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Abstract

An online water quality monitoring network continuously collects multiple key water quality indicators across
distributed monitoring sites via wireless sensors, providing essential data support for intelligent water resource
management and ecological assessment. These large-scale observations can be naturally represented as a
high-dimensional and incomplete (HDI) water quality tensor with frequent missing entries. Such an HDI tensor
contains rich multivariate, spatial, and temporal dependencies that can be effectively exploited for missing data
recovery. Latent factorization of tensors (LFT) models have demonstrated remarkable capability in extracting
latent knowledge from HDI tensors, thereby enabling accurate missing data imputation. However, existing LFT
models generally adopt the conventional L, regularization scheme, making them highly sensitive to sensor
outliers that are ubiquitous in real-time monitoring environments. To address this issue, this study proposes a
Huber-regularized latent factorization of tensors (HRL) model under the Tucker decomposition framework.
Specifically, a Huber regularization scheme is incorporated into the learning objective to improve robustness
against outliers while preserving the smoothness of latent factor learning. Empirical studies on eight practical
HDI water quality tensors demonstrate that the proposed HRL model consistently outperforms state-of-the-
art models in terms of computational efficiency and imputation accuracy, offering an effective and robust
solution for large-scale incomplete water quality data reconstruction and facilitating reliable downstream
decision-making.
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1. Introduction total nitrogen, chlorophyll-a, and algal density [1, 2].
However, due to sensor failures, equipment maintenance,
and communication interruptions, substantial missing
values commonly exist in monitoring systems, causing
the collected data to exhibit a high-dimensional and
incomplete (HDI) nature [3, 4]. Large-scale data not only
reduce data availability but also severely compromise
subsequent statistical analyses and modeling. Therefore,
how to accurately impute these missing values has
become an urgent research problem [5, 6].

Water quality data serve as a critical basis for water
resource management, pollution source tracing, and eco-
logical assessment. In recent years, real-time monitoring
sensor networks have been widely deployed in lakes,
rivers, and reservoirs, continuously collecting multiple
water quality indicators such as water temperature,
pH, dissolved oxygen, conductivity, turbidity, perman-
ganate index, ammonia nitrogen, total phosphorus,

Existing missing value imputation methods can be
*Corresponding author. Email: xuke_wu@163.com broadly categorized into interpolation-based, statistical,
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and machine learning-based approaches[7]. Among
them, latent factor analysis (LFA) models have attracted
considerable attention due to their efficiency in handling
HDI matrices. However, traditional LFA models typically
treat different water quality variables, such as dissolved
oxygen and ammonia nitrogen, as independent matrices
and process them separately, thereby neglecting the
intrinsic correlations among variables [8, 9]. In contrast,
an HDI tensor can completely retain the structural,
temporal and spatial patterns hidden in water quality
data [10, 11]. Thus, latent factorization of tensors (LFT)
models for water quality representation learning have
gradually gained attention recently [1, 2, 42]. A key
advantage of the LFT models is that they construct
the learning objective solely based on the known
entries of the original tensor, which naturally grants
them scalability and computational efficiency when
analyzing HDI tensors [12, 13]. Representative models
in this category include the fused Candecomp/Parafac
(CP) decomposition model [14], the nonnegative CP
decomposition model [15], the bias-integrated adaptive
LFT model [16], and the CP weighted optimization
model [17].

When performing an LFT model, Tucker decom-
position (TD) explicitly models interactions between
latent factors (LFs) through a core tensor, providing
potentially excellent representation ability [21]. Conse-
quently, researchers have developed various LFT based
on TD (LFT-TD) models [18, 19].These studies prove that
incorporating custom-designed regularization schemes
into LFT-TD models exhibits flexibility and accuracy in
modeling intricate tensor structural and spatiotemporal
patterns. Nevertheless, existing LFT-TD models typically
employ L, penalty regularization scheme to enhance
their generalization [20, 21]. The quadratic nature of
the L, penalty makes it highly sensitive to outliers, so
that even a small number of anomalous observations can
severely bias the estimates. Directly replacing L, with
L, regularization can enhance robustness, but its non-
smoothness at the origin inevitably introduces numerical
oscillations during gradient updates. An HDI water
quality tensor is frequently contaminated by instru-
mental noise, sensor drift, and transient environmental
disturbances, inevitably containing a substantial fraction
of outliers. This makes it difficult for a single-scheme
regularization to simultaneously achieve smoothness
and outlier resistance. The Huber function behaves
quadratically for small parameter values, preserving
smoothness, and linearly for large values, suppressing
the influence of outliers. It thus combines the advantages
of both L, and L; regularizations [22, 23].

