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ABSTRACT
Copulasencompasstheentiredependencestructureof multivariate
distributions,and not onlythecorrelations.Togetherwith themar-
ginaldistributionsof thevector elements,they defineamultivariate
distributionwhichcanbeusedto generaterandomvectorswith this
distribution. A toolboxis presentedwhich implementsinput mod-
elswith this method,for randomvectorsand timeseries.Time se-
riesaremodeled withsome general autoregressive processes. The
copulasareestimatedfrom observed samplesof randomvectors.
TheMATLAB tool calculatesthecopula,generates randomvectors
and timeseries,andprovides statisticsanddiagramswhichindicate
validity andaccuracy of the input model. It is fastandallows for
randomvectorswith high dimensions,for example100. For this
efficiency an intricatedatastructureis essential.The generation
algorithmis alsoimplemented withJavamethods.

Categoriesand Subject Descriptors
C.4 [ Performanceof Systems]: ModelingTechniques;B.8.2 [
Performance and Reliability ]: PerformanceAnalysisandDe-
signAids; G.3 [ Probability and Statistics ]: Distribution Func-
tions, MultivariateStatistics,Random NumberGeneration, Statis-
tical Software,TimeSeriesAnalysis

GeneralTerms
Algorithms

Keywords
StochasticSimulation,Workload Modeling,RandomVariateGen-
eration,PerformanceAnalysisTools, PerformanceModeling,Stochas-
tic Models

1. INTRODUCTION
Stochasticsimulation modelsare an important meansfor the

quantitativeanalysisof systems.Thesemodelsareoftennotclosed
but mustaccountfor influencesfrom theoutside.It is well known
that failing to model themcarefully, especiallythe load,may lead
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to incorrectresultsandultimatelyto wrongdecisionsbasedon the
simulationresults. Onereasonfor defective load modelsmay be
the ignoring of dependencies, i.e. usingindependentrandomvari-
ablesinsteadof randomvectorsor stochasticprocesses.

Influencefrom outsideof the model,suchasload or failure of
systemcomponents,canbe incorporatedinto themodelusingob-
servedtraces, orwith inputmodels:namelyrandomvariables,ran-
domvectors, orstochasticprocesses.Datafrom tracescanbeused
directly. If input is modeled,thenthedataproducedis a realization
of themodel.

Theuseof randomvariatesis well understoodandhasbeencom-
monly performedfor a long time,but theuseof generatedrandom
vectorsandstochasticprocessesare more difficult andlesspopular,
area featureof currentresearch.

In [7], copulasare proposedfor the analysisof observed data
andfor the generationof dependentrandomvariatesand timese-
ries. Algorithms for thesetwo aspectsaregiven. This technique
accountsfor the completedependencestructureof the considered
sample,and not onlyfor thecorrelationsasin mostothermethods
found in the literature.Theonly approximationis a discretization
with selectable granularity:The copuladensityis assumedto be
piecewiseconstant.In manyexamplestheauthorshave foundthat
theseinputmodelsarevalid andaccurate.

The algorithmsarequite complex and their implementationas
computerprograms ischallenging. For thesereasons,programs
have beenprovided in a toolbox,readyfor execution. They are
describedin this paper: A MATLAB programpwlCopula and
someJava classes,see[14]. TheMATLAB programservesthree
mainpurposes:Firstly it analyzesa givensample, namelyrandom
vectorsor a time serieswherethe elementsmay berandomvec-
tors aswell, andcalculates empiricalmarginaldistributionsandthe
copula. Secondly, it cangeneraterandomvectorsand timeseries.
Thirdly, thequalityof theinputmodelcanbejudged.

Theuseof copulasmakesthedifficult taskof findingamultivari-
atedistribution, morefacile by performingtwo easiertasks. The
first stepis modeling themarginaldistributions,thesecondconsists
of estimatingthecopula.Oncethis is done,it is a straightforward
processto generaterandomvectors. Inthis paperthemarginal dis-
tributionsaremodeledasempiricaldistributions,thecopulais es-
timatedasa frequency distribution.

Thenew techniquecontrastswith otherproposedinput models.
Autoregressive processes(AR) model timeserieswith Gaussian
randomvariables. They areconveniently fittedto measureddata
with thelinearYule-Walkerequations.

ARTA-lik emodels(ARTA [2] for univariatetime-series,NORTA
[3] for randomvectors,VARTA [1] for processes ofrandomvec-
tors) allow for general distributions by meansof a GaussianAR
or a multivariateGaussianrandom variableasa basiswhoseran-
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dom variablesare transformedinto the desireddistributions. The
correlationsof thisbasicprocessare differentfrom thedesired cor-
relations.Sometimes thisresultsin infeasible correlationmatrices
of thebasicprocess[5], thedefective matrix problem. Fitting given
autocorrelationsanddistributionsto anARTA process ispossible
but nota trivial task.

TESprocesses [10]rely onempiricaldistributionsof therandom
variables.They incorporatelag1 correlations.Theinteractivesoft-
ware system TEStoolservesthepurposeof fitting measureddatato
aTESprocess.

