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ABSTRACT

Copulassncompasthe entiredependencstructureof multivariate
distributions,and not onlythe correlations.Togethewith the mar-
ginaldistributionsof thevector elementghey defineamultivariate
distributionwhich canbeusedto generateandomvectorswith this
distribution. A toolboxis presentedvhich implementsnput mod-
elswith this method for randomvectorsand timeseries.Time se-
riesaremodeled withsone general autoigressve processes. The
copulasare estimatedrom obsened samplesof randomvectors.
TheMATLAB tool calcdatesthecopula,generates randorectors
and timeseriesandprovides statisticanddiagramsvhichindicate
validity andaccurag of the input model. It is fastandallows for
randomvectorswith high dimensionsfor example100. For this
efficiengy an intricatedatastructureis essential. The generation
algorithmis alsoimplemented witiJava methods.

Categoriesand Subject Descriptors

C.4[ Performance of Systems]: Modeling TechniquesB.8.2[
Performance and Reliability ]: PerformanceéAnalysisand De-
sign Aids; G.3[ Probability and Statistics]: Distribution Func-
tions, Multivariate Statistics, Random Numbe6Generation, Statis-
tical Software, Time SeriesAnalysis

General Terms
Algorithms

Keywords

StochasticSimulation,Workload Modeling RandomVariateGen-

eration,PerformancénalysisTools, PerfomanceModeling,Stochas-

tic Models

1. INTRODUCTION

Stochasticsimulation modelsare an important meansfor the
quantitatve analysisof systemsThesemodelsareoftennotclosed
but mustaccountfor influencesrom the outside.lt is well known
thatfailing to model thencarefully, especiallythe load, may lead
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to incorrectresultsandultimately to wrong dedsionsbasedon the
simulationresults. Onereasonfor defectve load modelsmay be
theignoring of dependencigs.e. usingindependentandomvari-
ablesinsteadof randomvectorsor stochastigrocesses.

Influencefrom outsideof the model, suchasload or failure of
systemcommnents,canbeincorporatednto the modelusingob-
senedtraces, owith inputmodels:namelyrandomvariablesyan-
domvectors, oistochastigrocessesDatafrom tracescanbeused
directly. If inputis modeledthenthedataproduceds arealization
of themodel.

Theuseof randomvariatess well understoodndhasbeencom-
monly performedfor along time, but the useof geneatedrandom
vectorsandstochastiprocesseare more dificult andlesspopular
areafeatureof currentresearch.

In [7], copulasare proposedfor the analysisof obseved data
andfor the generatiorof dependentandomvariatesand timese-
ries. Algorithms for thesetwo aspectsare given. This technique
accountsfor the completedependencstructureof the considered
sample and not onlyfor the correlationsasin mostothermethods
foundin theliterature. The only approximations a discretization
with selectable granularityThe copuladensityis assumedo be
piecavise corstant.In manyexamplesthe authorshawe foundthat
theseinputmodelsarevalid andaccurate.

The algorithmsare quite complex and thir implementationas
computerprograms ischallenging. For thesereasonsprograms
hawe beenprovided in a toolbox,readyfor execution. They are
describedn this paper: A MATLAB programpw Copul a and
someJava classessee[14]. The MATLAB programservesthree
main purposesfFirstly it analyzesa givensample namelyrandom
vectorsor a time serieswherethe elementsmay berandomvec-
tors aswell, andcalculates empiricahaginal distributionsandthe
copula. Secondlyit cangenerateandomvectorsand timeseries.
Thirdly, thequality of theinput modelcanbejudged.

Theuseof copulasnakesthedifficult taskof findingamultivari-
ate distribution, more facile by performingtwo easiertasks. The
first stepis modding themauginal distributions thesecondconsists
of estimatingthe copula. Oncethis is done,it is a straightforward
procesgo generateandomvectors. Inthis paperthe maginal dis-
tributionsaremocdeledasempiricaldistributions,the copulais es-
timatedasa frequeng distribution.

The new techniqueontrastsvith otherproposednput models.
Autoregressie processefAR) model timeserieswith Gaussian
randomvariables. They are conweniently fittedto measurediata
with thelinear Yule-Walker equations.

ARTA-likemodelgARTA [2] for univariatetime-seriesSNORTA
[3] for randomvectors,VARTA [1] for processes ofandomvec-
tors) allow for general distribtions by meansof a GaussiamPAR
or a multivariate Gaussiarmrardom variableas a basiswhoseran-



dom variablesare transformedhto the desireddistributions. The
correlationf this basicprocessare differenfrom thedesired cor
relations.Sometimes thisesultsin infeasible correlatiomatrices
of thebasicprocesg5], thedefective matrix problem. Fitting given
autocorrelationsnddistributionsto an ARTA process igossible
but nota trivial task.