Inspired by the above discovery, we propose a
Huber-regularized latent factorization of tensors model
(HRL) based on the LFT-TD framework. It adopts
Tucker decomposition as its backbone and explicitly
introduces linear biases along the variable, site, and

time dimensions to capture fluctuations hidden in HDI
water quality tensors. Meanwhile, it applies Huber
regularization uniformly to the core tensor, factor
matrices, and bias terms, striking a balance between
smoothness and outlier resistance. Specifically, we
develop a normalized Huber scheme in which the linear
regime has unit slope, with the transition between
quadratic and linear behavior governed by a threshold
parameter. Moreover, the model parameters are
optimized via stochastic gradient descent (SGD), which
computes the gradient and updates the parameters using
only a single training sample at each step, resulting in
low memory overhead and natural suitability for large-
scale sparse tensor data. The main contributions of this
work are as follows:

* An HRL model. It performs LFs on HDI water
quality tensors with high imputation accuracy and
computational efficiency.

* Detailed algorithm design and complexity analysis
of the HRL model. It provides practical guidance
for researchers to implement HRL for HDI tensor
representation.

Extensive empirical studies on eight large-scale real-
world water quality datasets covering multiple basins
and varying data densities demonstrate that the HRL
model outperforms state-of-the-art imputation models
in both the accuracy and efficiency of missing value
estimation for HDI tensors.

The remainder of this paper is organized as follows:
Section 2 introduces preliminary knowledge. Section 3
elaborates on the HRL model. Section 4 reports the
experimental results. Section 5 concludes the paper.

2. Preliminaries

2.1. Notations

Table 1 summarizes the primary symbols used
throughout this paper. A variable-site-time third-order
tensor is adopted as the foundational data structure for
water quality modeling and is defined as:

Definition 1 (HDI Variable-Site-Time Tensor). Let I, J, and
K denote the index sets of variables, sites, and time
points, respectively. Define a third-order tensor Y €
RIMIIXKL whose entry Yijk represents the observed value
of variable i € I at site j € ] and time k € K. Let A and
I’ denote the sets of observed and unobserved entries,
respectively. If the proportion of missing entries is
extremely high, i.e., |T| > |A|,then Y is called an HDI
tensor.

Owing to the inevitable missing values and complex
spatiotemporal correlations in water quality monitoring,
such data can be organized into a partially observed
third-order tensor, as shown in Figure 1. Observe that, in
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contribute to the gradient computation for the factor
matrices V, S, T; the bias vectors a, b, ¢ are updated last.
Algorithm 2 for Vip, Sjgr tkrr @i b]-, and ¢, all follow
the same Huber-regularized SGD pattern, using their
respective gradients and regularization coefficients Af
and A;.

Algorithm 1 HRL
Input: @, |I], ]|, K|, P, Q, R, 1, Ag, Af, Ay, &, T, N

Operation Cost
1. Initialize G, V,S, T, a, b, c. O(PQR+ |I|P +
71Q +IKIR)
2. Initialize n = 1. 0(1)
while n < N and not converge do X1
for each (i, j, k) € @ do x|D|
3. Compute 9;jx by (8) and e;jk by (10). ©(PQR)
4. Update G by (16). O(PQR)
5. Update V, S, T by (17) and its analogs. ®(PQR)
6. Update a, b, ¢ by (18) and its analogs. ©(1)
end for
7. Evaluate on Q. O(|Q|- PQR)
8. nen+1. 0(1)

end while

Output: G,V,S,T,a,b,c

Convergence is monitored on a validation set Q via
RMSE, MAE, and RZ. Training terminates when all three
metrics stop improving for n consecutive rounds (early
stopping). The best parameters with respect to each
metric are retained for final evaluation on the test set \V.

