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Abstract—Multi-user multiple-input and multiple-output (MU-
MIMO) wireless system has the potential to provide a substantial
gain by using transmit beamforming. The main challenge for
transmit beamforming design is to suppress the interference
from other users/data with imperfect channel state information
at transmitter (CSIT). We propose a probabilistic-constrained
beamforming design that combines the SLNR criteria with
Alamouti coding for the multiple-stream-per-user MU-MIMO
system. The proposed beamformer maximizes the average sys-
tem performance and exterminates inter-data-interference while
guaranteeing a low outage probability of serious leakage power
performance. Simulation results show that the proposed beam-
former achieves the highest signal-to-interference-and-noise ratio
(SINR) reliability and provides the strongest robustness against
channel imperfections, among the state-of-art transmit beam-
formers.

I. INTRODUCTION

MU-MIMO wireless system has gained considerable
amount of interest since it can significantly increase data
throughput and achieve higher diversity gain. Considering a
multiple-stream-per-user MU-MIMO system, a base station
(BS) communicates with multiple users in the same frequency
and time slots, and each user receives multi-stream. It leads to
the interference at the end users, including inter-stream inter-
ference and inter-user interference [1]. Thus, the suppression
of interference is crucial to transmit beamforming design.

In an attempt to cancel interference, accurate channel infor-
mation is required at transmitter side. However, it is usually not
available due to errors induced by outdated/limited-feedback
channel, leading to significant performance degradation. It
motivates the development of robust transmit beamforming
techniques which not only suppresses MU interference but also
ensures robustness against the imperfections.

Recent advances in robust MU-MIMO transmit beamform-
ing designs can be categorized into three classes: stochas-
tic, deterministic and probabilistic approaches. The stochastic
approach optimizes average system performance based on
channel statistics, such as mean or covariance [1]–[3]. In
contrast to stochastic approach that pays no attention to the
extreme case, the deterministic approach optimizes the worst-
case performance which leads to excessively conservative
performance as the extreme operational condition is rare
[4]–[7]. Recently, many researchers focus on probabilistic
approach that considers the worst case scenario proportionally.

Examples include receive adaptive beamforming [8]–[10],
transceiver design of MISO systems [11], power minimization
in multi-user MISO system [11], [12] and transmit beamformer
design of single-stream MU-MIMO systems [13]. Compared
with stochastic and worst-case approaches, the probabilistic
approach maximizes average system performance while keep-
ing a low probability of the server performance degradation.
In this work, we adopt the probabilistic constraint strategy to
beamformer design.

In order to eliminate the interference induced by multiple
stream, we incorporates Alamouti code into robust transmit
beamforming design. The resulting hybrid scheme gains or-
thogonal dimensions for each multiple stream vector. In this
case, the beamforming design focuses on suppressing inter-
user-interference. Two criteria work as inter-user-interference
performance measurement of transmit beamformer, that is,
signal-to-noise ratio (SINR) [5]–[7], [9], [14], [15] and
leakage-based measurement [1], [4], [13], [16], [17]. As it
couples optimization and feasibility simultaneously, the SINR
solution easily arrives to infeasible region, especially with
large number of users [18]. In contrast to SINR criteria, the
leakage-based optimization problem only considers one user at
each time, and admits an analytical closed form [17]. Hence,
we pursue the signal-to-leakage-noise ratio (SLNR) as the
measurement of beamforming design.

In this contribution, we propose a probabilistic-constrained
beamforming scheme that combines Alamouti code with the
leakage-based criterion for the multiple-stream-per-user MU-
MIMO systems. The proposed beamforming maximizes the
average signal power for the desired user, exterminates the
inter-stream-interference, and ensures the robustness against
the CSI errors by keeping a low outage probability of serious
power leakage. We shall show the probabilistic-constrained
optimization problem can be further replaced by a convex
deterministic form by using the Markov’s inequality and La-
grangian relaxation. The underlying problem can be efficiently
solved by modern convex optimization algorithms and the final
solution is obtained via randomization techniques. Simulation
results show the proposed beamforming scheme provides the
most reliable SINR performance and the strongest robustness
in BER performance against channel imperfections, compared
with several popular transmit beamforming techniques.