TESprocesses [10kly onempiricaldistributionsof therandom
variables.They incorpaatelag 1 correlationsTheinteractiwe soft-
ware system TEStoalenesthe purposeof fitting measurediatato
aTESprocess.

AR, ARTA-lik e,andTESprocesses asputmocelingapproaches
for randomvectorsandtime-seriesconsideronly the correlations
and notthe whole dependencstructure. In contrast,copulascan
take accounbof theentiredependency

In [4, 6] asimilarproceduravith copulass proposedIn contrast
to this, the new techniquéhere fits samplesf dataandtherefore
considersall partsof whatis availablein the dependencstructure.
A very efficient dateorganization allevs for high vectordimension
like 100 andfastgeneration.

In [11] theauthors propossomekind of nonlineamon-Gaussian
multivariate autorgressve process. The mgmal randomvari-
ablescanhawe any distribution. The dependencstructureis quite
general wherenonlinear dependenciese possible but this must
be analyzed and modeleskplicitly. By contrast,the empirical
copulaappoachof this paperextractsthe dependencstructure di-
rectly from the sampledata.

This paperbeginsin Section2 with a shortpresentatiorof the
input model techniqug7] for randomvectorsvia copulas: Mod-
eling given samplesand generatingrandomvectorsefficiently in
simulationmodels.

Section3 presentsa sophisticatediatastructurewhich speeds
up the analysisandthe generatiorof randomvectorsandis very
spaceefficient. It is basedon hashingandsparsevectors. Section
4 exhibits how the modeling techniqueppliesto time series as
well. Section5 describesiow thetools provide for the analysisof
sampledataandfor generatingandomvectorsand timeseries.|t
alsodescribeghe tools’ featuresfor validatinga dependeninput
model.

Section6 is aboutvalidatingthe techniqueempirically Exam-
pleswhich are calculatedwith the main tool, the MATLAB pro-
grampwl Copul a [14], indicateaccuratestatisticalpropertiesof
the newtechnigue .Moreover, simulationresultswith commonin-
dependeninput and dependerihput from the new techniqueare
presenteéindcompared.

2. MODELING SAMPLES AND GENERA-
TION WITH PIECEWISE LINEAR EM-
PIRICAL COPULAS

A copulais amultivariatedistribution functionC(u), u =
(ug,...,up) € [0,1]°, for therandomvectorU = (Uy,...,Up) with
univariate uniform maugins restrictedto the unit D-cube [0,1]P.
Thekey theoremaccoding to Sklar clarifiegtherelationshipof de-
pendence anthe copulaof a multivariatedistribution. Let F de-
notea D-dimensionabistribution functionwith mamginsFy, ..., Fp.
Then a D-copulaC exists suchthat for all real z = (z,...,2p),

F(z) = C(Fl(zl),...,FD(zD)> holdstrue. If all the mamgins are

continuousthenthe copulais unique;in general,t is determined
uniquelyontherangesf themaigind distributionfunctions.More-
over, with quasi-irversef the marginal distribution functionslike

_ inf{z| F4(z) >u u>0
Fa (v = { sué{‘zugd((z) = g} u=0
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for everyu = (ug,...,up) in theunit D-cube,C(u) =
F (Flfl(ul), . F,gl(uD)> holdstrue. More detailsof copulasare

given inthebook byNelsen[12].

Multivariaterandomvectorscanbe generated using copulas
two steps:

1. Generatalependentandomnumbers®®™ .. yg with the
multivariatecopulaasusual.

2. Transformtheminto the desirednalginaldistribution,z&ge"):

Fd‘l(ugge”)), d = 1,...,D, using the inversetransformationtech-
nigue,seethebookof Law and Kelton[9], for example.

For stepl, the conditionaldistribution functions
Cq(Uglug, ...,ug—1) = P{Uqg < ug|Uy = uy,...,Ug_1 = Ug_1},
d=1,...,D, areessential.They canbe expressedwith the copula
densityc(u) andsomemaiginal densities.

For the technique in tis paperthe empirical copulasC(u) are
linearin eachvariableuy if the othervariablesarefixed. This lin-
earity holdstrue within certainregular non-@erdappingsub-cubes
of the unit D-cube[0,1]°, but in different sub-cubethe slopesare
different, in general. The densityc(u) of the copulais constant
in eachof thesesub-cubes.Hence, these copulase piecavise
(multi-)linear

Thesub-cubes ardefined witha positize integergranularity pa-
rameter K, namely withthepartitionS,, ..., Sc of theintenal [0, 1],
S =[0,1/K], Sj = ((j —1)/K, /K], j = 2,...,K, the sub-cubes
are.] =Sj, x ... x Sjp, j = (j1, .. ip) € {1,...,.K}P.