AR, ARTA-lik e,andTESprocesses asinputmodelingapproaches
for randomvectorsandtime-seriesconsideronly the correlations
and notthe whole dependencestructure. In contrast,copulascan
takeaccountof theentiredependency.

In [4, 6] asimilarprocedurewith copulasis proposed.In contrast
to this, the new techniquehere fits samplesof dataandtherefore
considersall partsof whatis availablein thedependencestructure.
A veryefficient dataorganization allows for high vectordimension
like100 andfastgeneration.

In [11] theauthors proposesomekind of nonlinearnon-Gaussian
multivariateautoregressive process. The marginal randomvari-
ablescanhave anydistribution. The dependencestructureis quite
general,wherenonlinear dependenciesare possible,but this must
be analyzed and modeledexplicitly. By contrast,the empirical
copulaapproachof thispaperextractsthedependencestructure di-
rectly from thesampledata.

This paperbegins in Section2 with a shortpresentationof the
input model technique[7] for randomvectorsvia copulas:Mod-
eling given samplesand generatingrandomvectorsefficiently in
simulationmodels.

Section3 presentsa sophisticateddatastructurewhich speeds
up the analysisandthe generationof randomvectorsandis very
spaceefficient. It is basedon hashingandsparsevectors.Section
4 exhibits how the modeling techniqueappliesto time series as
well. Section5 describeshow thetoolsprovide for theanalysisof
sampledataandfor generatingrandomvectorsand timeseries.It
alsodescribesthe tools’ featuresfor validatinga dependentinput
model.

Section6 is aboutvalidatingthe techniqueempirically. Exam-
pleswhich arecalculatedwith the main tool, the MATLAB pro-
grampwlCopula [14], indicateaccuratestatisticalpropertiesof
thenewtechnique.Moreover, simulationresultswith commonin-
dependentinput and dependentinput from the new techniqueare
presentedandcompared.

2. MODELING SAMPLES AND GENERA-
TION WITH PIECEWISE LINEAR EM-
PIRICAL COPULAS

A copulais amultivariatedistribution functionC(u), u =
(u1, ...,uD) ∈ [0,1]D, for the randomvectorU = (U1, ...,UD) with
univariateuniform margins restrictedto the unit D-cube [0,1]D.
Thekey theoremaccording toSklar clarifiestherelationshipof de-
pendence andthe copulaof a multivariatedistribution. Let F de-
notea D-dimensionaldistribution functionwith marginsF1, ...,FD.
Then a D-copulaC exists such that for all real z = (z1, ...,zD),

F(z) = C
(

F1(z1), ...,FD(zD)
)

holds true. If all the margins are

continuous,thenthecopulais unique;in general,it is determined
uniquelyontherangesof themarginal distributionfunctions.More-
over, with quasi-inversesof themarginaldistribution functionslike

F−1
d (u) =

{

inf{z|Fd(z) ≥ u} u > 0
sup{z|Fd(z) = 0} u = 0

for everyu = (u1, ...,uD) in theunit D-cube,C(u) =

F
(

F−1
1 (u1), ...,F

−1
D (uD)

)

holdstrue. More detailsof copulasare

given inthebook byNelsen[12].
Multivariaterandomvectorscanbe generated using copulasin

two steps:
1. Generatedependentrandomnumbersu(gen)

1 , ...,u(gen)

D with the
multivariatecopulaasusual.

2. Transformtheminto thedesiredmarginaldistribution,z(gen)
d =

F−1
d (u(gen)

d ), d = 1, ...,D, using the inversetransformationtech-
nique,seethebookof Law and Kelton[9], for example.

For step1, theconditionaldistribution functions
Cd(ud |u1, ...,ud−1) = P{Ud ≤ ud |U1 = u1, ...,Ud−1 = ud−1},
d = 1, ...,D, areessential.They canbeexpressedwith thecopula
densityc(u) andsomemarginaldensities.

For the technique in this paperthe empiricalcopulasC(u) are
linear in eachvariableud if theothervariablesarefixed. This lin-
earityholdstruewithin certainregular non-overlappingsub-cubes
of theunit D-cube[0,1]D, but in different sub-cubestheslopesare
different, in general. The densityc(u) of the copulais constant
in eachof thesesub-cubes.Hence, these copulasare piecewise
(multi-)linear.

Thesub-cubes aredefined witha positive integergranularity pa-
rameter K, namely withthepartitionS1, ...,SK of theinterval [0,1],
S1 = [0,1/K], S j =

(

( j − 1)/K, j/K
]

, j = 2, ...,K, the sub-cubes
areSj = S j1 × ...×S jD , j = ( j1, ..., jD) ∈ {1, ...,K}D.

Theempiricalcopulasareestimatedfrom agivensamplezi =
(z1,i, . . . ,zD,i), i = 1, ...,n, usingempiricaldistributionfunctionsof
themarginaldistributionsof thesample:Foreachsamplevaluezd,i,
the correspondingud,i in the copulaspaceis calculated,basically
with theempiricaldistribution function,andfor eachsub-cubethe
numberof u-vectorsinsidearecounted.For detailssee([7]). The
time complexity for thisis O(D2n logn), wheren is thesamplesize.