The remaining sections are organized as follows. In Section
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II,we describe the system model and channel uncertainty
briefly. The proposed design is formulated as stochastic opti-
mization problem, and transfers the probabilistic constraint to a
deterministic convex form in Section III. Numerical examples
are presented and discussed in Section IV. Concluding remarks
are given in Section V.

II. SYSTEM MODEL

Consider a multiuser downlink channel with K users and
a single base station. The base station is equipped with N
transmit antennas and each user has Mk receive antennas.
A multiple stream is transmitted from base station to each
user with the length of multiple data equal to Lk. To prevent
the inter-stream-interference caused by the non-orthogonal
beamforming matrix, the multiple stream sk ∈ CLk×1 is first
exploited by Alamouti scheme [19]. Note that in this work,
we consider the simplest case Lk = 2. The transmit coded
block is given as follows,

sk =
[

sk,1

sk,2

]
⇒ Sk =

[
sk,1 −s∗k,2

sk,2 s∗k,1

]
, (1)

where the superscript ∗ denotes complex conjugation without
transposition, and the power of data vector sk is assumed to
be E

[
sisH

i

]
= I/2. The transmit coded block is multiplied

by beamforming Ck ∈ CN×2 before being transmitted. The
transmit signal matrix X ∈ CN×2 can be presented as

X =
K∑

k=1

CkSk , (2)

where beamforming matrix Ck is normalized, so that
tr{CH

k Ck} ≤ 2.
Assuming that the channel is slowly varied fading and user

i is the desired user, the received block for the desired user
can be written as

Yi = Hi

K∑

i=1

CiSi+Ni = HiCiSi+Hi

K∑

k=1,k 6=i

CkSk+Ni ,

(3)
where Ni is the noise matrix, each element of Ni is i.i.d
complex normally distributed with zero mean and variance
σ2

i .
Denote Fi = HiCi ∈ CMi×2, a reconstructed new matrix

H̄i ∈ C2Mi×2 for the desired user can be expressed as

H̄i =

[
F(1,1)

i F(1,2)∗
i . . . F(Mi,1)

i F(Mi,2)∗
i

F(1,2)
i −F(1,1)∗

i . . . F(Mi,2)
i −F(Mi,1)∗

i

]T

,

(4)
where Fk,l

i denotes the (k, l)-th element in matrix Fi. The
rearranged receive block (3) can be represented in terms of
vector, that is

zi = H̄isi +
∑K

k=1,k 6=i
H̄ksk + ni , (5)

where zi =
[
Y(1,1)

i ,Y(1,2)∗
i , . . . ,Y(Mi,1)

i ,Y(Mi,2)∗
i

]T

, and
therefore the vector ni is arranged correspondingly. According

to (4), we have

||H̄i||2F = 2||Fi||2F = 2||HiCi||2F , (6)

Note that the transmit beamformer based on the SINR criterion
couples optimization and feasibility simultaneously. The solu-
tion easily arrives at infeasible region, especially with large
number of users [18]. Thus, we adopt the concept of leakage
[16] using the signal-to-leakage-noise ratio (SLNR) criterion
instead. According to (6) and E

[
sisH

i

]
= I/2, the SLNR for

the i-th user is given by

SLNRi =
E

[
sH
i H̄H

i H̄isi

]

Miσ2
i + E

[
sH
i H̄H

i H̄ksi

]

=
tr

{
CH

i HH
i HiCi

}

Miσ2
i + tr

{
CH

i H̃H
i H̃iCi

} , (7)

where H̃i ∈ C
∑

k 6=i Mk×N denotes an extended
channel matrix that excludes Hi, i.e. H̃i =[
HT

1 , . . . ,HT
i−1,Hi+1, . . . ,HT

K

]T
. The superscript T

denotes transposition without conjugation, and the superscript
H is complex conjugate transposition. Thanks to Alamouti
scheme, the cross term of E

[
sH

k si

]
disappears, which

means the beamforming design only needs to suppress
co-channel interference. Moreover, compared with the hybrid
scheme proposed in [14], our scheme only assume that
N ≤ ∑

k 6=i Mk. It is more reasonable since the number of
transmit antenna could be less than receive antenna, especially
in broadcast channel.