Theempiricalcopulasareestimatedrom agivensamplez; =
(z1j,..-,20,), i =1,...,n, usingempiricaldistribution functionsof
themauginaldistributionsof thesample:For eachsamplevaluez ;,
the correspondingyy ; in the copulaspaceis calculated basically
with the empiricaldistribution function,andfor eachsub-cubehe
numberof u-vectorsinsidearecounted.For detailssee([7]). The
time compleity for thisis O(D?nlogn), wheren is thesamplesize.

With theup-operator: [0,1] — {1,...,K}, T u=max{1,[uK]},
theempiricalcopuladensity carbedenotedasanarray f,

C(U) = fTul,m.TuDv ue [071}D~, (1)
sincethevalueswithin the sub-cubes areorstant.
Theneedednamginal copuladensitiescan beexpressed as
EFIC)

Tug,...,Tug

Ca(uz, .., Ug) /KPd d=1,..D-1, (2

where

@ K K . . )
fil AAAAA jd: 2 Z f]7 (Jl7'“7jd)€{l7"'7K} .
jari=1  jp=1

Al f(@-arraystogethethawe the spacecomplexity O(KP), but
they aregenerallysparse f(?) is thebiggestandhaskP elements,
mostof whichwill bezeroif KP >> n. We couldthusstorethe big
arraysf (@ in a sparsenannerandthe storagedemands of order
O(D?n) if KP is notsmall. Instead,a speciahash schemis used
for storingthearrays.It alsohasthe spacecompleity O(D?n), but
the accesstime while generatingandomvectorsis muchshorter
aswill beseenn thenextsection.

Thereare somealternatiesfor the inverse transforntéon of a
randomvectoru(@e" of the copula intoarandomvectorz(9e". Two
of themarebasedon the estimated empiricalistribution functions
which are praidedin thetools:

1. The empiricaldistribution functionsare useddirectly. Here
onecanobtainonly thevalueswhich occurin thesample.Thiscan
beappropriatdor integerrandomvariables, in particular

2. Usinga linear interpolationthe flat stepsof the stepdistri-
bution function are replacedby straightlines abowe them witha



positive slope This enableshe modelerto obtainall real values
betweerthosehe definesassmallestandlargest.

Of coursefitted standardlistributionscouldbe usedaswell.

An unknownreviewer gave an interesting hint.Thereis a sim-
pler way to generateu-vectors. Mak a list of the nonemptysub-
cubes,in some orderassigneach interal of length 1/n to oneof
the sub-cies,andthenconstructanindex mappingeachsubinter
val of (0,1) of length1/n to oneof thesesub-cubesThenit sufiices
to generate singleuniformover (0,1)andmapit to theappropriate
sub-cubewith theindex. Finally, if we wanta continuouslistribu-
tion, we justgenerate®nepointatrandomuniformly in theselected
sub-cubeThisideaworksfor vectorsbut notfor thetime series as
in Sectior4.

