1

Polarization Orthogonality for the Co-Existence of
Wideband Fading Cognitive Networks
J.-M. Dricot1 , G. Ferrari2 , F. Quitin1,3 , A. Panahandeh1,3 , Fr. Horlin1 , and Ph. De Doncker1
1. Université Libre de Bruxelles
OPERA Department
Wireless Communications Group

2. University of Parma, Italy
Dept. of Information Eng.
WASN Lab

E-mail: jdricot@ulb.ac.be

E-mail: gianluigi.ferrari@unipr.it

Abstract—Orthogonality techniques for cognitive radio networks are important since they enable the primary and secondary
terminals to efﬁciently share the spectral resources in the same
location simultaneously. In this paper, we investigate a simple,
yet powerful, orthogonality scheme by exploiting the polarimetric
dimension. More precisely, we evaluate a scenario where the
cognitive terminals use cross-polarized communications in a
communication channel subject to wideband (or narrowband)
Rayleigh fading. A primary exclusive region in which cognitive
terminals are not allowed to transmit is deﬁned and its radius
is computed. Finally, the overall performance of the proposed
solution is evaluated in terms of network throughput.

I. I NTRODUCTION
Cognitive radio networks and, more generally, dynamic
spectrum access networks are becoming a reality. These systems consist of primary nodes, which have guaranteed priority
access to spectrum resources, and secondary (or cognitive)
nodes, which can re-use the medium in an opportunistic
manner [1], [2]. Cognitive nodes are allowed to dynamically
operate the secondary spectrum, provided that they do not
degrade the primary users’ transmissions.
In this paper, we investigate a simple, yet powerful, orthogonality scheme by exploiting the polarimetric dimension [3]–
[5]. More speciﬁcally, a dual-polarized wireless channel enables the use of two distinct polarization modes, referred
to as co-polar (symbol: ) and cross-polar (symbol: ⊥),
respectively. Ideally, cross-polar transmissions (i.e., from a
transmitting antenna on one channel to the receiving antenna
on the corresponding orthogonal channel) should be impossible. In reality, this is not the case due to an imperfect antenna
cross-polar isolation (XPI) and a depolarization mechanism
that occurs as electromagnetic waves propagate (i.e., a signal
sent on a given polarization “leaks” into the other). Both
effects combine to yield a global phenomenon referred to as
cross-polar discrimination (XPD) [6]–[8].
The scenario of interest for this work is shown in Fig. 1.
The primary system consists of a single transmitter located at
a distance of d0 from its intended receiver. Without any loss
of generality, the primary receiver is considered to be located
at the origin of the coordinates system, leading to a receivercentric analysis. The secondary (cognitive) terminals are deployed along with the primary ones. However, limitations on
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Fig. 1: Cognitive network model: a single primary transmitter is
placed at the center of a primary exclusive region (PER),
with radius dexcl , where its intended receiver is present.

interference prevent them from entering a protected region
around the receiver. This region, referred to as the “primary
exclusive region” [9], is assumed to be circular and therefore,
is completely characterized by its radius, denoted as dexcl .
The medium access control (MAC) protocol considered
is a variant of the slotted ALOHA protocol [10] such that
in each time slot, the nodes transmit independently with a
certain ﬁxed probability [11]. This approach is supported by
the observations in [12, p. 278] and [11], where it is shown
that the trafﬁc generated by nodes using a slotted random
access MAC protocol can be modeled by means of a Bernoulli
distribution. In fact, in more sophisticated MAC schemes, the
probability of transmission of a terminal’s transmission can be
modeled as a function of more general parameters but since
the impact of these parameters is not the focus of the this
study, for more details we refer the interested reader to the
existing studies in the literature [13], [14].
The remainder of this paper is organized as follows. In
Section II, we provide the reader with a theoretical framework
that analyzes under what conditions the primary and the
secondary users can co-exist in a wideband, dual-polarized
network. Then, in Section III, we evaluate the corresponding
performance by computing the dimension of the primary
exclusive region and the maximum achievable transmission
rate of the secondary network. Section IV concludes the paper.
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II. P ROBABILISTIC C O - EXISTENCE AND I NTERFERENCE
OF D UAL P OLARIZED N ETWORKS
Consider the cognitive network shown in Fig. 1 with two
types of users: primary and secondary (cognitive). The primary
network is supposed to be co-polar and the cognitive network
is cross-polar. Without cognitive users, the primary network
would operate with background noise and with the usual
interference generated by the other primary users. Let Cp
(dimension: [bit/s/Hz]) be the desired capacity for a user in
the primary network1 . We impose that the secondary network
operates under the following outage constraint on a primary
user:
(1)
P {Cp ≤ C} ≤ ε
where 0 < ε < 1 and C (dimension: [bit/s/Hz]) is a minimum per-primary user capacity. Equivalently, this constraint
guarantees a primary user a maximum transmission rate of at
least C for at least a fraction (1 − ε) of the time. Under the
simplifying assumption of Gaussian signaling, the rate of this
primary user can be written as a function of the signal-to-noise
and interference ratio (SINR) as follows:
Cp = log2 (1 + SINR) .