However, in real scenario, only imperfect channel infor-
mation can be accessed at transmitter. For the desired user
(the i-th user), the presumed channel Hip

∈ CMk×N can be
expressed as

Hi = Hip
+ Ei , (8)

where the error matrix Ei ∈ CMk×N consists of i.i.d. complex
normally distributed entries with variance σ2

e . The subscript
p is used to denote the presumed channel information. The
corresponding interference channel H̃ip

∈ C(
∑K

k=1,k 6=i Mk)×N

can be written as

H̃i = H̃ip + Ẽi , (9)

where the error matrix Ẽi is composed of (K−1) error matrix
Ei, that is, Ẽi = [ET

1 , . . . ,ET
i−1,E

T
i+1, . . . ,E

T
K ]T . Since the

CSIT for each user is independent, the constructed matrix Ẽi

has the same distribution of each component Ei, that is, i.i.d
complex normally distributed entries with variance σ2

e . Note
that we assume that H̃i and H̃ip have the same rank, that is,
rank(H̃i) = rank(H̃ip) = N .

III. BEAMFORMER DESIGN BASED ON
PROBABILISTIC-CONSTRAINT OPTIMIZATION

To tackle performance degradation caused by imperfect
channel estimates, we consider a probabilistic-constrained
approach. In contrast to the minimax approach [4] and the



stochastic approach [1]–[3], [17], the server degradation per-
formance is considered proportionally by probabilistic con-
straint, which is favorable to an achievable SLNR performance
on the desired user, and prevents a pessimistic result.

Based on the error model (8) and (9), the SLNR becomes
a function of the random errors Ei and Ẽi, that is

SLNRi(Ei, Ẽi)

=
tr

{
CH

i (Hip + Ei)H(Hip + Ei)Ci

}

Miσ2
i + tr

{
CH

i (H̃ip
+ Ẽi)H(H̃ip

+ Ẽi)Ci

} . (10)

In this work, instead of maximizing the SLNR directly, we
maximize the average power allocation on the desired user
while eliminating inter-user-interference and keeping a low
outage probability of the serious leakage power performance.
The proposed beamforming design can be formulated as
the following probabilistic constrained optimization problem

maximize E
[
tr

{
CH

i (Hip + Ei)
H(Hip + Ei)Ci

}]
, (11)

subject to

Pr
{

Miσ
2
i + tr

{
CH

i (H̃ip + Ẽi)
H(H̃ip + Ẽi)Ci

}
≥ γthi

}
≤ pi ,(12)

tr{CiC
H
i } ≤ 2 , (13)

where Pr{A} denotes the probability of the event A, γthi

denotes a pre-specified leakage power level, and pi is an
outage probability. Eq. (13) dictates the transmit power
constraint that guarantees each symbol has unit transmit
power.

To simplify the expression, we define a new parameter Wi

as follow

Wi , CiCH
i , Wi ≥ 0 , and rank(Wi) = 2 , (14)

where Wi ≥ 0 denotes Wi is semi-positive definite.

A. Objective Function

Given the presumed channel H̃ip at transmitter, the objec-
tive function is obtained by taking the expectation of the power
allocated on the desired user with respect to error matrix Ei,

E
[
tr

{
CH

i (Hip + Ei)H(Hip + Ei)Ci

}]

= tr
{

(HH
ip
Hip + Miσ

2
eI)Wi

}
. (15)

In this work, the number of transmit antennas could be smaller
than the number of all receive antennas combined. With N
transmit antennas, only N − 1 degree of freedom is provided,
which is less than the subspace of all users. That means, we
can not guarantee the subspaces of all users are orthogonal to
each other. Therefore, eigen-decomposition approach can not
be easily implemented into objective function.