With theup-operator↑: [0,1]→{1, ...,K}, ↑ u = max{1,duKe},
theempiricalcopuladensity canbedenotedasanarray f ,

c(u) = f↑u1,...,↑uD
, u ∈ [0,1]D, (1)

sincethevalueswithin thesub-cubes areconstant.
Theneededmarginal copuladensitiescan beexpressed as

cd(u1, ...,ud) = f (d)
↑u1,...,↑ud

/KD−d , d = 1, ...,D−1, (2)

where

f (d)
j1,..., jd

=
K

∑
jd+1=1

. . .
K

∑
jD=1

fj , ( j1, ..., jd) ∈ {1, ...,K}d .

All f (d)-arraystogetherhave the spacecomplexity O(KD), but
they aregenerallysparse.f (D) is thebiggestandhasKD elements,
mostof which will bezeroif KD � n. We couldthusstorethebig
arrays f (d) in a sparsemanner, andthestoragedemandis of order
O(D2n) if KD is not small. Instead,a specialhash schemeis used
for storingthearrays.It alsohasthespacecomplexity O(D2n), but
the accesstime while generatingrandomvectorsis muchshorter,
aswill beseenin thenextsection.

Thereare somealternatives for the inverse transformation of a
randomvectoru(gen)of thecopula intoarandomvectorz(gen). Two
of themarebasedon theestimated empiricaldistribution functions
whichare providedin thetools:

1. The empiricaldistribution functionsareuseddirectly. Here
onecanobtainonly thevalueswhichoccurin thesample.Thiscan
beappropriatefor integerrandomvariables, in particular.

2. Using a linear interpolation,the flat stepsof the stepdistri-
bution function are replacedby straight lines above them with a
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positive slope. This enablesthe modelerto obtainall real values
betweenthosehedefinesassmallestandlargest.

Of course,fittedstandarddistributionscouldbeusedaswell.
An unknownreviewer gave an interesting hint.Thereis a sim-

pler way to generateu-vectors. Make a list of the nonemptysub-
cubes,in some order, assigneach interval of length1/n to oneof
thesub-cubes,andthenconstructanindex mappingeachsubinter-
val of (0,1)of length1/n to oneof thesesub-cubes.Thenit suffices
to generatea singleuniformover (0,1)andmapit to theappropriate
sub-cubewith theindex. Finally, if we wanta continuousdistribu-
tion,wejustgenerateonepointatrandomuniformly in theselected
sub-cube.This ideaworksfor vectorsbut notfor thetime series as
in Section4.

3. THE HASH DATA STRUCTURE
This sectionis aboutstoringandaccessingthearray elements

f (d)
j1,..., jd

, thef-values, andtheir cumulativesums

s(d)
j1,..., jd

=
jd

∑
j=1

f (d)
j1,..., jd−1, j, ( j1, ..., jd) ∈ {1, ...,K}d , d = 2, ...,D,

thes-values. Thef-valuesarebasicallythe(marginal) densitiesof
theempirical copula,andthes-valuesarethecumulative distribu-
tion functions.

When the f-valuesand s-valuesare storedas arrays,even as
sparsearrays,the applicability of the copulamethodis restricted
with respectto thegranularityK andthedimension D of therandom
vectorsdue to complexity. SomethinglikeK ≤ 1000 andD ≤ 3, or
K ≤ 30 andD ≤ 6 must be observed with full arrays,and with
sparsematricesin MATLAB, K ≤ 1000 andD ≤ 6, orK ≤ 30 and
D ≤ 12. Thefollowing elaborateddatastructurewhich realizesthe
morefavorable spaceand time complexity is muchmoreefficient
andthereforemakesgreaterK andD possible.Thetoolsaremade
with it andallow, for exampleK = 4000 andD = 4, K = 1000 and
D = 40,or K = 100 andD = 100. Moreover, thealgorithmis now
muchfaster. For large valuesK, 30...300timesshorter CPUtimes
are observed for the set-upphaseand24...90timesfastergenera-
tion of random vectors,comparedwith aMATLAB programwhich
reliesonsparsematrices.

The datastructure hasfeaturesof hashingand of sparsevec-
tors. It allocatessequentially insparsevectorsthecumulativesums

s(d)
j1,..., jd

for givend and( j1, ..., jd−1), in increasingorder. This al-
lows for a binarysearchwith logarithmic complexity. Only differ-

ents(d)
j1,..., jd

-elementsare stored,togetherwith index jd and f (d)
j1,..., jd

.
A hashfunctionand collisionpointerspoint to thesesparsevectors.

