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Abstract—This paper presents experimental results of forma-
tion control problems of omnidirectional mobile robots using
distributed nonlinear model predictive control (NMPC). Two
main objectives are (i) to maintain a desired flexible formation
pattern and (ii) to follow a reference path. Both pose errors and
formation errors are included into a local objective function,
which is minimized at each update time. In the formation control,
the curvilinear abscissa s has been used as a coupling term
with neighboring robots. The strategy in such a way that the
exchange of the most recent optimal state trajectory between
coupled subsystems has been employed. The distinct features
of NMPC are that constraints can be explicitly accommodated,
as well as nonlinear and time-varying systems can be easily
handled. Experiments with three omnidirectional mobile robots
are presented to illustrate the validity of our proposed method.

I. INTRODUCTION

Formation control is a popular topic of study in multi-
robot systems [1], [2]. The problem of formation control
is defined as the coordination of multiple mobile robots to
follow given paths (in case of given trajectories, to track
time parameterized reference trajectories) and to maintain a
desired spatial formation. Solutions of formation control can
be applied to a wide range of applications, such as search
and rescue missions and land mine removal. Various control
strategies have been investigated for solving formation control
problems (e.g., [3], [4]). One of them is distributed nonlinear
model predictive control.

The NMPC controller is based on a finite-horizon con-
tinuous time minimization of nonlinear predicted tracking
errors with constraints on the control inputs and the state
variables. It predicts system outputs based on current states
and the system model, finds an open-loop control profile by
numerical optimization, and applies the first control signal
in the optimized control profile to the system. However, due
to the use of a finite horizon, control stability becomes one
of the main problems. To guarantee control stability, many
approaches have been investigated, e.g., using terminal region
constraints and/or a terminal penalty term (see [5], [6]).

In general, the centralized implementation of formation
control is not practical due to high computation requirements.
Thus, our research directs at decomposing the centralized
system into smaller subsystems, which are independently
controlled in the NMPC framework. In [7], Jia and Krogh
solve a local min-max problem for each subproblem, where
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coupling comes in the dynamics and the neighboring subsys-
tem states are treated as bounded disturbances. Linear dynam-
ically decoupled subsystems with coupled constraints were
considered in [8]. Keviczky et. al. [10] examine decoupled
dynamical systems, where cost function and constraints couple
the dynamical behavior of the systems. Recently, Dunbar and
Murray [9] have used the exchange of the most recent optimal
control trajectory between coupled subsystems prior to each
update. The main difference of these control approaches is
the kind of interaction between two subsystems via state
variables, constraints or objectives. In this paper, we focus on
multi-robot systems whose state variables and constraints are
decoupled, while each robot’s cost function is coupled with
its neighbors. We adapted the strategies proposed in [9] to our
path following problem. Each robot computes a solution to
its local problem and exchanges the most recent information
with its neighbors. Although very fast updates are not able to
be fulfilled with our multi-robot systems, experimental results
show that our formation control strategy is promising to be
further investigated.

Unlike most NMPC controllers, which have been employed
to solve a trajectory tracking problem, our NMPC controller is
used to solve a path following problem for our omnidirectional
mobile robots. Three key advantages of using NMPC in this
paper are (i) integrating the velocity of a virtual vehicle, $, into
the local cost function explicitly to solve the path following
problem and to avoid stringent initial condition constraints
as stated in [11], (ii) controlling robot motions with input
constraints, and (iii) utilizing future information of a reference
path to produce an optimal predicted trajectory of a robot.
This predicted trajectory is used as a coupled term in the cost
function of the neighboring robots. Omnidirectional mobile
robots have become increasingly popular, since they have
simultaneously and independently controlled rotational and
translational motion capabilities [12]. The annual RoboCup
competition is an example of a highly dynamic environment
where they have been exploited highly successfully.