(2)

and the condition (1) can be equivalently rewritten as
P {Cp ≤ C} ≤ ε

⇔

P {SINR > θ} > 1 − ε

where θ  2C − 1 and P {SINR > θ} can be interpreted as
the primary link probability of successful transmission for an
outage SINR value θ.
In the presence of a generic transmission channel experiencing wideband fading, the transmitted symbols of the considered packet experiences interference of the other symbols
that have been delayed by multipath [15]. This phenomenon
is referred to as Inter-Symbol-Interference (ISI) and it depends on the channel model, modulation format, and symbol
sequence characteristics, among others [16]–[18]. Therefore,
the expression of the ISI is hard to obtain and typically is not
in closed form. In the network-level approach we follow in
this paper, a reasonable approximation can be obtained by
considering the ISI as an additive, uncorrelated, Rayleighfaded noise power proportional to the received power [17].
Therefore, the link-level SINR is:
SINR 

P0 (d0 )
N0 B + Pint + PISI

(3)

where P0 (d0 ) is the instantaneous received power (dimension:
[W]) at distance d0 , N0 /2 is the power spectral density of the
noise (dimension: [W/Hz]), B the channel bandwidth, and Pint
is the cumulated interference power (dimension: [W]) at the
receiver, that is, the sum of the received powers from all the
undesired transmitters. Finally, PISI is noise power associated
with the ISI. Its average value (noted PISI = E [PISI ]) is
proportional to the received power [17] and it is deﬁned as
PISI  ν P0 (d0 )

0 ≤ ν < 1.

Note that ν = 0 refers to a narrowband scenario. We now
1 In

this manuscript, bold letters refer to random variables.
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provide the reader with a series of theoretical results, which
stem from the following theorem.
T HEOREM 1 In a wideband, Rayleigh, block-faded, dualpolarized network, where nodes transmit with probability q on
the cross-polar channel, the probability that the SINR exceeds
a given value θ on a primary transmission, given a ﬁxed
⊥
cross-polar interferers
transmitter-receiver distance d0 , Nint
⊥
⊥
Nint
Nint
with a
at distances {di }i=1 transmitting at powers {Pi⊥ }i=1
cross-polar discrimination coefﬁcient XPD0 , is

 

1
N0 B
P {SINR > θ} = exp −θ
×
1 + νθ
P0 d−α
0
⎧
⎫
⎪
⊥ ⎪
⎪
⎪
Nint
⎨
⎬

θq
 α
1−
×
⎪
⎪
P0 d i
i=1 ⎪
⎩
⎭
XPD0 d−β
+ θ⎪
i
Pi⊥ d0

(4)

where P0 is the transmit power, N0 B is the average power of
the background noise, θ is the SINR threshold, α is the path
loss exponent, XPD0 is the initial cross-polar discrimination
of the antenna, β characterizes for the polarization loss over
distance, and ν is the fraction of ISI power.
P ROOF : The instantaneous received power P(d) from a node is
exponentially distributed [15] with temporal-average received
power Et [P(d)] = P (d) = P.L(d), where P denotes the
transmit power and L(d) ∝ d−α is the path loss at distance d
(it accounts for the antenna gains and carrier frequency). Since
the received power is Rayleigh faded, its probability density
function is:
x
x
1
1
exp −
exp −
fP (x) =
=
.
P (d)
P (d)
P.L(d)
P.L(d)
In a dual-polarized system, the cross-polar discrimination
(XPD) is deﬁned as the ratio of the temporal-average power
emitted on the cross-polar channel and the temporal-average
power received in the co-polar channel [3], i.e.:
P (⊥→) (d) =

P ⊥ (d)
XPD(d)

(5)
(⊥→)

where
d is the transmission distance, Pi
(d) 

Et P(⊥→) (d) is the temporal-average value of the instan-
taneous leaked power P(⊥→) (d), and P ⊥ (d)  Et P⊥ (d)
is the temporal-average value of the instantaneous cross-polar
power P⊥ (d). In a generic situation, the XPD is subject to
spatial variability [7] and, therefore, in the context of this
network-level analysis, we will deﬁne the XPD in a spatialaverage sense, i.e.:


P ⊥ (d)
XPD(d) 
(6)
P (⊥→) (d)
where the operator X denotes the average of the value X
computed on multiple different locations at the same distance
d. It is shown in [5]–[7], that XPD(d), deﬁned according to
(6), can be expressed as follows:
XPD(d) = XPD0 G(d, dref )
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where XPD0 ≥ 1 is the XPD value at a reference distance
dref and the function G(d, dref ) ∝ d−β characterizes the
de-polarization experienced over the distance. For instance,
extensive measurements [7] showed that β ≈ 0.4 at 2.5 GHz.
⊥
cognitive interfering nodes be
Let the trafﬁc at the Nint
⊥
Nint
,
modeled through the use of independent indicators {Λi }i=1
with ∀i; Λi ∈ {0, 1}, where Λi = 1 denotes that the j-th node
is transmitting and Λi = 0 that it is silent. We assume that
the trafﬁc distribution is the same at all interfering nodes of
the network, i.e., ∀i, P {Λi = 1} = q, which is supported by
the analyses presented in [11], [19]. The overall interference
power due to the secondary terminals is :
⊥
Nint

Pint

=


i=1

(⊥→)

Pi

(di )Λi

(⊥→)

where {Pi
(di )} are the (instantaneous) interfering powers at the receiver. The probability that the SINR at the receiver
exceeds a given value θ is:

By plugging (8) and (9) into (7), one ﬁnally obtains expression
(4) for the probability of successful transmission.
Theorem 1 gives interesting insights on the expected performance in a dual-polarized transmission subject to intersymbol and inter-node interference. First, the leftmost term
of the expression at the right-hand side of (4) is relevant in a
situation where the throughput is limited by the background
noise. In large and/or dense networks, the transmission is only
limited by the interference and this term is neglectable.
The second and the third terms of expression (4) relate
to the ISI interference and the interference generated by the
surrounding nodes transmitting in cross-polarized channels,
respectively. These terms depend on (i) the polarization characteristics of the interfering nodes, (ii) the trafﬁc density, and
(iii) the topology of the network. Note that the impact of the
topology has been largely investigated in [20] and we will
limit our study to the impact of polarization.
III. P ERFORMANCE A NALYSIS

In the following section, we consider (without loss of
P {SINR > θ} = E [P {P0 > θ (N0 B + Pint + PISI )} |Pint , PISI ] generality) a scenario made of a single primary emitter subject
⎛
⎛
⎞⎞ to interference from a single secondary transmitter using cross⊥
Nint
 (⊥→)
θ
⎝N 0 B +
= E exp ⎝−
Pi
L(di )Λi + PISI ⎠⎠ polarized transmissions.
P0 L(d0 )
i=1
A. Primary Exclusive Region
Since all terminals have an independent transmission be(⊥→)
havior and all channels are independent, i.e., {Pi
}, {Λi }
are independent sets of random variables and





N0 B
θ PISI
P {SINR > θ}= exp −θ
× E exp −
P0 L(d0 )
P0 L(d0 )



⊥
Nint
(⊥→)

(di )Λi
θ Pi
.
(7)
×
E exp −
P
L(d
0
0)
i=1

As previously anticipated in Section I, the primary exclusive
region is completely characterized by the primary exclusive
distance dexcl , i.e., the minimum distance at which a cognitive
terminal has to be, with respect to a primary receiver, so
that it does not impact the capacity of the primary user, in
a probabilistic sense [9].
L EMMA 2 There exists a region of space, referred to as the
primary exclusive region, where the cognitive terminals are
not allowed to transmit. This region can be reduced by means
of polarimetric orthogonality.

In this relation, the expectation of the term containing the ISI
power is given by:



  ∞

P ROOF : Starting from (4), in the presence of a single crossθ PISI
θx
E exp −
exp −
=
fPISI (x) dx polar interferer, one can write
P0 L(d0 )
P0 L(d0 )
0
⎞
⎛
and, since the ISI is Rayleigh faded, one has
⎟
⎜
θq
1
⎟ > 1 − ε . (10)
⎜1 −
 α
x
1
⎠
⎝
1 + νθ
P0 d
exp −
fPISI (x) =
XPD(d)
+θ
νP0 L(d0 )
νP0 L(d0 )
P d0
which ﬁnally gives
This relation is equivalent to