The arrayelementsf (d)
j1,..., jd

and s(d)
j1,..., jd

are,broadly speaking,
accessedasfollows:

1. Given d and( j1, ..., jd), an entry is searchedin the hashta-
ble with the hashkey (d, j1, ..., jd−1) and collisionpointers. If
no entry is found, the f (d)-elementandthe s(d)-elementareboth
0. Otherwise,two pointersbeg( j1, ..., jd−1) andend( j1, ..., jd−1)
arefound in the entry which point to a linear listwith the triples

( jd , f (d)
j1,..., jd

,s(d)
j1,..., jd

).
2. In this list, the triples are sortedaccordingto increasingjd

which includesincreasingcumulative sumss(d)
j1,..., jd

. If thereis no

triple for thegiven jd-value,thearrayelementf (d)
j1,..., jd

equals0.
Sinceanaccessto anentryin thedatastructure consistsin ahash

accessplus in search,the accesstime hastwo components:For
linear searchO(K) stepsor for binary searchO(logK) steps,and
for the calculationof the hashaddressandfor comparisonsO(D)
stepssinceD indicesmustbeconsidered:

THEOREM 1. With the hash scheme, the access time for the
densities and the cumulated densities is O(K+D) with linear search
and O(logK +D) with binary search.

Remark: Becauseof thesparsitywhich is oftenhigh-grade,there

aregenerallyonlyacoupleof f (d)
j1,..., jd

> 0,givend and( j1, ..., jd−1).
Thereforequiteoftenabinarysearchis not fasterthana sequential
search.Thetoolsapplysequentialsearch.

More precisely, thedatastructureis asfollows: For eachd = 2,
...,D, thereis anaccess hash table anda triple table. Each access
hashtable is organizedas follows (seeTable5 in the appendix):
Thehashfunctionpointsto thefirst sectionwith theentriesnum-
bered1 to m′. If a collision occurs,a collision pointer pointsto the
secondsectionwith theentriesm′ +1 to m for thecollisionchains.
Otherwise,the collision pointer is 0. Eachcollision chain is or-
ganizedwith additionalcollision pointers,andendswith collision
pointer0. Eachentryconsistsof two pointerspointingto thetriple
table,beg andend, thesub-cubeindices j1, ..., jd−1, andacollision
pointerp whichcanbe0.

For tabled, thehashfunctionis

h : {1, ...,K}d−1→{1 :m′},h( j1, ..., jd−1)= bm′(σθ −bσθc)c+1

wherem′ = dn
2
e,θ = 16

√
5,σ =

j1
K

+
j2

K2 + . . .+
jd−1

Kd−1 . (3)

The triple tabled (Table6) consistsof entries numbered1,2,...,
no morethann entries. Eachentry consistsof an index jd , an f-

value f (d)
j1,..., jd

, and the cumulated value s(d)
j1,..., jd

. Entrieswith the
sameindex tuple ( j1, ..., jd−1) are storedone after the other, or-
deredwith increasingindices jd , say jd,1, ..., jd,end−beg+1.
beg( j1, ..., jd−1) pointsto theentrywith thelowest jd = jd,1,
end( j1, ..., jd−1) to theentrywith thehighestjd = jd,end−beg+1.

Algorithm 1 is usedto look-upf-values:

Algorithm 1. Look-up f (d)
j1,..., jd

, given dimensiond andsub-cube
indices j1, ..., jd .
1. Searchtheindex tuple( j1, ..., jd−1) in thehashtablefor di-

mensiond: Usethehashaddressh( j1, ..., jd−1) andfollow
thepointersin thecollisionchain.

2. if thetupleis not found
then return 0
elsedeterminebeg andend

if jd is foundbetweenbeg andend in thetriple table
then return thedensityvalue
elsereturn 0
fi

fi.

For generationof randomvectorsof the empirical copula,the
inversetransformationmethodis usedwith the conditionaldistri-
bution functionsCd(ud |u1, ...,ud−1). To this end,s-values mustbe
compared.Algorithm 2 servesthis purpose.

Algorithm 2. Searchsmallestj whereb ≤ s(d)
j1,..., jd−1, j+1, givenb,

dimensiond, andsub-cubeindices j1, ..., jd−1.
1. Searchthe index tuple ( j1, ..., jd−1) in the hashtable for di-

mensiond: Usethehashaddressh( j1, ..., jd−1) andfollow the
pointersin thecollisionchain.
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2. if thetupleis not found
then return ∞
elsedeterminebeg andend

if b = 0
then return 0
elseSearchsmallests(d)

j1,..., jd−1, j+1 ≥ b for 1≤ j +1≤ K
in thetriple table(with linearor binarysearch)
if not found
then return ∞
elsereturn j
fi

fi
fi.

The datastructuresquotedabove with accesshashtablesand

triple tablesarebuilt with asamplewherethearrayelementsf (d)
j1,..., jd

arealso accessedwith a hashtable. In the tool, theseset-up hash
tables aredesignedlike thoseabove,but all f -valuesarein the the
hashtables themselves. For a given d and( j1, ..., jd−1)-tuple, all

f (d)
j1,..., jd

> 0 arein thesamecollision chain,namelythehashfunc-

tion is (3). Obviously, in sucha chain,therecanalsobe f (d)
j′1,..., j′d−1, j′d

-

values,namely whena different index tuple ( j′1, ..., j′d−1) hasthe
samehashaddress.