This paper is organized in the following way: in Section
II, the problem statement is explained. The path following
problem and the formation control problem of omnidirectional
mobile robots are modeled. The distributed NMPC approach
with stability proof is presented in Section III. Section IV
shows experimental results. Finally, conclusions and future
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work are given in Section V.

II. PROBLEM STATEMENT

The main problem to be solved in this paper is that we want
a group of omnidirectional mobile robots to move along only
one reference path and also to keep a flexible formation. The
flexible formation in this sense means that when a group of
robots makes a turn, an outer robot has to move faster while
an inner robot has to move slower. In this case, there are
two subproblems, i.e., (i) a path following problem: a robot is
required to converge to a reference path, and (ii) a formation
control problem: a group of robots is required to maintain a
flexible formation.

A. Formation Configuration

We consider the problem of controlling N omnidirectional
mobile robots, namely R; where ¢ = 1,..., N, to follow a
reference path. In this work, only one reference path with
a desired forward velocity u, is prespecified. The reference
path is parameterized by the curvilinear abscissa s € R. The
individual coordinate of robot i can be defined as [s;, g,
where g; is the offset distance perpendicular to s; (see Fig. 1).
Thus, we can compute the desired pose of robot ¢ by using
the following equations:

Tir Tip — ¢isinb;p
Xir = |Yir | = |Yip +Qic0sOip| n
0 r bip

where [;p, Vip, 0ip] is the state vector at s; and
[®ir, Yir, 0ir] is the vector of the reference pose at s;
with offset g; (see Fig. 2). Also, we can calculate the desired
velocities by

Ui,r = uo(l - ki,P(s)Qi)’ Wi r = kz(l)uz,r y 2

where .

k(D) = o 3)
u; » and w; - are the desired translational and rotational veloc-
ities of robot 4, respectively. k;(I) and k; ,(s) are the curvature
of the robot’s path and of the reference path, respectively. We
locate a virtual vehicle at s; and $; is defined as the velocity
of a virtual vehicle moving along the reference path. However,
in our case, robot 7 will follow this virtual vehicle with offset
¢;- Then we have the relationship between the velocity of the
virtual vehicle and the velocity of the robot’s path as follows

Ii = 3(1 — kip(s)ai) - )

Fig. 1. Example of a formation following a given reference path.
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I': reference path uys

(xp>7p)

Fig. 2. Illustration of the path following problem.

It has to be noted that (1), (2) and (4) are not valid if g; is
not constant. Also, cusp or singularity at the robot’s path is
not considered in this work.

The formation graph is defined as G = (V,&), where
V =1,...,N is the set of robots and £ C VxV is the set of
relative vectors between robots. Two robots ¢ and j are called
neighbors if (4, j) € £, and the set of neighbors of robot i is
denoted by N; € V. All graphs considered in this paper are
undirected and we assume that the undirected G is connected.
The desired distance between two neighbors ¢ and j can be
determined by p;;(s), where s; + p;; = s; and p;; = —pjs.
The formation error vector E € R™, where M is the number
of edges, has components e; € R defined as e; = 5; —5; +p;.
Let E; denote the vector of all components of E, which have
a coupled term with robot i. Then we have £ = Cs+p, where
the vector p = [...,pij, -], 8 = [...; 84, ...]T, and the matrix
C € RV*M js the incidence matrix [13].

B. Path Following Problem

The kinematic model of an omnidirectional mobile robot
(see Fig. 3) can be given by (we drop subscript ¢ for conve-
nience in this subsection)

I cosf® —sinf Of [u
y = [sind cos® O} |v]| , &)
0 0 0 1| |w

where [z,y,6]7 is the state vector. u and v are the translational
velocities and w is the rotational velocity. When the wheel
velocities are considered, the lower level kinematic model can
be described by

2 cosa  sina Ly,| [u
vo| = |—cosa sina Lyl |[v] , ©6)
Vs 0 -1 Lw w

where v = [v1, vo, v3]T is the vector of wheel velocities,
L, is the distance from the wheel to the robot’s center, and «