3. THE HASH DATA STRUCTURE

This sectionis aboutstoringandaccessinghearray elements

fj<1d.4),4 jo» thef-values, andtheir cumulatie sums

~~~~~ z flL NEENE

the s-values. Thef-valuesarebasicallythe (maiginal) densitiesof
the empirical copulaandthe s-valuesarethe cumulative distribu-
tion functions.

When the f-valuesand s-valuesare storedas arrays, even as
sparsearrays,the applicability of the copulamethodis restricted
with respecto thegranularityK andthedimensia D of therandom
vectorsdue to complerity. Somethindike K < 1000 andD < 3, or
K < 30 andD < 6 mustbe obsened with full arrays,and with
sparsenatricesn MATLAB, K < 1000 and < 6, orK < 30 and
D < 12. Thefollowing elaboratediatastructurewhich realizesthe
morefavorable spacand time compleity is muchmoreefficient
andthereforemakesgreaterK andD possible.Thetoolsaremade
with it andallow, for exampleK = 4000 andD = 4, K = 1000 and
D =40, 0r K = 100 andD = 100. Moreover, thealgorithmis now
muchfaster For large valuesK, 30...300timesshorter CPUimes
are obsered for the set-upphaseand 24...90timesfastergenera-
tion of randan vectors comparedvith aMATLAB programwhich
relieson sparsamatrices.

The datastructure hadeaturesof hashingand of sparsevec-
tors. It allocatessequentially irsparsevectorsthe cumulatve sums
sﬁ” for givend and(j1,..., jg_1), in increasingorder. This al-
lows 1lor abinary searchwith Ioganthmc compleity. Only differ-

ents® ) ..j-élementsare storedtogethemwith index jq andf( )

wdd) €{1,...K}9, d=2,...D

[T .jo are,broadly speakmg,
accessedsfollows:

1. Givend and(j1, ..., jq), anentryis searchedn the hashta-
ble with the hashkey (d, j1,...,jq—1) and collisionpointers. If
no entryis found, the f(@-elementandthe s(®-elementare both
0. Otherwise two pointersbeg(j1, ..., jg—1) andend(j1,..., jg_1)
arefoundin the entry which pointto a linear listwith the triples

(Jd:f() j S<d)

..........

WhICh |nc|ude3|ncreasmgcumulatve sumss(jf?mjd.

triple for thegiven jd-value,thearrayelementf-(d?mjd equalsd.
Sinceanaccesso anentryin thedatastructure consistis ahash
acceslusin search,the accesgime hastwo components:For
linear searchO(K) stepsor for binary searchO(logK) steps,and
for the calculationof the hashaddressandfor comparison®(D)

stepssinceD indicesmustbe considered:

If thereis no
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THEOREM 1. With the hash scheme, the access time for the
densitiesand the cumulated densitiesis O(K +D) with linear search
and O(logK + D) with binary search.

Remark: Becausef the sparsitywhich is oftenhigh-gradethere

aregenerallyonly acoupleof f@“ i > 0.givend and(j1,..., jd—1)-
Thereforequite oftena binarysearchs notfasterthana sequential
search.Thetoolsapply sequentiakearch.

More precisely the datastructureis asfollows: For eachd = 2,
..,D, thereis anaccess hash table andatriple table. Each access
hashtableis organizedas follows (seeTable5 in the appendix):
The hashfunctionpointsto the first sectionwith the entriesnum-
bered1 ton7. If acollision occurs,acollision pointer pointgo the
secondsectionwith theentriesn” + 1 tomfor thecollision chains.
Otherwise,the collision pointeris 0. Eachcollision chainis or
ganizedwith additionalcollision pointers,andendswith collision
pointer0. Eachentry consistsof two pointerspointingto thetriple
table,beg andend, thesub-cubendicesjy, ..., jg_1, andacollision
pointerp which canbe0.

For tabled, the hashfunctionis

h: {1,...K} "t = {1l h(jg, .., ja-1) = [ (06— [66]) | +1

Wheren{:[g}! _16f677+rl<22+ o ja— L (3

Kd
Thetriple tabled (Table6) consistsof entries numbered,?2,...,
no morethann entries. Eachentry consistsof anindex jq, anf-

valuef() o andthe cumulated alues<d) Jar Entrieswith the

..........

samelnde< tuple (j1,...,jq—-1) are storeobne after the other or-

deredwith mcreasmgndlceSJd Sayjd,1; -+ jd,end—beg+1-

beg(j1,..., Ja—1) pointsto theentrywith thelowest jg = jq.1.

end(jz,..., jg—1) to theentrywith thehighestjg = jg end—beg+1-
Algonthm 1is usedto look-upf-values:

Algorithm 1. Look-up f( ) .jq» givendimensiond andsub-cube

indicesjy, ..., j4-

1. Searchtheindex tuple(j,..., jq_1) in thehashtablefor di-
mensiond: Usethehashaddressw(n, ., jg—1) andfollow
thepointersin the collision chain.

2. if thetupleis notfound
then return O
elsedeterminebeg andend

if jq is foundbetweerbeg andend in thetriple table
thenreturn the densityvalue
elsereturn 0
fi
fi.

For generationof randomvectorsof the empirical copulathe
inversetransformatiommethodis usedwith the conditionaldistri-
bution functionsCq(ug|uy, ..., Uq_1). To thisend,s-values musbe
comparedAlgorithm 2 serveghis purpcse.