Fromtheset-uphashtables,theaccesshashtablesandthetriple
tables canbe built with a straight-forwardalgorithm: For eachin-
dex tuple ( j′1, ..., j′d−1) for which there is an f -value> 0 exactly
oneentry remainsin the accesshashtable, andeach f -value to-
getherwith its s-valueis storedin a tripletableentry, in increasing
order. The f -valuesandtheindices jd arereplacedby thebeg- and
end-pointers.This algorithmis omittedhere.

4. AUTOREGRESSIVE MODELING TIME
SERIES

Thetechniquefor randomvectorscanbeusedfor stationarytime
series asfollows: Considera time seriesti, i = 1, ...,n + w− 1,
of D′-dimensionalrandomvectors,ti = (t1,i, ...., tD′,i). A moving
window with a width of w vectorsti, ti+1, ..., ti+w−1 is taken as
samplevectorszi = (ti, ..., ti+w−1), i = 1, ...,n, henceD = wD′ is
thedimensionalityof therandomvectorszi. With this sample,the
marginal distributionsand the copulaareestimatedas in Section
2. Thereadermayrealizethatthereareonly D′ differentmarginal
distributions.

Hereti, ti+1, ... is assumedto beageneralkind of autoregressive
process,namelyti+w−1 is modeledasa functionof ti, ti+1, ...,
ti+w−2 andarandomperturbation.Thedistributionof ti+w−1 is the
conditionaldistribution functionP{ti+w−1 ≤ t| givena realization
of ti, ti+1, ..., ti+w−2}.

Thereadermaynote thatzi,zi+1, ... is somekind of Markov pro-
cess,sincethedistribution of zi+1 is completely defined byzi and
someconditionaldistribution,givenzi.

The ideaof this is asfollows: The dependency betweenall ti
may be defined completely between twosucceedingvectors,for
exampleti = αti−1 + (1−α)xi where0 < α < 1, andthe xi are
independentrandomvectors. Infact, ti and ti+∆ are dependent
for ∆ > 1, but this dependencyis sufficiently consideredwith win-
dow widthw = 2. But thedependency betweenthe ti may not be
defined completely between twosucceedingvectors,for example
ti = αti−1 +β ti−2 +(1−α −β )xi where0 < α,β , α +β < 1. In
this casethe window width w mustbe greaterthan2 in order to
cover the completedependency(actually, w mustbe at least3 in
this example).

Remark: Thereis oneexceptionto the above. Namely, when
the granularityparameterK and the samplesizen areequal,the
completedependencyis consideredautomaticallyeven with win-
dow widthw = 2. Thereasonis asfollows: Whentherandomvec-
tors t(gen)

i aregenerated under these circumstances,the sub-cubes
appearin thesame orderasin theoriginal samplegiven.

Thegenerationof atimeseriest(gen)
i , i = 1,2, ..., is differentfrom

thecaseof randomvectors. Ineach generationstepi, thefirst (m−
1)D′ elementsfor the new z(gen)

i aretaken from z(gen)
i−1 , namelyits

last (m−1)D′ elements.Only the last D′ elementsaregenerated
newlyeachtime:

z(gen)
i−1 =











t(gen)
i−1

t(gen)
i

...

t(gen)
i+w−2











↗

...
↗











t(gen)
i

...

t(gen)
i+w−2

t(gen)
i+w−1











= z(gen)
i

The according explanationholds true for the generatedu(gen)
i -

vectors.
ThelastD′ elementsof thegeneratedz(gen)

i seriesarethedesired

generatedtime seriest(gen)
i , i = 1,2, ....

Thefirst vectorz(gen)
1 mustbeinitializedsomehow, sincenoolder

randomvectoris available.For this purpose,thewhole vectorcan
begenerated.But thereis aninitial transient phasewherethegen-
eratedvectorst(gen)

i , i = 1,2, ..., arenot generallystationary. The
modeler shouldnotusethegeneratedvectorsin thebeginning.

It mustbementioned thatfor this generationmethodof time se-
ries,two problemsmustbesolved:
1. All parts t j of the vectorszi must have the sameempirical
marginaldistributions.
2. For eachzi = (ti, ..., ti+w−1), there mustbe anothervectorzj
with (ti+1, ..., ti+w−1) in thelowerplaceslike (ti+1, ..., ti+w−1, tk).
If one of thesetwo conditionsis violated it may occur that all
u(gen)

i = F(z(gen)
i ) are in sub-cubeswith zerodensity. Hence,no

suchvectorcanbegenerated,thegeneration algorithmrunsinto a
deadend.

Both postulationsarenot immediatelytrue andmustbe forced
explicitly. In the tools, the second problemis omittedasfollows:
In the samplevectorszi = (ti, ..., ti+w−1), i = 1, ...,n, eachvector
t j with j > n is replacedwith t j−n. Therebyeachvector t j, j =
1, ...,n+w−1, occursexactly once ineach positionof thesample
vectors.Henceaccordingmarginal distributionsarethesame,for
exampleelementszi,1 and zi,1+D′ of all zi, i = 1, ...,n, have the
sameempiricaldistribution, thuspostulation 1is alsofulfilled.