Fig. 3. Coordinate frames of an omnidirectional mobile robot.



refers to the wheel orientation in the body frame. The wheel
velocities are subject to constraints: Vi, < ¥ < V-

This kinematic model can be formulated with respect to
a Serret-Frenet frame moving along the reference path. This
frame plays the role of the body frame of a virtual vehicle.
Robot ¢ will follow this virtual vehicle with offset ¢q. Given
the error state x, between the robot state vector and the
reference state vector, and the kinematic model (5), the error
state dynamic model expressed in the Serret-Frenet frame is
derived as follows

Ge = yek(1)] = [ +ug cospe
Je = —xck(l)] +ussing, @)
$e = ¢ — k(1)

where uy = Vu? +v? is the forward speed, and ¢ =
arctan = ¢ — 0 is the angle of the moving direction in
the body frame.

Since translation and rotation of omnidirectional mobile
robots can be controlled separately [12], we can drive the
robot orientation 6 to the desired orientation at the same time.
In this paper, the desired orientation is the angle of the tangent
direction to the reference path 6,.. The orientation error is
defined as 6. = 0 — 6,., then we have 6. = w — w,, where
w=20and w, = 6,.

In the formation control problem, the forward speed of
each robot has to be coordinated with its neighbors. Thus,
we introduce a new state variable 7, given by n = uf — u,.
Then we have 7 = a — 1,, where a = 4y, as a new input
variable. We define the control inputs of each robot as:

Uy —i+ (n + ur) cos e
p— l
w=|"=| @7k ®)
3 W — Wpr
Ug a — U,
Finally, the error state kinematic model becomes
Te yek,(l)l + uy
Z:/e —zek(D)l + (n + ur) sin pe
%, = |e| = up O
93 us
] Uy

III. DISTRIBUTED NMPC APPROACH
The distributed cost function for each robot is defined as
Li(Xie, Eiy s 0) =X7,QiXi e + 0l Riu;

+ Z (W(s; — s +pij)2)’
(i,5)€€

(10)

where the term (s; —s;+p;;) couples the states of neighboring
robots and the deviation from the desired values is weighted by
the positive definite matrices (); and R;, and the positive con-
stant W. Since each cost function depends on the neighbors’
trajectories, each robot has to exchange an assumed trajectory
with its neighbors at each update. Based on notations given
in [9], over any prediction interval 7 € [tg,tx + Tp),k € N,
associated with current time ¢, for each robot we denote
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sP(7;tk): the predicted trajectory,

s7(7;tx): the optimal predicted trajectory,

8;(T;tk): the assumed trajectory.
The corresponding robot state and control trajectories are
denoted by X} (7;tk), X; o(T;tk), Xie(T;tk) and uf (7;tx),
u; (7;tk), G (75 t), Tespectively. We concatenate the states
and inputs into vectors as Xe = (Xi,,...,Xn,e) and U, =
(ug,e, ..., une), respectively. The problem is to find

J* (Xi,e(te), Ei(te)) = min Ji(Xie(tr), Ei(t),uf (-5 tk)),

(11)
where Ji(Xie(tk), Ei(te), u] o (5tk)) = Vi(x{ o (te + Tpi t))

+ T L8 (5 ta), B (s t), 02, (3 1)) dy
subject to: Xf’e(r; tk) = fi(xze(r;tk),uﬁ”e(r;tk))
Rie (T3 th) = £i(Ri e (T5t1), By e (T 1))
w (7itr) €Uy VT E [th,tr + Tt
X0 o(Titk) € Xy VT € [t t + Tp)
Xie(Titk) € Xi VT € [tr, ti + T
Xp  (tk + Tpitr) €
Rie(thsth) = Xp o (tk; tk) = Xie(tk)
|sP (T3 tk) — 8i(T3tk)| < 8%k VT e [tk tr + Tp)

Vi(x . (tx + Tp)) is the decoupled terminal penalty and €;
is the terminal region of robot ¢, ¢ is the sampling time, and
k is a constant. T, and T, are the control horizon and the
prediction horizon, respectively, with T, < T,. X; C R™ and
U; € R™ denote the set of feasible n dimensional states and
m dimensional inputs of robot ¢, respectively.