B. Probabilistic Constraint

To maintain the leakage power under an acceptable level,
the probabilistic constraint is introduced to guarantee a
low probability that the power leakage becomes higher
than a pre-specified threshold. The instantaneous leakage

power has to satisfy the following probabilistic constraint,

Pr
{

Miσ
2
i + tr

{
Ci(H̃ip + Ẽ)H(H̃ip + Ẽ)CH

i

}
≥ γthi

}
≤ pi .

(16)

Since the probabilistic constraint is not convex, the
deterministic form will be derived as follows.

Proposition: Under the assumption of Gaussian-distributed
error, the probabilistic constraint (16) can be replaced by the
following deterministic convex constraint

tr
{(

H̃H
ip
H̃ip + σ2

eniI
)
Wi

}
≤ piγthi

. (17)

where γ̄thi
= γthi

−Miσ
2
i > 0, and the matrix I is an identity

matrix.
Proof : Define

T = (H̃ip
+ Ẽi)H(H̃ip

+ Ẽi) ,

the probabilistic constraint (16) can be rewritten in terms of
T and Wi

Pr {tr {TWi} ≥ γ̄thi
} ≤ pi , (18)

where γ̄thi = γthi −Miσ
2
i .

Applying the Markov’s inequality [20], an upper bound for
the probability in (18) could be obtained as follows

Pr {tr {TWi} ≥ γ̄thi} ≤
E [tr{TWi}]

γthi

. (19)

In order to keep the power leakage below an acceptable level,
we set the upper bound (19) being less than pi,

E [tr{TWi}]
γthi

≤ pi . (20)

Moreover, under the assumption of the elements of the error
matrix Ẽi are complex Gaussian-distributed, we have

T ∼ CWN (ni, (σ2
eI)

−1H̃H
ip
H̃ip

, σ2
eI),

where CWN (ni, (σ2
eI)

−1H̃H
ip
H̃ip

, σ2
eI) denotes that the ma-

trix TN×N is complex Wishart distributed with degree of
freedom ni = 2

∑K
k=1,k 6=i Mk, non-centrality parameter

(σ2
eI)

−1H̃H
ip
H̃ip and covariance matrix σ2

eI. Based on the
result in [21], the mean of complex Wishart-distributed matrix
Ti can be expressed as

E [Ti] = niσ
2
eI + H̃H

ip
H̃ip

. (21)

Since the expectation and trace are both linear operators, we
can express E [tr{TWi}] in the following form

E [tr{TWi}] = tr{E [TWi]} = tr{E [T]Wi} . (22)

Substituting (21) and (22) into (20), it immediately leads to
the deterministic inequality (18). Note that to guarantee the
validity of the probabilistic constraint (17), γthi

should be
positive, namely γthi

> 0, because of nonnegative-definite
Wishart random variables.

Since both Wi and (H̃H
ip
H̃ip

) are semi-positive definite, the
constraint (17) is convex. ¤



Fig. 1. SINR outage probability performance over multiple stream MU-
MIMO system at SNR = 10 dB

In order to convert the optimization problem into convex
form, we introduce Lagrangian relaxation [22] to drop the rank
constraint in (14), and only the positive semi-definite matrix
constraint is left. In this case, we expect to find a lower bound
solution Wi with a lower cost than (14).