5. THE TOOLS
Themethod[7] for modelingmultivariatedistributionsand time

series seemsto work quitewell, but programmingis complex and
hasmessydetails.Thereforeit is importantto provide toolswhich
canbeusedeasily.

Thetoolboxconsistsin an interactiveMATLAB program
pwlCopula and inJava classes,see[14]. Basically, the MAT-
LAB programcalculatesthe copula,providessomestatisticsand
diagramswhich serve thepurposeto examinethevalidity andac-
curacy of this model, andcangeneraterandomvectorsand time
series. TheJavaclassesgeneraterandomvectors(methodsfor time
serieswill beavailablesoon)usingacopulaandempiricalmarginal
distributionswhichwerecalculatedwith theMATLAB program.

For settingthecopulaup, theMATLAB programpwlCopula
takes asinput a sampleof independent vectorsor a time series
whoseelements canbe vectorsaswell. Thecopulacanbestoredin
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a copula file. Duringthecalculation,theprogramneedsempirical
marginal distributions of the samplevectors. They canbe stored,
too. Theusermustspecifysomeparameters for thecalculations:

• K, integer, determinestheaccuracy, namelyKD is thenum-
berof sub-cubesSj . This is thegranularityof thediscretiza-
tion, the higher, the moreaccurate.Valuesbetween 10 and
4000weretried.

• n(by K), integer, definesthesamplesizen = n(by K)K. ThusK
dividesn. This is an importantconditionfor the method to
becorrect, see[7, Theorem1].

• Thenameof thefile from which thesample is read.

• Thewindow widthw for time series.

Using this copula,pwlCopula can generaterandomvectors
or a time serieswhich can be stroredin a file for later usein a
simulationmodel.For thegeneration,theuserspecifies

• Therandomnumberstream.

• How many vectors areto begenerated.

• The kind of inversetransformation.One methodgenerates
only valueswhichoccurin thesample. Theother, with linear
interpolation,also generatesintermediatevalueswith linear
interpolationof theempiricaldistribution function.

pwlCopula can also generateindependentrandomnumbers
with the marginal distributions of the vector componentsof the
sample.They can beusedto evaluatethebenefitof modelingde-
pendency. To thisend,simulationresultsobtainedfrom usingsam-
ple dataasinputsarecomparedboth withsimulationresultsusing
generatedinputsusingtheindependentmodel,and with simulation
resultsobtainedfrom generatedinputsusingthedependentmodel.
Thusonecandecidewhich modelis valid. This is ahighly credible
validationmethod.
pwlCopula provides statisticsand plot diagramswith thegen-

eratedrandomvectorsor thetime series,andcorrespondingstatis-
tics anddiagramswith the given sample. The modelercancom-
parethesein orderto obtain insight into validity andaccuracy of
thecopulamodel.

Thestatisticsdealwith themeansandthevariancesin eachdi-
mension,andcorrelationsbetweenpairsof dimensions.They are
not onlycalculatedfor theoriginal sample,but alsofor thegener-
atedvectors.Theabsolutevaluesof thedifferencesaretakenasa
measureof accuracy. Thedifferenceof meansis consideredabso-
lute if at leastoneof theabsolutevaluesof themeansis lessthan
10−5. If both valuesare greateror equal,then the differenceof
meansis consideredrelative. Thedifferenceof two coefficientsof
variationis consideredif bothcorrespondingabsolutevaluesof the
meansaregreaterthan10−5. If oneof themis lower, thenthedif-
ferenceof standarddeviationsis considered.Thedifferenceof two
correlationsis consideredif bothcorresponding standarddeviations
aregreaterthan10−5. If oneof themis less,thenthedifferenceof
thecovariancesis considered.Thegreatestabsolutevalueof these
differences,themaximum statistical deviation, is acombinedmea-
sure ofaccuracy.

If onereplicatesthegenerationprocess,sayr times,thesmallest
observed maximum statisticaldeviation and the greatestobserved
maximum statisticaldeviation arean(approximate)confidencein-
terval to theconfidencelevel 1−2−(r−1), see[13].

Scatterdiagramsare provided for visual inspection. In eachof
them,the valuepairsof two different elementsof the vectors are

plottedaspoints. Looking at the diagram,one gains insight into
the structureof dependencyof thesetwo dimensions:Theremay
beregionswith nopoints- obviously thecorresponding valuepairs
do notoccurat all, or with rathersmallprobabilities.In theother
regions,thepointsmay be variously densewhichindicatesdifferent
probabilitiesof occurrencein this region.

Themodelercancompare correspondingscatterdiagramsof the
original sampleandalsoof the generatedvectors. An indication
that the copulamodel is accurateis whenregionswithout points
correspondand whentheimpressionof the frequency is similar.

For time series,correlations arecalculatedbetween two vector
elementsin the samedimension,but at different times i1, i2 with
the lag |i1 − i2|. Again, these correlationsare calculatedfor the
original sampleandfor thegeneratedvectors.Theabsolutevalue
of their differenceis takenasa measureof accuracy. Thesediffer-
encesgenerallyincreasewith a wideninglag for lags greaterthan
w, becauseonly dependencieswith smaller lagsaremodeledex-
plicitly by the method inSection4. Thus it makes no senseto
consideronly their maximumvalue,diagramswith differencesfor
differentlagsare providedinstead.