As proposed in [9], the compatibility constraint has been
employed. The optimized trajectory s? for robot i is con-
strained to be at most a distance of 5%« from the assumed
trajectory §;. The constraint is a means of enforcing a degree
of consistency between what a robot plans to do and what
neighbors believe that robot will plan to do. Before giving
any analysis, the following assumptions need to be made:
Assumption 1. Let X5 ¢ R™®*+DY denote the set of initial
states (X (t), s(to)), which can be steered to Q by uk(r;t) €
U, T € [to, to + T

When Assumption 1 holds, the problem is feasible at ini-

tialization. The initial feasibility of the implementation implies
subsequent feasibility, following the standard arguments in [5],
[6], [9] by induction. Due to space limitations, we do not
repeat the proof in this paper.
Assumption 2. There exists a constant ppax € (0, 00)
such that ||(x%(¢;tk), s*(t;tk)) — (X5, 89| < pmax and
(e (t k), 8t k) — (XC, 8| < pmaxs VE € [tr, tx + T,
where (xS, s°) is the desired equilibrium state.

The symbol ||-|| denotes any vector norm in R", and dimen-
sion n follows from the context. For any vector z € R", ||z| p
denotes the P-weighted 2-norm, defined by ||z||% = 27 Pz,
and P is any positive-definite real symmetric matrix.

When Assumption 2 holds, the optimal and assumed state
trajectories remain bounded. Also, let up,, be the positive



scalar constant up,x = {max |[v(t)|| | v(t) € UM}. Then the

control algorithm can be given by

Algorithm 1. The distributed model predictive controller for
any robot is given as follows:

1) Over any interval [tg,tr+1), k € N:

a) Apply uj (7,tk), T € [ti, tkt1).
b) Compute $;(7;ti+1) = §;(7) as

si(r) = { si(Titk),

si,eT(T)’
where s; r(7) is the solution from the terminal
feedback controllers.
c¢) Transmit §;(+;tx+1) to every neighbor and receive
3j(T;tk4+1) from every neighbor j.
2) At any time tg, k € N:

a) Measure current state X; ¢(tx).

b) Solve (11), yielding u; (7, t), T € [ty, tx + Tp).
We note that QQx and Wy, positive definite and symmetric,
can be defined as follows: Qx = diag(Q1,...,Qn), Wx =
[WCTC], respectively. Amin(Qs) and Amax(Qs) denote the
smallest and the largest eigenvalues of Qx, respectively. Since
we assume that our formation graph G is connected, the second
smallest eigenvalue Ay of Wy (a weighted Laplacian of graph
G) is positive. The following characteristics of eigenvalues
hold (see [13])

T € [tht1,th + Tp)
TE [tk + Ty tg1 + Tp]

T T
s Xt Wex x- Wxx
/\Q—mln—rlx ==, )\max—max—rz—x 2=,

for any vector x and xT Wgx = Z W (z; — z;)°.
(i,5)€€
Now we find the terminal penalty and terminal region,
and then we will give the stability analysis of the distributed

NMPC approach based on the idea proposed in [9].

A. Decoupled Terminal Controllers

One elementary question in NMPC is whether a finite
horizon NMPC strategy guarantees closed-loop stability. Many
strategies have been proposed to solve this problem, e.g., the
quasi-inifinite horizon approach [5], the dual mode approach
[6], a global control Lyapunov function (CLF) approach [14].
In this paper, a Lyapunov function for the decoupled terminal-
state penalty is defined as follows:

V(xe(tr + Tp)) = %Xe(tk + Tp)TPXe(tk + Tp), (12)
where P = diag(P4, ..., Pn) is a positive definite matrix. Un-
der the terminal-state controller u’ (¢), the following condition
is satisfied:

V(xe(t)) + L(t,Xe(t), ue(t)) <0

for any state x.(t) belonging to the terminal region €. Then,
stability condition for each subsystem i becomes (from here

13)

Digital Object Identifier: 10.4108/ICST.ROBOCOMM2009.5822
http:/ldx.doi.org/10.4108/ICST.ROBOCOMM2009.5822

in this subsection, we drop subscript i for convenience)

V(x.(t)) + L(t, Xe(t)v “e(t)) .
= P11TeTEeT + P22YeTYeT + P33PeTPeT + Paaberber
+ p557]eTﬁeT + L(t’ xe(t)» Ue (t))
= pllfreTUl + p22yeT(77eT + Ur) Sin Per + p33QDeTu2
+ paaberul + p5577eTu4 + Q11$ 2+ qooyir + Q33906T
+ qaab2r + gssmir + 7‘11U1L + 7‘22’“52 + 7‘33U§
+ 7‘44%%2 + wr(ser — 592,

where wr = Apax(Ws). By construction, Apax(Ws)Lnxn >
Ws. The terminal state feedback controller ul =
[uf,uf,ul, uf]T can be selected as follows: ul =
—k1Zer, u§ = —kaper, uy = —kaber, uf = —kamer,

where k1, ko, k3, k4 > 0. The stability condition is changed to

V(xe(t)) + L(t, Xe(t), ue(t))

= 225 (—puik1 + qu1 + kr11) + Yerp22(Ner + ur) Sin @er
+ q22y27 + 027 (—p3skz + gs3 + k3raz)
+ 021 (—paaks + qaa + k2rs3)
+ n2p(—pssks + gss + k3jras) + wr(ser — s°)%.

All weight parameters have to be selected such that (13) is sat-
isfied. To have a negative derivative of the value function, the
following requirement for the weight parameters is required:

— p3ska + qa3 + k3rao <0,

— psska + gs5 + kiras <0,
(14)

—p11k1 + qu1 + k?r11 <0,
—paaks + qaa + k3733 <0,

and the terminal-state region is defined as follows:

wr(Ser — 8°)% + YerP22(Mer + Ur) SN Yer + go2y2r <O .
(15)

B. Stability Analysis

The main idea based on [9] is to show that by applying
Algorithm 1, the closed-loop state (x.,s) converges to a
neighborhood of the equilibrium state, with a sufficiently small
upper bound on the update period dpq. At any time t, the
sum of the optimal distributed value functions is denoted

s(th)) = ZJ*(xze(tk VEi(ty)).  (16)

i=1

(xe (tk

The following lemma gives a bounding result on the
decrease in Jy(-) from one update to the next. The
compatibility constraints are applied at each update times ¢y
with k& > 1, thus the result holds for k € {1,2,...}.

Lemma 1. Suppose Assumptions 1 and 2 hold and
(xe(to), s(to)) € Xx. Then, by the implementation of Algo-

rithm 1 with the constant ¢ defined by
& = Wk(4pmax)2|E| T, a7

the function Jy(-) satisfies
5 (Xe(te + 5) stk +0)) — J5(Xe(tk), s(tk)) <

tr+35
-/ S Lt () Burst))d + 6%
tk i=1



Proof: For any k > 1,
I3 (Xe(tk), s(tk)) = V(XZ (tk + Tps te))

te+Tp N
/ ZL (Xze 7’tk) i(’)/;tk)?uze(’y;tk))dpy
te =1

The optimal control is applied for § € (0,T,] seconds, then
at time tx41 = tx + 0, we get new state update Xx;. and
s;. A feasible control for (11) at time ty4 is WP(-;tg41) =
O (-;tk+1); therefore,