Algorithm 2. Searchsmallestj whereb < sﬁ?
dimensiond, andsub-cubéndicesjq, ..., jg_1.
1. Searchthe index tuple (j1,..., jg—1) in the hashtable for di-

mensiond: Usethe hashaddres$(j1, ..., jq—1) andfollow the
pointersin thecollision chain.

Lo nj+1 givenb,



2. if thetupleis notfound
thenreturn oo
elsedeterminebeg andend
if b=0
thenreturn O
eIseSearchsmaIIesIs( ) 1 >bforl<j+1<K
in thetriple table(W|th Ilnearor binarysearch
if notfound
thenreturn oo
elsereturn j
fi
fi
fi.

The datastructuresquotedabowe with accesshashtablesand

triple tablesarebuilt with asampIeNherethearrayeIementa‘ .
arealso accessedith a hashtable. In thetool, theseset-up Jhasjq
tables aredesignedik e thoseabowe, but all f-valuesarein the the
hashtables themsebs. For agivend and (1, ..., jq_1)-tuple, all

fﬁd) je >0 arein the samecollision chain,namelythe hashfunc-
(d)

tionis (3). Obviously, in sucha chaintherecanalsobe f -

N
values,namely whera differentindex tuple (j/, ..., jdil) hasthe
samehashaddress.

Fromtheset-uphashtables theacces$ashtablesandthetriple
tables carbe huilt with a straight-forwardalgorithm: For eachin-
dextuple (jj, ..., Jd 4) for which thereis an f-value > 0 exactly
one entry remainsin the accesshashtable, and each f-value to-
gethemwith its s-valueis storedin a tripletableentry; in increasing
order The f-valuesandtheindicesjq arereplacedoy thebeg- and
end-pointers.This algorithmis omittedhere.

4. AUTOREGRESSIVE MODELING TIME
SERIES

Thetechniqudor randomvectorscanbeusedfor stationarytime
series adollows: Considera time seriestj, i =1,....n+w—1,
of D'-dimensionalrandomvectors,tj = (ty;, ....,tprj). A moving
window with a width of w vectorst;, tj.1,...,titw_1 is taken as
samplevectorsz; = (tj,...,tj;w_1), i = 1,...,n, henceD = wD’ is
the dimensionalityof the randomvectorsz;. With this sample the
mamginal distributions andthe copulaare estimatedasin Section
2. Thereademayrealizethatthereareonly D’ differentmaiginal
distributions.

Heretj,ti11,... isassumedo beagenerakind of autorgressve
processnamelyt;_1 is modeledasa functionof t;, tj 1, ...,
ti-w—2 andarandomperturbation Thedistribution of tj . \_1 isthe
conditionaldistribution function P{t; . w_1 < t| givenarealization
of ti, tiy1, .. tirw—2}-

Thereademaynote thatz, zj 1, ... is somekind of Markov pro-
cesssincethedistribution of z, 1 is completely defined by; and
someconditionaldistribution, givenz;.

The ideaof this is asfollows: The dependency betweed! t;
may be defined completely between tsocceedingsectors,for
examplet; = atji_1 + (1 — a)x; where0 < o < 1, andthe x; are
independentandomvectors. Infact, tj andt;; 5 are dependent
for A > 1, butthis dependencys sufiiciently consideredvith win-
dow widthw = 2. But the dependency betweehet; may not be
defined completely between tvenceedingvectors,for example
ti=ati_1+Bti_o+(1—oa—B)x whereO< a,B,a+ <1.In
this casethe window width w mustbe greaterthan2 in orderto
cower the completedependencyactually w mustbe at least3 in
this example).
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Remark: Thereis oneexceptionto the abowe. Namely when
the granularityparametelK andthe samplesizen are equal,the
completedependencys considerecautomaticallyeven with win-
dow widthw = 2. Thereasoris asfollows: Whentherandomvec-
tors ;%" aregenerated under these circunmstes,the sub-cubes
appeaiin thesame ordeasin the original samplegiven.

Thegeneratiorofatimeseriesti(ge"),i =1,2, .., isdifferentfrom
thecaseof randomvectors. Ineach generatiostepi, thefirst (m—

1)D’ elementsfor the new 29" aretaken from 29", namelyits

last (m— 1)D’ elements.Only thelastD’ elementsare generated
newly eachtime:

t(gen) t{aen)
i
(gen) /
t.
20— e, [=A
(gen) / tl(a%
|+w 2 i+w—1

The according &planationholds true for the generatedu(9®" -
vectors.
ThelastD’ elementsf thegenerated9°" seriesarethedesired

generatedime seriesti(ge"), i=12,..

Thefirstvectorz%*” mustbeinitialized somehay, sincenoolder
randomvectoris available. For this purposethe whole vectorcan
begeneratedBut thereis aninitial transient phasesherethegen-
eratedvectorst®" i = 1,2, ..., arenot generallystationary The
modeler shoulehot usethe generatedrectorsin thebeginning.

It mustbe mentioned thafor this generatiomethodof time se-
ries,two problemsmustbe solved:

1. All partst; of the vectorsz; must hawe the sameemyrical
mamginal distributions.

2. For eachz; = (tj,...,tiyw—1), there musbe anothervectorz;
with (tj11,...,tirw—1) in thelower placedike (tj1, ..., titw—1,tk)-
If one of thesetwo conditionsis violated it may occur that all
ul®" = F (29" arein sub-cubeswith zerodensity Hence,no