The Java classesareonly for the generatingof randomvectors
(and shortlyfor time series),they implement the samealgorithms
asthe accordingpart of the MATLAB programpwlCopula. A
copulaandempiricalmarginal distributionswhich werecalculated
and storedin a file beforewith pwlCopula must be imported.
TheJavaclassesarenot interactive, theparametersmustbepassed
to theJava objectsvia methodcalls.

6. EMPIRICAL VALID ATION
Many numerical examplesindicatevalidity and goodaccuracy

of thenewinput model technique withcopulas.A coupleof them
arein [7], andfurtheraspectsarediscussedin the sequel:

• Nonlineardependency(Example1).

• Many dimensions(Example1).

• What is the influenceof the window width (Example2 and
3)?

• How accuratecanlongdistancedependence be modeled with
asmallwindow width(Example2 and3)?

• Is it worth modeling dependency, or canoneassumeinde-
pendent input(Example4)?

For all experiments,theCPUtimesfor generationwereobserved
on a Pentium 4computerof 3 GHz. Sometimesthe generation
process isreplicated5 times. Then the smallestobserved maxi-
mumstatisticaldeviation andthegreatestobservedmaximum sta-
tistical deviation are an (approximate)confidenceinterval to the
confidencelevel 1−0.54 ≈ 0.93,see[13].

Inversetransformationwasdone with empiricaldistributionfunc-
tionsfor theinteger-valueddistributionsand with interpolatedem-
pirical distribution functionsfor real-valueddistributions.

Example 1 is with randomvectors. The sampleis artificial,
namelyrealizationsfrom a givendistribution wherethevectorel-
ementsaremore or lessdependent andtheir dependencyis non-
linear. In scatterdiagrams,one observes that this nonlinearde-
pendencyis coveredby the model. High dimensionalityis tried,
D = 5, 40, 100.

Thecommondistributionis definedasfollows: Z1,i =Y1,i, Zd,i =
Zdd/2e,i(1−Zdd/2e,i)+Yd,i, d = 2, ...,D, i = 1, ...,n, wheretheYd,i

areindependent andU(0,1)-distributed.
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Table1: Resultsfor Example1
D K n n(gen) Max.Stat.Diff. CPU[sec]

5 4000 4000 64000 0.007±0.002 29
40 1000 1000 16000 0.028±0.004 74
100 100 1000 16000 0.031±0.004 210

In Table1 themodelparametersandtheresults aregiven.Figure
1 shows scatter diagrams for the vectorelements1 and2, the left
diagramfor the sample,the right one for the generatedvectors.
Their similarity indicate thatthedependencystructureis modeled
accurately.

Figure1. Sampleand GeneratedPoints,Dimensions1 and 2

Example 2 is a time series of scalars,D′ = 1, also an artifi-
cial model. Ti dependsexplicitly on Ti−1, Ti−2, and Ti−3: Ti =
0.2Ti−1+0.3Ti−2−0.4Ti−3+Yi, i = 4,...,n0+n, whereT1, T2, T3,
andtheYi areU(0,1)-distributed.Theautocorrelationsarebetween
-0.3and0.3. Modeledwindow width is w =2 and4.

The first randomvariablesT1, T2, ... arenot stationary; this is
why thefirst n0 = 100realizationsareskipped,assumingthat the
stochasticprocess isthennearly stationary.

Table2: Resultsfor Example2
K 1000 1000
w 2 4
n 16000 16000

n(gen) 16000 16000
Max.Stat.Diff. 0.016 0.0001
Dev.Autocorr. 0.3 <0.003

CPU[sec] 1.7 14.6

In Table2 themodelparametersandthe results aregiven. For
window widthw = 2, theautocorrelationsaremodeledpoorly for
time lags1,...,200,namely withabsolutevaluesof deviationsup to
nearly0.3. This is not surprisingsincetheexplicit dependenceof
thetime serieselementsgoesbackthreesteps.With width w = 4,
themaximum statisticaldeviation is very low andtheautocorrela-
tionsarealso accurate.

Example 3 is a time series. Thesampleis measuredIP-traffic
datafrom [8], inter-arrival timesin thefirst, and packet sizesin the
second dimension,D′ = 2. Themarginaldistributionsareirregular
and nosuitablestandarddistributionsareavailable;this is noprob-
lem with empiricaldistributions.The dependencestructureis not
obvious,however, thisis accountedfor automaticallyif thewindow
width is not toosmall.

In Table3 themodelparametersandtheresults aregiven.With
window widthw = 2 in column1, theresults aregood,with w = 4
theresultsin column 2arebetter, namelythemaximum statistical
deviationsaresmallerby oneorderof magnitude.Thedeviationsof
theautocorrelationsareevensmallerby twoordersof magnitude.

