrix of H"H are:
r—Zh h/ = ZZ|hk1| (14-0)
k=1 1=1
N,
(+B)" (+B)’ } r .
h (14-i1)
; L+BI> (B)" |

Obviously, r represents the efficient signal power, “* ” is the



interference item between a pair of real symbols (Sf,s; ) ,

and its value depends on the choice of the dispersion
matrices for each symbol. It is noted the “*” in different
block may have the different signs but the same absolute
value.

For an intuitionistic explanation, we take two typical
examples of MDC-STBC with N, =4. One is given in [5].

The space-time code is

SCHJSy sy sy s sy =S s,
R ey I

=S +Js; S, s, Sp 83 Sy S,y

syjsy sl —jsy =S s st = sy

Now, the correlation matrix of its equivalent channel matrix
can be written as:

roa

a r

roa (16)

N 4 N, * *
where ="My [Fand a=-23"{h; b, +hh )"
k=1 I=1 k=1
The other example is given in [8], which space-time
coding matrix is:

is — jsj S§ + jS3R sf + jsll —s31 + jsg

S, = —s{ +]:s31; s{; +]:S§ —13’ —]s; —if +.ji}1 17
Sy —JS1 Sy TSy S TS, Sy +J8;
sutjs, o s{—Jsi st st st s

Similarly, the correlation matrix of its equivalent channel
matrix is

r b

r b (18)
b

N, 4 N,
where . — ZZV’MF and b=-2){h h—h,h .} -
k=1 I=1 k=l
Although the values of @ and b are different, their
statistical properties are same when the channel coefficients
are independent one another. Then the channel correlation
matrix (16) and (18) clarify that these two schemes should
have the same performance.
Assuming all the dispersion matrices are chosen from the
Clifford matrices [8], the elements of these dispersion
matrices are chosen from {+1,+;,0} . Moreover, 1 and *;

do not appear in a matrix at the same time. Now, by
observing the two interference items, the absolute value of

the interference item has the following expression:
N, N2

|*|:22 Z {J_rh,:’llh,"lz}R”” (19)

k=114=1, LI,
where 1</ #1, < N, . Here whether the value is the real part

or imaginary part of {ih;l1 h,, } depends on the choice of
A, and B, , according to (I3-ii). When all the B, are
composed of {/,0}, it is the imaginary part; otherwise, it is
the real part.

B.  Precoding Design

Now, we design the precoder P for MDC-STBCs with
Clifford matrices as the dispersion matrices, then the
system model (2) will be changed as:

Y =HPS+N=H'S+N (20)

Due to the issues of PAPR, suppose P is a unimodular
diagonal matrix, which has the form as:

e 0 0
0 jo L. 0
p= . @1)
0 0 e/\gm

Then the /-th column of the new generalized channel matrix
is[H'], = ¢’ [H], . Now, the interference after precoding is

N, N,/2 » 0
M=2>" > {xe"ih, e h, )" (22)
k=11L=1, L#],

To forcing the interference item to zero, we let
6, =0
a1 @)

N, N,J/2
—4[2 5
0 - k=11 =1, l,#],
L= z N, N, /2 . I
2[5 % k-0
k=11 =1, L=,

C. Analysis of complexity
Then, after adding the precoder, (12) will become into:

H'y=H"HX+H"h

(¥ 0
0 r st
r 0 s/ (24)
= r C+H R
R
So
r 0 sé

0 r

We found the new equivalent chamzl%lzgcorrelation matrix
after precoding will become a pure diagonal matrix, which
the diagonal element is 7. Now the decoding for (24) will be
half-symbol decodable (HSD). Namely the ML decoding
metric can be decomposed as the 20 independent metrics:



TABLE 1. COMPARISON BETWEEN HSD AND SSD

QPSK | 16QAM | 64QAM | 256QAM
HSD | 2X2=4 | 4X2=8 | 8X2=16 | 16X2=32
SSD 4 16 64 256
ratio 100% 50% 25% 12.5%

- 2
min (H’Ty)2 1 —rs,
q
min [ A7y -0’ || L (1<g<Q) (25)

S180

(ﬁ’Ty)zq —rs;

When the modulation level is high, the advantage of low
complexity for HSD is distinct comparing with SSD. In
Table I, they are measured by the search times for
estimating a complex symbol. Because of the decoupling of
real part and imaginary part, HSD only do searching in a
smaller search space, which ratio to that of SSD is
exponentially decreased with the increase of modulation
level.

D. Analysis of performance

For the system model (20), it ML decoding metric
should be

’s|| (26)

»So

Now, observing the used matched filter H', due to
IfI/TI:Ir — r'IZQ s
which each column has the same norm r and is orthogonal
with one another. Then according to the matrix theory [15],

the following relation is satisfied:
Jf 5 fs] =i @ - o] <|ary-arisf @
So we can derive the relation between (26) and (25):
Y -H'S|’

H'" should be an orthogonal matrix, in

mln

»So

= m1n r* "y Hx" —Smm ’T" "y Hx" (28)

= mm
o

That is to say, this algorithm of decoding the filtered
system model (24) is equivalent with that of decoding the
original system model (20) using ML criterion. Namely, (25)
is the optimal solution of (20), although we use the different
decoding with [5]. It is noted that this conclusion is right
only if the matched filter matrix is orthogonal.