suchvectorcanbe generatedthe generation algorithmunsinto a
deadend.

Both postulationsare not immediatelytrue and mustbe forced
explicitly. In thetools,the second problenis omittedasfollows:
In the samplevectorsz; = (t;,...,titw—1), | = 1,...,n, eachvector
tj with j > nis replacedwith tj_,. Therebyeachvectort;j, j =
1,....,n+w— 1, occursexactly once ineach positiorof the sample
vectors. Henceaccordingmamginal distributionsare the same for
exampleelementsz 1 andz ;. of all z, i =1,...,n, haw the
sameempiricaldistribution, thuspostulation lis alsofulfllled

5. THE TOOLS

Themethod[7] for modelingmultivariatedistributionsand time
series seem® work quite well, but programmings complex and
hasmessydetails. Thereforeit is importantto provide toolswhich
canbeusedeasily

Thetoolboxconsistdn an interactie MATLAB program
pw Copul a and inJava classessee[14]. Basically the MAT-
LAB programcalculateshe copula, provides somestatisticsand
diagramswhich sene the purposeto examinethe validity andac-
curay of this model, and can generateandomvectorsand time
series. Thdavaclassegenerateandomvectors(methodsor time
serieswill beavailablesoon)usingacopulaandempiricalmarginal
distributionswhich werecalculatedwvith the MATLAB program.

For settingthe copulaup, the MATLAB programpwl Copul a
takes asinput a sampleof independent ectorsor a time series
whoseelements cabe \ectorsaswell. Thecopulacanbestoredin



acopula fle. Duringthe calculation,the programneedsempirical
mamginal distributions of the samplevectors. They canbe stored,
too. Theusermustspecifysomeparametes for the calculations:

e K, integer, determineghe accurag, namelykP is the num-
berof sub-cules.”. Thisis thegranularityof thediscretiza-
tion, the higher the moreaccurate.Valuesbetween 10 and
4000weretried.

o n®YK) integer, defineshesamplesizen = n® KK, Thusk
dividesn. This is animportantconditionfor the method to
becorrect, se¢7, Theoremi].

e Thenameof thefile from which the sampe is read.
e Thewindow widthw for time series.

Using this copula,pw Copul a can generaterandomvectors
or a time serieswhich can be stroredin a file for later usein a
simulationmodel. For the generationthe userspecifies

e Therandomnumberstream.
e How many \ectors areo begenerated.

e Thekind of inversetransformation.One methodyenerates
only valueswhich occurin thesanple. Theother, with linear
interpolation,also generatemtermediatevalueswith linear
interpolationof the empiricaldistribution function.

pw Copul a can also generateindependentandomnumbers
with the mamginal distributions of the vector comporents of the
sample.They can beusedto evaluatethe benefitof modelingde-
pendencyTo this end,simulationresultsobtainedfrom usingsam-
ple dataasinputsare comparecboth with simulation resultsusing
generatedhputsusingtheindependentnodel,and with simulation
resultsobtainedfrom generatednputsusingthe dependenmodel.
Thusonecandecidewhich models valid. Thisis ahighly credible
validationmethod.

pw Copul a provides statisticand pot diagramswith thegen-
eratedrandomvectorsor thetime series andcorrespondingtatis-
tics anddiagramswith the given sample. The modelercancom-
parethesein orderto obtaininsightinto validity andaccurag of
thecopulamodel.

The statisticsdealwith the meansandthe variancesn eachdi-
mension,andcorrelationsbetweenpairs of dimensions.They are
not only calculatedfor the original sample but alsofor the gener
atedvectors. The absolutevaluesof the differencesaretakenasa
measuref accuray. Thedifferenceof meanss consideredabso-
lute if atleastoneof the absolutevaluesof the meanss lessthan
1075, If both \aluesare greateror equal, then the differenceof
meangs consideredelative. The differenceof two coeficientsof
variationis consideredf bothcorrespondingbsolutevaluesof the
meansaregreaterthan10~°. If oneof themis lower, thenthe dif-
ferenceof standardieviationsis consideredThedifferenceof two
correlationgs consideredf bothcorresponding standaddviations
aregreaterthan10-5. If oneof themis less,thenthe differenceof
the covariancess considered The greatesabsolutevalueof these
differencesthe maximum statistical deviation, is acombinedmea-
sure ofaccurag.

If onereplicateshegeneratiorprocesssayr times,thesmallest
obsered maximum statisticatleviation and the greatesbbsered
maximum statisticatleviation arean (approximatefonfidercein-
tenval to the confidencdevel 1 — 2~ (1), see[13].

Scatterdiagramsare pravided for visualinspection. In eachof
them, the value pairs of two different elementsof the vectors are
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plotted as points. Looking at the diagram,one ginsinsightinto