Thescatterdiagrams,figure3, show avery irregulardependency
structure.Thecomparisonof thesampleandthegeneratedpoints
indicategoodaccuracy:

Table3: Resultsfor Example3
K 4000 4000 1000 1000
w 2 4 2 4
n 16000 16000 1000 1000

n(gen) 16000 16000 16000 16000
Max.Stat.Diff. 0.037 0.001 0.0077 0.0074

±0.002 ±0.004 ±0.0009 ±0.0008
Dev.Autocorr. 0.4 0.004 0.06 0.06

CPU[sec] 6 13.7 6.2 13.5

Figure2. Sampleand GeneratedPoints, Dimensions1 and 2

In the specialcasewherethe samplesizen andthe granularity
parameterK areequalin columns3 and4, theobservedaccuracy
doesnot differ significantly for different window widths. This is
in line with the remarkin Section5 aboutthe specialcasewhere
K = n.

Example4 considersthesamesampleasExample3, granularity
K = 4000,window widthw = 4, but withsamplesize60000.Here
thebenefitof modeling dependencyis evaluated by meansof three
simulationswith similar simulationmodels.They areequalexcept
for differentinputmodels:

1. Someperformanceor reliability measureis evaluatedwith
thesampleasinput.

2. Thesameis donefor dependentinput datawhichis generated
with pwlCopula, andthe results arecomparedwith those
from 1.

3. Thesameis alsodone with independentinput datawhich is
generatedwith theempiricalmarginal distributions,andthe
results arecomparedwith thosefrom 1.

The simulation modelis a queueingsystem.The servicetimes
arecommensuratewith thepacket sizes,servicetime= packet size
/ rate.Therateis suchthattheserverutilization is about53%.The
inter arrival timesandthepacket sizes aretakendirectly from the
sampleor from theinputmodel.Theperformancemeasuresarethe
numberNbr of packetsin thequeue,theprobabilityP26 thatthere
arelessthan26 packetsin thewaiting queue,andthedelayDelay
of thepacketsin thequeue.

The simulation withsampledataconsistsin a singlerun with
60000arrivals. The simulationswith dependently andindepen-
dentlygeneratedarrivals,bothconsistin five replicationswith 12000
arrivalseach.In this case95%-confidenceintervals aregiven.

Table4: Simulation Resultsfor Example4

InputModel Nbr P26 Delay

Sample 3.97 0.967 0.048
Dependent 4.54± 3.57 0.959± 0.045 0.048± 0.029
Independent 1.25± 0.06 1.0± 0.00 0.015± 0.0004

Table4 givesan overview of theresults:For thedependentinput
model,the meansof the simulatedmeasuresarequite nearto the
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simulatedmeansfor thesimulation withsampledata.Thesemeans
arewithin theconfidenceintervals.The modelseemsto be valid.

For theindependent inputmodel,thecontraryis true:Themeans
are unacceptablydistant, the confidenceintervals do not contain
themeanswhich weresimulatedwith sample data. This modelis
invalid.

CONCLUSION
Incorrectsimulationsmayresultfrompoormodelingpractices,par-
ticularly overlookeddependencies.Thisis well known,andourEx-
ample 4confirmsthis once again. There area coupleof modeling
techniquesfor dependentinput, but they have severaldraw-backs:
mostof themsolelyconsider correlations,or only randomvectors
with low dimensionarefeasible,or elsethey are difficult to apply.
The proposedempiricalcopulaapproachcomprisesthe complete
dependencestructure,andis bothgeneralandsuitablefor largedi-
mensions.Theproposedtoolsovercomethemethod’s dependency
upon intricateprogramming.With theseready-to-useprograms,in-
put modelscanbe setup, andrandomvariatesand timeseriescan
begeneratedimmediatelywithout resortingto thecomplexities of
theempiricalcopulatechnique.
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Appendix

Table5: AccessHashTables
Address Triple Table Sub-Cube Coll.

Pointers Indices Ptr.

1→
. . . . . . . . . . . . . . . . . .

h(d, j1, ..., jd−1) ↘
h(d, j′1, ..., j′d−1) → beg end j1 . . . jd−1 p
h(d, j′′1, ..., j′′d−1) ↗

. . . . . . . . . . . . . . . . . .
m′ →

m′ +1→
(Overflow Section) . . . . . . . . . . . . . . . . . .

p → beg′ end′ j′1 . . . j′d−1 p′

. . . . . . . . . . . . . . . . . .
p′ → beg′′ end′′ j′′1 . . . j′′d−1 0

. . . . . . . . . . . . . . . . . .
m = m′ +n →

Table6: Triple Tables
Address jd = f -value s-value

1→
. . . . . . . . .

beg( j1, ..., jd−1) → jd,1 f (d)
j1,..., jd

s(d)
j1,..., jd

jd,2 f (d)
j1,..., jd

s(d)
j1,..., jd ,

. . . . . . . . .
end( j1, ..., jd−1) → jd,end−beg+1

. . . . . . . . .
beg′ → . . . . . . . . .
end′ →

. . . . . . . . .
beg′′ → . . . . . . . . .
end′′ →

. . . . . . . . .
n →
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