I35 ( Xe tk_z-l)’s(tk+l)) <V (Re(trgr + Tpstrs1))
k+1+Tp
+ / L& (7 tig1), B3 ), 0 (v tog1)) dy
Tt
J5(Xe tk+1),3(tk+1)) — J5(Xe(tr), s(tr)) <

k A
/ S (i) Baly ), (s ) dy
tk
tk+TP N
+/ D Li(Rie (Vs tian)s Ba(vi tisn), e (73 tin)) dy
tet1 i=1

te+Tp N .
- / S Li(x e (v ), Bi (s ),
tet1 i=1
tep1+Tp, N

+ ZLz(xze 7;tk+1) E (7) tk+1)’uz e(7, tk+1))
tet+Tp =1

dy+ V(Re(tht1 + Tpitet1)) — V(XE(tk + Tp; tr))-

Because of X (tk + Tpstet+1) = Xi(th + Tpitk), Xe(T;th+1)
obtained by the terminal feedback controllers for 7 €
[tk + Tp,te+1 + Tp), (12) and (13), the sum of the
last three terms in the inequality above is nonpositive,
and thus the inequality holds after removing these three
terms. Because of L;(x].(7;tk), Ei(7;tk),u;(v:tk)) =
Li(x;?‘,e('y;tk),Ei('y; tx)), the lemma has been proven if we
can prove that

u; (v;tg)) dy

te+T)p N
D {LiRi e (Vi th1)s Bi(5 ther), i e (i thar))

tht+1 i=1
—Li(xX: (s tk), Bi(vsti), uk o (vitk)) } dy < 0%

Because of X;e(Vitkt1) = Xj (7;tk) and ;e (v;tht1) =
u; (v;tk), for v € [tky1,tx + Tp], the integrand above is
equal to

IR

i=1 jEN;
—(s7(vite) — 8;(7ste) +pis)*}
Using some algebraic calculation, we have

(s7(vtk) —
(S (Vvtk) §](7’tk))( 2(
+ 85 (vitk) + 35 (s tk))
< 6%k (4Pmax)»

where we use p;; = s‘]? — s, Assumption 2, and the compati-

bility constraint. Then we have

77 tk) —$; (7’tk) +pz])

s¥(vitk) + pig)

te+Tp, N

> D (pna)dy < 6%

i=1 jEN;

W

tht1
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s5(Vte) + pij)? — (st (vite) — 85 (73 tk) + pij)?

w1th the total number of pairwise neighbors |E] =
Ez_l >_jen;(1/2). This completes the proof. [ |

Now the result has been bounded by using Lemma 1.
Then, we have to show that the closed-loop state trajectory
converges to a closed neighborhood of the objective state. The
neighborhood of convergence is a level set of the function

J5(Xe(t), s(t)). We firstly define z;(t) = (X;(t), s;(t)) and
we then have ||z — 2¢||%, where
_ @ 0
G= [ o Wl (18)

and 2°¢ = (x¢, s°) is the desired equilibrium state.

We define Qp = {z € RO+HIN| i (x.(t), s(t)) < B} with
constant § € (0,00) as the compact level set. The set 3 is
in the interior of X5 if § > 0 is sufficiently small. We can
choose a constant 7 = r(3) € (0, pmax) With the following
properties:

B(2%71) CQp/2 and r <ﬁ—;mm’BQ2 , 19)

where B(z¢;r) denotes a closed ball in RtV with center
z¢ and radius r. We require the following assumptions (see
[9D.

Assumption 3. The following holds: (a) the update period is
sufficiently small that the following first-order Taylor series
approximation is valid:

N
D Lix; (v tk), Bs(yit)) & ll2(te) — 2°N1&
=1

+2(y — ti)(2(te) — 2°) TG f(2(tk), ui (tr; t)),

for all v € [tg,tx + J] and any k € N; (b) there exists
a Lipschitz constant K € [1,00) such that for any 2,2’ €
Xs,u,u’ € UV,

”f (Z ) ’U) -
Assumption 4. The following holds:

)\min(QS) S )\Z(WE), )\max(QZJ) S )\max(WS)-

Then the theorem based on [9] can be now stated.

fFE )< Kz = 21+ llw = wl).