The per-round time complexity is O(|®|-P- Q- R),
which is dominated by the triple nested summation
in (8) and the updates for the core tensor and
factor matrices. The space complexity for storing the
model parameters is O(|®| + P - Q - R+ |I|P + [J|Q + |K|R).
Additionally, caching the best-performing models with
respect to the three evaluation metrics requires O((P Q-

Algorithm 2 Update_G
Input: (1, j, k), eijk’ P/ Q; R; 7]/ /\g; K, T, G; V; S; T

Cost
xPQR

Operation

for each (p, g,r) do
A<—11~eijk~vip~sjq~tk,
if ggq, + 7 < x then
ni

8pqr < 8pqr t A-— ngpqr
else
8pqr
8pqr < 8pgr t A- ’7Ag7
8par + T
end if
end for
Output: G

R+ |IIP+|J|Q + |KIR + |I| + |J| + |K|)) storage space. Both
time and space complexities scale approximately linearly
with the number of training samples |?|, demonstrating
that HRL is efficient and scalable for large-scale water
quality data imputation.

4. Experimental Results and Discussions

4.1. General Settings

Datasets. To evaluate the performance of the proposed
HRL model, this paper conducts experiments on
eight real-world water quality datasets collected from
major watersheds across China [44]. As summarized
in Table 2, the datasets encompass monitoring
records from diverse hydrological regions, including
Dianchi Basin, Chaohu Basin, Northwest River Basins,
Songhuajiang Basin, Liaohe Basin, Taihu Basin, Huanghe
Basin, and Zheminpian Rivers. Each dataset is
organized as a variable-site—time third-order tensor
Y e RMXXKI where the water quality variables are:
water temperature (°C), pH (dimensionless), dissolved
oxygen (mg/L), conductivity (4S/cm), turbidity (NTU),
permanganate index (mg/L), ammonia nitrogen (mg/L),
total phosphorus (mg/L), total nitrogen (mg/L),
chlorophyll-a (mg/L), and algal density (cells/L). The
number of monitoring sites |J| ranges from 30 to 138,
and the number of time slots |K| ranges from 8030 to
9954, resulting in tensors of varying scales. The observed
data densities range from approximately 22.08% to
39.06%, with an average density of 31.06% across all
eight datasets, which is representative of real-world HDI
water quality monitoring scenarios.

To create the evaluation protocol, the known entries
A of each dataset are randomly partitioned into a
training set @, a validation set (), and a test set W with
the ratio @ : QQ : W =2:1:7. Specifically, 20% of the
observed entries are used for model training, 10% for
early stopping validation, and the remaining 70% for
final performance evaluation. This partitioning strategy
ensures that the test set is sufficiently large to provide
statistically reliable performance estimates, while the
validation set is adequate for convergence monitoring.
The detailed statistics of the eight experiment datasets
are presented in Table 2.

Furthermore, since different water quality variables
exhibit vastly different numerical scales (e.g., algal
density can reach the order of 107 cells/L while pH
values lie in a narrow range around 7), a natural
logarithm (In) transformation is applied to all observed
entries prior to model training:

norm

Yiik = In(yijx + 1), (19)
where the additive constant 1 prevents undefined
values for zero-valued entries. After imputation, the

inverse transformation 9;;; = exp(ﬁ?j‘,’crm) -1 is applied
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to recover the original scale before computing evalu-
ation metrics. This normalization strategy effectively
compresses the dynamic range of heterogeneous vari-
ables, facilitating stable gradient updates during SGD
optimization.

Table 2. Details of the eight real-world water quality datasets

ID  Watershed No. of Records 1] K| Density
D1 Dianchi Basin 944,184 11:30:8030 35.63%
D2  Chaohu Basin 1,035,150 11:30:8030 39.06%
D3 Northwest River Basins 1,283,510 11:53:8030 27.42%
D4 Songhuajiang Basin 2,707,289 11:112:9952 22.08%
D5 Liaohe Basin 3,054,901 11:101:9827 27.98%
D6  Taihu Basin 3,378,156 11:105:9461 30.91%
D7  Huanghe Basin 4,309,356 11:138:9954 28.52%
D8 Zheminpian Rivers 4,947,410 11:132:9947 34.25%