Obviously, it is the specific precoder design that makes
the matched filter matrix orthogonal. And due to the zero-
forcing interference between the pair of real symbols, the
precoder will improve the link performance, comparing with
the system without precoder.

H'Ty HTH||

E.  Examples

In the same way, we give some examples of the exact
precoder matrix.

For S,and S, in subsection A, they may use the precoder
with the same form:

N,
P 1 where 6 = —Z[Z(h;,lhk,s + h;,zhkA )J

k=1

jo

for S, and H—E—L(Z(hklh“ h;,zhm)j for S,

Factually, according to the design of (21) and (23), the
precoder matrix is not unique. Here, only if any pair of the
four transmitted antennas rotates the phase by the
corresponding @, the precoder is just feasible.

Extend to other transmit antenna number, the design is
still effective. Take an example for N, =5, the space-time

coding matrix can be got by cancelling the three rows of
MDC-STBCs with N,=8 :

5§+]S<>R 5§+]Sf I, I, -] 5{*]&; “’JAJVJ%
St S g digg 3R ST
o AT R
AT AR ) sy sl
3\/;2]6 _‘f\/{a sé-h/sé —5{—_/3{, S EISs S %

N
sl s 5 b s+ish s,
= s,

22
S8

R, R R GR
SISy SIS

S s s

ss—jsy S
N
sy
2
s+,

S A

sijsy S
2 2

LR A 4

=SS, S
2 2

Then for it, the optimal precoder should be

! , where 6 =— (i(h“hks)J

k=1

1
e’

Now, we notice that the precoder only needs a parameter
6 factually for these space-time coding matrix. When the
system is channel-reciprocal, such as TDD system with low
moving speed, we can easily get the channel coefficients to
calculate the value of 6 and generate the precoder matrix.
When the channel-reciprocity does not hold, the index of a
quantified @ can be fed back from the receiver to the
transmitter. The proposed precoder is still valid. Only when
the feedback bits are very limited, the quantification error
isn’t neglectable, the receiver cannot employ the HSD
detection, but the SSD detection. However, the performance
advantage due to the interference partly-cancellation after
precoding still exists.

V. SIMULATION RESULTS

In this section, we testify the performance of the
proposed precoding scheme for MDC-STBC by simulation.
Table II gives the simulation parameters. Because MDC-
STBCs only obtain the full diversity gain when CR is
employed [5], we use the MDC-STBC in [5] with CR as the
reference scheme. And for the precoded MDC-STBC, both
the ideal feedback and the quantified feedback with different
feedback bits are considered in the simulation. For m-bit
feedback scheme without feedback delay, the phase 6 is

quantified as [0,7/2",---,(2" =Dz /2"].



TABLE II. SIMULATION PARAMETERS

N, XN, 4 x1

Channel
Modulation

Single-path Rayleigh channel
QPSK
ML (SSD for system without precoder;
HSD for that with precoder)

Detection algorithm

0.1

0.014 5§\I

1E-34 + 3
.\ ]
"E-43 MDC-CR wo precoder i\ 3

BER

MDC wi precoder i
1E-53 ideal 1bit 2bits 3bits 4bits E
—0— —|— —+— —A— —0O— E

T T T T T T T T
6 8 10 12 14 16 18 20

SNR(dB)
Figure 2. Performance comparison of precodered MDC-STBCs with
different feedback bits

From Fig.2, we can see:

(1)  The precoded MDC schemes with ideal feedback
has the same slope to MDC-CR, that is the same diversity
gain. The equivalent channel matrix in model (24) is a
diagnal matrix with enties », which be expressed as (14-1).
That means this channel can offer the full diversity order
and the maximum coding gain according to the Ilattice
theory [16]. The gap between the curve of ideal feedback
scheme and that of MDC-CR is just the earned extra coding
gain due to the reconstructive perfect channel matrix by
precoder.

(2) When the feedback of @ is not ideal, the coding
gain will be partly lost. But the loss for the schemes of 3
bits and 4 bits feedback is small. For the scheme with 1 bit
scheme, the precoder is meaningless due to the large
quantification error.

Then considering the tradeoff between the performance

and the quantity of feedback bits, 3 bits feedback is preferred.

That is to say, comparing with the MDC-STBC scheme with
CR, a precoder with 3 bits feedback can avoid the CR
operation and exploit the extra 1dB coding gain, while
leading to a simpler decoder.

VI. CONCLUSION

In this paper, we focus on the precoding scheme for
MDC-STBCs. After introducing the linear dispersion form
for STBC, we explained how to construct an MDC-STBCs
for the system with arbitrary antenna number in detail. Just
for these MDC-STBCs, a precoding scheme was proposed,
in which the precoder is a diagonal matrix with a phase
parameter and designed to cancel the interference between
to the real part and the imaginary part of the transmitted
information symbols. The analysis of the decoding
complexity and the ML decoding metric showed the
employment of precoder make the decoding half-symbol

decodable, while keeping the full diversity gain and
maximum coding gain. Considering the issues of the limited
feedback in the practical systems, we gave the performance
comparison of the precoded schemes with the different
feedback bits. Simulation results show that only 3 bits are
enough for the precoder of MDC-STBCs with N,=4 and the

precoded scheme has a 1dB gain than the scheme with full
diversity gain by constellation rotation.
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