Theorem 1. Suppose Assumptions 1-4 hold, z(#¢) € X5 and
for a given constant 5 € (0,00) with Q3 C X5, the constant
r = r(8) € (0, pmax) is such that the properties in (19) are
satisfied. Then by implementation of Algorithm 1 with
O = (r/2)* i (Q=)
E+K pmax (Pmax +Ue,max ) Amax (W) ?
and £ given by (17), the closed-loop state trajectory enters
B(z%) in finite time and remains in Qg for all future time.
Proof Substituting the Taylor series expressions to:
T (%e(7), 5(7)) — T (xe(tr), s(tr)) <

/ZL(X (¥ te), Es(vs th)) dy + 82%€,

(20)

t —
V1 € (tg, t; + 6], for any constant ¢ € (0, dmax], We have
J5(%e(7), 8(7)) — J5(Xe(tk), 8(tk)) <

— (1 —tw)ll2(tr) — 2°l& + (7 — tr)*H



where H = —(2(tx)—2°)T Gf(2(tr), uZ (tx; ti)) has the upper
bound H < ||z(tk) — 2°|| ||f(2(tk), wg (ki te)) | Amax(Ws) <
Pmax’C(Pmax + Umax))\max(WE)-

Because of 7 — t, < 6 < Omax, We have

I5(xe(7), 8(7)) = J5i(Xe(tr), 5(tk))
< —(7 = te)ll2(t) — 2°I1% + O0max (H + €)
< =(7 = te)Amin (@) | 2(tk) — 26N + 00max(H + &)
< =Amin(Qu){(7 — ti)ll2(tk) — 2°II° — 8(r/2)%}
< —min(@u){ll2(tk) — 2°II* — (r/2)%},

with 7 = tx + 0 = tx41. From this inequality, there exists
a finite integer | > 1 such that z(¢;)) € B(z%r). If this
were not the case, the inequality implies J3 (X (tx), s(tx)) —
—o0o as k — oo. Since the cost functions are nonnegative,
J5(Xe(tr), s(tk)) > O for any z(tx) € Xsx, Therefore, by
contradiction, there exists a finite integer [ > 1 such that
z(t;)) € B(z%71) C Qg/o, verifying the first statement of
the theorem. Now there are two cases to be proved that
(xe(t), s(t)) € Qp for all time ¢t > ¢;. First, if (2(¢;)) €
Qg/2\B(2%1/2), then 2(t) € Qp for all time t € [tg,trs1]
and z(tg41) € Qg/2. This is shown first that the upper bound
becomes

J5(Xe(7), 8(7)) — J5(Xe(tk), s(tk)) < Smax Amin (@s) (7/2)?

for all T € (t, tk+1]. Also, dmax < 1/4, since

(r/2)* Mmin(Q=) < (7*/2)2 )

5max < Pmax K (Pmax+Umax) Amax (Ws) —

pmax

Therefore, the bound on J5; becomes

J5(xe(7),8(7)) < J5(Xe(tk), s(t)) + M <3

for all 7 € (tg,tk+1), using J5(Xe(tr),s(tk)) < B/2 and
(19). Likewise, (z(tx)) € Qg/2\B(2%7/2) and (19) im-
ply that Jg(Xe(tk+1), s(te+1)) < Ju(Xe(tr),s(tx)) and so
2(tk+1) € Qgy2. In the second case, if z(tx) € B(2%71/2),
then z(t) € B(2¢ 1) C Qg/, for all time t € [ty,tx41). From
the bounding argument, we have