Training Settings. The proposed HRL model is trained
via SGD with a fixed learning rate 7 = 5 x 10~% across all
datasets. This value is determined through preliminary
tuning on representative datasets, where the validation
performance remains stable across a wide range of
candidate learning rates. Therefore, we adopt this
fixed value for all experiments to ensure a fair and
consistent comparison. Early stopping is adopted to
prevent overfitting: training terminates when none of
the validation RMSE, MAE, and R? on Q has improved
for n = 10 consecutive epochs, or when the maximum
number of epochs N = 1000 is reached. The model
parameters that achieve the best validation RMSE, MAE,
and R? are saved separately, and each result is used for
final evaluation on the test set \V.

Evaluation Metrics. The accuracy of missing value
imputation directly reflects how well the model captures
the latent variable-site—time interactions underlying
the water quality dynamics. Hence, this paper focuses
on imputation accuracy and adopts three widely-used
metrics: root mean square error (RMSE), mean absolute
error (MAE), and coefficient of determination (R?). All
three metrics are computed on the test set ¥ as follows:

Z (yijk - ﬁijk)z

(i, K)ew
[V '

Z |3/z‘jk - Z}ijk|
(i, e

MAE = ,
kd

Z (Pijk - ?ijk)z

R2 =1 (KeY

Z (Vijk - 37)2

(i,j,k)eV

RMSE =

where p;;x and 9;jx denote the ground-truth and
predicted values for the (i, j, k)-th entry in the test set,

respectively, [V| is the cardinality of W, and 7 is the
global average of all observed values in V.

4.2. Model Comparison

First, the performance of our proposed HRL model is
compared with state-of-the-art models that are capable
of recovering missing entries in HDI water quality
tensors. The compared models are summarized as
follows.

(a) M1: A high-dimension-oriented imputation
model [31]. It handles multi-dimensional data
using tensor concepts and imputes missing
values via CP decomposition together with a
reconstruction optimization algorithm.

(b) M2: A tensor completion algorithm-based
model [32]. It employs CP decomposition and
a gradient descent-based mechanism to assess
performance by imputing the missing entries in
an incomplete tensor.

(c) M3: A sparse and graph-regularized canonical
polyadic tensor factorization model [33], which
incorporates graph Laplacian regularization to
preserve the local geometric structure among
entities while factorizing the tensor.

(d) M4: A fine-grained regularized nonnegative latent
factorization of tensors model [34], abbreviated
as FRNL (Fine-grained Regularized Nonnegative
LET). It imposes fine-grained regularization on the
factor matrices under the nonnegativity constraint.

(e) M5: An adaptively bias-extended nonnegative LFT
model [45], which augments the nonnegative CP
factorization with adaptive bias terms to absorb
systematic level shifts across modes.

(f) M6: The proposed HRL model in this study, as
detailed in Section 3.

To ensure a fair comparison, the latent feature
ranks for all modes are set identically for all
models, guaranteeing that all models operate under
the same representational capacity. The remaining
hyperparameters of each competitor are individually
tuned to attain their best achievable performance. Every
model is independently executed for 20 rounds on each
dataset, and the standard deviations are included in
the experiments. The RMSE and MAE comparisons
over D1-D8 are visualized in Figure 3 and Table 3,
while the corresponding training time is summarized
in Table 4. From these results, this paper draws the
following findings.

(a) HRL achieves the highest imputation accuracy
across all datasets. As shown in Table 3,HRL
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quality data, thereby supporting reliable environmental
analysis and informed decision-making.

However, the addition of the core tensor increases the
number of parameters. In addition, the HRL model may
struggle in extremely sparse settings where observations
are insufficient to reliably estimate the core tensor, and it
does not explicitly handle multimodal missing patterns
such as structured block-wise missingness. To address
this, future work can adopt model pruning [35, 36] or
explore other tensor decomposition schemes such as
tensor ring decomposition [37] to reduce complexity.
Moreover, incorporating adaptive optimizers [38, 39]
and hyperparameter tuning techniques [40, 41] will help
avoid laborious manual tuning and further accelerate
training.
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