the structureof dependencyf thesetwo dimensions:Theremay
beregionswith no points- obviously thecorrespading \aluepairs
do notoccurat all, or with rathersmall probabilities. In the other
regions,thepointsmay be wariously densghichindicatedifferent
probabilitiesof occurrenceén this region.

Themodelercancompare correspondirggatterdiagramsf the
original sampleand also of the generatedsectors. An indication
that the copulamodelis accurateis whenregionswithout points
corresponand whertheimpressiorof the frequeng is similar.

For time series,correlatios are calculatedbetween two ector
elementdn the samedimension,but at differenttimesiy, i» with
the laglip —iz|. Again, these correlationare calculatedfor the
original sampleandfor the generatedrectors. The absolutevalue
of their differenceis takenasa measuref accurag. Thesediffer-
enceggenerallyincreasewith a wideninglag for lags greatethan
w, becausenly dependenciewith smaller lagsare modeledex-
plicitly by the method inSection4. Thusit makes no senseto
consideronly their maximumvalue,diagramswith differencegor
differentlagsare praidedinstead.

The Java classesare only for the generatingof randomvectors
(and shortlyfor time series) they implement tte samealgorithms
asthe accordingpart of the MATLAB programpw Copul a. A
copulaandempiricalmamginal distributionswhich werecalculated
and storedin a file beforewith pwl Copul a mustbe imported.
TheJava classesrenot interactie, the parametersnustbe passed
to the Java objectsvia methodcalls.

6. EMPIRICAL VALID ATION

Many numerical @amplesindicatevalidity and goodaccurag
of the newinput model technique witltopulas.A coupleof them
arein [7], andfurtheraspectarediscussedhn the sequel:

¢ NonlineardependencyExamplel).

e Many dimensiongExamplel).

Whatis the influenceof the window width (Example2 and
3)?

e How accurateanlongdistancaelependence be modeled with
asmallwindow width (Example2 and3)?

Is it worth modeling dependengcyr canone assumeande-
pendent inpu{Exampled)?

For all experimentsthe CPUtimesfor geneationwereobsened
on a Pentium 4computerof 3 GHz. Sometimeshe generation
process igeplicated5 times. Thenthe smallestobsered maxi-
mum statisticaldeviation andthe greatesbbsened maximun sta-
tistical deviation are an (approximate)confidenceinterval to the
confidencdevel 1—0.5% ~ 0.93,se€e[13].

Inversetransformatiorwasdone with enpirical distributionfunc-
tionsfor theintegervalueddistributionsand with interpolate@m-
pirical distribution functionsfor real-\valueddistributions.

Example 1 is with randomvectors. The sampleis artificial,
namelyrealizationsfrom a given distribution wherethe vectorel-
ementsare more or lessdependent antheir dependencys non-
linear In scatterdiagrams,one obseres that this nonlinearde-
pendencyis coveredby the model. High dimensionalityis tried,
D =5, 40, 100.

Thecommondistributionis definedasfollows: Z; j = VY1, Zgj =
Z(d/ZLi(l*Z(d/Z],i) +Ya,i, d=2,..,D,i=1,...,n,wherethe Y
areindependent and (0,1)-distributed.



Table 1: Resultsfor Example 1

D K n | nl@" | Max.Stat.Dif. | CPU[sec]
5 | 4000 | 4000 | 64000| 0.00740.002 29
40 | 1000 | 1000 | 16000 | 0.02840.004 74
100 | 100 | 1000 | 16000| 0.03140.004 210

In Tablel themodelparameterandtheresults argiven. Figure
1 shows scatter diagrasifor the vectorelementsl and2, the left
diagramfor the sample,the right one for the generatedvectors.
Their similarity indicate thathe dependencytructureis modeled
accurately
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Figure 1. Sampleand GeneratedPoints, Dimensionsl and 2

Example 2 is a time series of scalars)’ = 1, also an artifi-
cial model. T; dependsexplicitly on Ti_1, Ti_p, andTi_3: T; =
0.2Ti_1+03Tj_2—04Ti_3+Yi, i=4,...n0+n, whereTy, Ty, T3,
andtheY; areU (0,1)-distributed. Theautocorrelationarebetween
-0.3and0.3. Modeledwindow width is w =2 and4.

The first randomvariablesTy, T, ... arenot stationary this is
why thefirst n0 = 100 realizationsare skipped, assuminghatthe
stochastigrocess ishennearly stationary

Table 2: Resultsfor Example 2

K 1000 1000
w 2 4
n 16000 | 16000
nt@en 16000 | 16000
Max.Stat.Dif. || 0.016 | 0.0001
Dev.Autocort 0.3 <0.003
CPUJsec] 17 14.6

In Table2 the modelparametersindtheresults aregiven. For
window widthw = 2, the autocorrelatias are modeledpoorly for
timelagsl,...,200 hamely withabsolutevaluesof deviationsup to
nearly0.3. This is not surprisingsincethe explicit dependencef
thetime seies elementgyoesbhackthreesteps.With width w = 4,
the maximum statisticatleviation is very low andthe autocorrela-
tionsarealso accurate.

Example 3 is atime series. Thesampleis measuredP-traffic