Dropping the rank-one constraint in (14), reformulating the
objective function (16) and probabilistic constraint (17), the
proposed beamforming design can be reformulated as

maximize
Wi

tr
{

(HH
ip
Hip + Miσ

2
eI)Wi

}
, (23)

subject to tr
{(

H̃H
ip
H̃ip

+ σ2
eniI

)
Wi

}
≤ piγthi

,(24)

tr{Wi} ≤ 2 , (25)
Wi ≥ 0 , i = 1 , . . . , K , (26)

which can be efficiently solved by standard tools of mathe-
matical programming [23]. Note that the rank of the solution
Wi is usually higher than the rank of Ci and, therefore,
the optimal weight vector cannot be directly recovered from
Wi. As suggested in [24], a common approach is to use
randomization techniques. First, we generate a set of matrices
which are distributed as CN (0,Wi), and then the best solution
is selected among such randomly generated candidates. Due
to the randomization, the constraint (24) may be violated by
some of the weight matrix candidates. The feasible weight
vector can be found by simply scaling the vector. Finally, the
best candidate that satisfies the constraint (24) and maximizes
the objective function (23) is selected as the solution.

IV. SIMULATION

In our simulation, we consider a multi-user MIMO system
with one base station (BS) equipped with 4 antennas and
3 users each equipped with 2 antennas. The data stream of
each user with length Lk = 2 is generated using QPSK
modulation, and the results are averaged over 1000 channel
realizations. The proposed SLNR-based beamformer (abbr.
as Proposed LBeam) (22)-(25) is compared with the worst-
case SLNR-based beamformer (abbr. as Worst-case LBeam)
[4], uncertainty-modified SLNR-based beamformer (abbr. as
Uncertainty-M LBeam) [1], non-robust SLNR-based beam-
former (abbr. as Non-robust LBeam) [17], and no-interference

Fig. 2. Robustness in BER at SNR = 10dB

beamformer as a benchmark. Without loss of generality, we
assume the following:
• The channel realization is generated by zero-mean and

unit-variance i.i.d complex Gaussian-distributed. The
variance of AWGN noise per receive antenna is assumed
to be the same for all user, σ2

1 = . . . = σ2
i = σ2. We set

the variance of uncertainty as σ2
e = 0.9.

• Parameters in the probabilistic constraint (24): We set the
normalized threshold γthi

= 0.9 and p = 5%.

To understand the behavior of the proposed algorithm, Fig.
1 gives the outage performance of SINR reliability (14) at
SNR = 10dB. The proposed beamforming technique pro-
vides the lowest SINR outage probability, around 10% at
SINR = 6dB. It means for 90% of the channel realizations,
the achieved SINR is higher than 6dB. As shown in the
figure, using the proposed beamformer results in an 5dB
improvement in 10% outage value compared to the worst-case
SLNR-based beamformer, and an 7 dB improvement compared
to other SLNR-based beamformers. Note that although it
is a suboptimal solution with respect to SINR criteria, the
proposed scheme still outperforms than all other beamformers.
It is because that the leakage power from the desired user
is suppressed at low threshold, which consequently tends to
reduce the interference from all other users.

Fig. 2 illustrates the robustness of beamformers with re-
spect to the BER performance. Given a certain SNR, the
BER performance degrades with increased error variance. It
shows that the proposed beamformer provides the strongest
robustness to channel uncertainty, with absolute increase
2.2 × 10−3, when the variance of error is varied from 0 to
0.99. In the same scenario, the worst-case SLNR-based beam-
former performs better than using the uncertainty-modified
SLNR-based and non-robust SLNR-based beamformers. The
most serious performance degradation occurs when using
the uncertainty-modified SLNR-based and non-robust SLNR-
based beamformers, having absolute increase of 1.04× 10−2

and 1.52× 10−2 respectively.

V. CONCLUSION

We proposed a probabilistic-constrained transmit beam-
forming design that combines the SLNR criteria with Alamouti



code for the multiple-stream-per-user MU-MIMO commu-
nications. In such a hybrid scheme, the Alamouti scheme
eliminates the inter-data-interference, while the probabilistic-
constrained approach suppresses the inter-user-interference.
The proposed beamformer maximizes the average desired
signal power, while keeping a low outage probability of the
leakage power larger than an acceptable level. The proba-
bilistic constraint was transformed into a convex one. By
introducing Lagrange relaxation, the underlying problem can
be efficiently solved by modern software packages. Simulation
results showed that the proposed beamformer provides the best
SINR reliability and the highest robustness against imperfect
channel information.
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