2(8) = 2°0 < ll2(t&) — 2°ll + II/ 7);ue(7))) dv|l

< 7'/2 + (t — tk)K:(pmax + umax)
< 1‘/2 + 5max’(:(pmax + umax)

for all time t € [tg,tr+1], and OmaxK(Pmax + Umax) <
SmaxK(Pmax + Umax) < L2 Q%) r Combining two
cases (above, we h)ave slljlngxw)r‘lmti:nvngollowjlg: there exists a
finite update time ¢; such that z(¢;) € B(z%7r) C Qg; at
any subsequent update time tx,k > [,2(tx) € Qg2 C Qp;
finally, for any two subsequent update times t; and t51, with
k > 1,2(t) € Qp for all time ¢ € [t,tk+1]- This completes
the proof. |

The theorem guarantees that, by implementation of Algo-
rithm 1 with dpax given by (20), the closed-loop state trajectory
enters the closed ball B(z°r) in finite time and remains in
the level set {23 for all future time [9].
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IV. EXPERIMENTAL RESULTS

We implemented our algorithm on real omnidirectional
mobile robots shown in Fig. 4. Each has an omnidirectional
camera as sole sensor, which is used for self localization [15].
In the experiments, three omnidirectional mobile robots were
required to follow an ellipse I" : z,(t) = 1.5cos (), yp(t) =
1.0sin (t) (it was rotated /6 radian) with a desired forward
speed u, = 0.4m/s and to keep a flexible triangle formation
(see Fig. 1). The formation error vector was given as pj2 =
p2s = —0.4m, p21 = p32 = 0.4m. The offset distances from
the reference path are defined by ¢; = —0.4m, g3 = 0.4m,
and g3 = —0.4m.

The free package DONLP2 [16] has been used to solve the
online optimization problem. However, using hard constraints
could make the numerical solution become difficult. To avoid
this, we enforce the terminal constraints through the cost
function as soft constraints. The average sampling time § can
be achieved at approximately 0.12s. All parameters are listed
as follows:

Q; = diag(0.05,0.05,0.0001,0.0001,0.05),

R; = diag(0.00001,0.00001, 0.00001, 0.000005),
P, = diag(0.12,0.12,0.02,0.02,0.12),

k; = diag(0.5,0.5,0.5,0.5), W; =0.05, =10
Tp =T, =39, Vmin = —1.9M/S, Vmax = 1.9Mm/s.

Fig. 5 shows the superimposed snapshots of three omnidi-
rectional mobile robots following the reference and keeping
the flexible triangle formation. As be seen from the results,
the outer robot moves faster and the inner robot moves slower
when the formation makes a turn. Fig. 7 shows the formation
error from the experiments. The pose errors of R; and Ry are
shown in Fig. 6(a) and Fig. 6(b), respectively. The velocities of
all robots, compared with their reference velocities, are shown
in Fig. 8(a) and Fig. 8(b), respectively. Experimental results
for R3 are similar to those of R;.

V. CONCLUSIONS AND FUTURE WORK

In this paper, we present the solution for the formation and
the path following problems, where a group of omnidirectional
mobile robots is required to follow a reference path while
keeping a desired flexible formation in time. Each robot can
achieve the desired formation by adjusting the location of its
virtual vehicle moving along the reference path, according to
its neighbors’ information. Distributed NMPC has been used
to solve these problems by exchanging the optimal state tra-
jectory between coupled subsystems. As stated in [9], the key

Fig. 4. Omnidirectional mobile robots used in the experiments.
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Fig. 5. The snapshots are taken at the following time (%) initial position
at t = Os, (i7) the formation obtained at 8.4s, and (4i7) the formation
still maintained at t = 18.3s. The solid-line ellipse is the given reference
path and X denotes the starting point.
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Fig. 7. The formation errors of R; and R2, and of R> and R3.

requirements for stability are that each subsystem not deviate
too far from the previous open-loop state trajectory, and that
the predictive horizon updates happen sufficiently fast. Even
though very fast updates cannot be achieved, experimental
results show efficiency of our proposed algorithm. The less
conservative method for stability proof is currently under our
investigation.

In the future research, we would like to solve communi-
cation problems, e.g., communication delay, packet losses,
asynchronous implementation, and time-varying dynamical
network.
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