datafrom [8], inter-arrival timesin thefirst, and packtsizesin the
second dimensio)’ = 2. Themarginal distributionsareirregular
and nosuitablestandardlistributionsareavailable;this is no prob-
lem with empiricaldistributions. The dependencstructureis not
ohvious,howe\er, thisis accountedor automaticallyif thewindow
width is nottoo small.

In Table3 themodelparameterandtheresults argyiven. With
window widthw = 2 in columnl, theresults arggood,with w = 4
theresultsin column 2arebetter namelythe maximum statistical
deviationsaresmallerby oneorderof magnitude Thedeviationsof
theautocorrelationsreevensmallerby two ordersof magnitude.

Thesaatterdiagramsfigure 3, shav averyirregulardependency
structure.The comparisorof the sampleandthe generategoints
indicategoodaccurag:
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Table 3: Resultsfor Example 3

K 4000 4000 1000 1000
w 2 4 2 4

n 16000 | 16000 1000 1000
n(@en) 16000 | 16000 16000 16000
Max.Stat.Dif. 0.037 | 0.001 0.0077 | 0.0074

+0.002 | +£0.004 | +0.0009 | +0.0008
Dev.Autocorr 0.4 0.004 0.06 0.06
CPU[sec] 6 13.7 6.2 13.5

Figure 2. Sampleand GeneratedPoints, Dimensions1 and 2

In the specialcasewherethe samplesize n andthe granularity
parameteK areequalin columns3 and4, the obsened accurag
doesnot differ significantly for differentwindow widths. This is
in line with theremarkin Section5 aboutthe specialcasewhere
K=n.

Example 4 considerghe samesampleasExample3, granularity
K = 4000,window widthw = 4, but with samplesize60000.Here
the benefitof modeling dependendyg evaluatel by meansof three
simulationswith similar simulationmodels.They areequalexcept
for differentinput models:

1. Someperformanceor reliability measurds evaluatedwith
thesampleasinput.

2. Thesamas donefor dependeninput datavhichis generated
with pw Copul a, andtheresults arecomparedwith those
from 1.

3. Thesameis alsodone with independenmput datawhich is
generatedvith the empiricalmaginal distributions,andthe
results areomparedvith thosefrom 1.

The simulation models a queueingsystem. The servicetimes
arecommensurateith the paclet sizes servicetime = pacletsize
/ rate. Therateis suchthatthe sener utilization is about53%. The
inter arrival timesandthe paclet sizes ardaken directly from the
sampleor from theinputmodel. Theperformanceneasuregrethe
numberNbr of pacletsin the queuethe probability P26 thatthere
arelessthan26 pacletsin the waiting queue andthe delayDel ay
of the pacletsin thequeue.

The simulation withsampledataconsistsin a singlerun with
60000arrivals. The simulationswith dependently andhdepen-
dentlygeneratedrrivals,bothconsisin five replicationsvith 12000
arrivalseach.In this case95%-confidencéntervals aregiven.

Table 4: Simulation Resultsfor Example 4

InputModel Nbr P26 Delay
Sample 3.97 0.967 0.048
Dependent || 4.54+ 3.57 | 0.959+ 0.045| 0.048+ 0.029
Independent] 1.25+0.06 | 1.0£0.00 | 0.0154 0.0004

Table4 givesan overview of theresults:For thedependeninput
model,the meansof the simulatedmeasuresre quite nearto the



simulatedmeandor thesimulation withsampledata. Thesemeans
arewithin the confidencentenals. The nodelseemso be \alid.

Fortheindependent inpunodel,thecontraryis true: Themeans
are unacceptablydistant, the confidenceintervals do not contain
the meanswhich were simulatedwith sampe data. This modelis
invalid.

CONCLUSION

Incorrectsimulationsmayresultfrom poormodelingpractices, par
ticularly overlookeddependencieshisis well known, andour Ex-
ample 4confirmsthis once agin. There area coupleof modeling
techniquedor dependeninput, but they hawe several draw-backs:
mostof themsolely consicer correlationsor only randomvectors
with low dimensionarefeasible,or elsethey are dificult to apply.
The proposedempirical copulaapproachcomprisesghe complete
dependencstructure andis bothgeneralndsuitablefor large di-
mensionsThe proposedools overcomethe methods dependency
upon intricatgorogramming With theseready-to-us@rogramsin-
put modelscanbe setup, andrandomvariatesand timeseriescan
be generatedmmediatelywithout resortingto the compleities of
theempiricalcopulatechnique.
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Appendix
Table 5: AccessHash Tables
Address|| Triple Table Sub-Cube Coll.
Pointers Indices Ptr.
1—
h(d. j1,-s ja-1) . .
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m —
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(Overflow Section) || ...
p— | beg [end [ 7 | [dg,| P
7= b [end [/ .. [1i.] O
m:r’d+nﬂ
Table 6: Triple Tables
Address jd= f-value | s-value
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— : a a
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