1
θ PISI

1/α 
1/α
.
(8)
=
E exp −
1
d
dexcl
P q − εwb
P0 L(d0 )
1 + νθ
≥

(11)
θ
−β
d0
XPD0 d
P0 εwb
d0
The last expectation term in (7) can be expressed using (5):



where we introduced εwb  1 − (1 + νθ)(1 − ε) which shifts
(⊥→)
(di )Λi
θ Pi

the
value ε to account for the impact of ISI on the links. Note
= P {Λi = 1}
E exp −
P0 L(d0 )
that in the narrowband case, ν = 0 and εwb = ε. The deﬁnition


 ∞
at the right-hand side of (11) allows to express the minimum
θ pi
×
exp −
fP(⊥→) (pi )dpi + P {Λi = 0} × 1 distance dexcl as a function of the distance d0 and the other
i
P0 L(d0 )
0
main system parameters as follows:
θq
 α
=1−
.
(9)

1/α 
1/α
P0 d i
1
P q − εwb
−β
XPD0 d
+θ
.
dexcl = d0
θ
Pi⊥ d0
XPD0 d−β
P0 εwb
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parameters are θ = 10dB, XPD0 = 10dB, α = 2, and β = 0.4.

Accessible region
(narrowband) (wideband)

L EMMA 3 If q < εwb , polarization orthogonality is not
required to achieve a probabilistic co-existence.



ν=0



ν>0

P ROOF : As previously introduced, the coefﬁcient XPD0 of a
dual-polarized system is greater than or equal to 1. Also, the
minimum value of XPD0 to guarantee error-free transmissions
on the cross-polar channel, given in (12). Therefore, the initial
value of the XPD always veriﬁes
 α
P d0
(q − εwb )
θ .
(13)
XPD0 = max 1, dβ
P0 d
εwb

Increase of the ISI


q

XPD0 = 10 dB


no polarization













d/d0
Fig. 2: Accessible throughput of the secondary terminals as a function of the primary-to-secondary distances ratio. The parameter value ν = 0 and ν > 0 correspond to narrowband
scenarios and wideband scenario, respectively.

Furthermore, since α ≥ 2, using polarization orthogonality,
i.e., causing XPD0 > 1, reduces dexcl .
It can be observed that in the case without polarization (i.e.,
d0 , i.e., the
with XPD0 d−β = 1), it is very likely that dexcl
cognitive terminals must be located outside the transmission
zone deﬁned by the primary emitter-receiver distance. Also,
the exclusive distance increases as a function of the terminal
probability of transmission but its gradient is smaller in the
dual-polarized case since 1/(XPD0 d−β ) ≤ 1.
It is interesting to observe that relation (10) can also be used
to parameterize practical realizations of the antennas. Indeed,
it yields that
 α
(q − εwb )
P d0
θ
XPD(d) ≥
P0 d
εwb
from which, being XPD(d) = XPD0 d−β , it follows:
 α
P d0
(q − εwb )
θ
XPD0 ≥ dβ
P0 d
εwb

(12)

Therefore, the quantity at the right-hand side of (12) represents
the minimum amount of XPD that the antenna of the cognitive
terminal must possess. This value depends on the network conﬁguration but also on the propagation environment (through
the de-polarization modeled by means of the parameter β).
Finally, regarding a comparison between narrowband and
wideband systems, it can be noted that
1
≤1
∀ν ∈ [0; 1]
1 + νθ
which implies that the presence of ISI impacts negatively
the link probability of outage. This in turn results in (i) an
increase of the primary exclusive region and (ii) a degradation
of system throughput. More precisely, the Fig. 2 presents
a comparison of the accessible transmission regions in the
narrowband fading and wideband fading cases. The system
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Finally, since in (12) all quantities are greater than zero, having
q < εwb causes the quantity q − εwb to be negative and the
solution of (13) is given by XPD0 = 1.
Lemma 3 indicates that, if the desired throughput of the secondary network remains limited, then the minimum required
capacity is guaranteed on the primary system without summoning up the orthogonality of polarization. Therefore, the
cross-polar channel can be kept available for other terminals
that may require higher data rates.
B. Probabilistic Link Throughput
Referring back to our deﬁnition of the probabilistic coexistence of the primary and secondary terminals in (1), a
transmission is said to be successful if and only if the primary
terminal is not in an outage for a fraction of time longer
than (1 − ε), i.e., if the (instantaneous) SINR of the cognitive
terminal is above the threshold θ. We denote this probability
of successful transmission in a primary link as
Ps = P {SINR > θ} .
The probabilistic link throughput [21] (adimensional) of a
primary terminal is deﬁned as follows:
• in the full-duplex communication case, it corresponds to
the product of (i) Ps and (ii) the probability that the
transmitter actually transmits (i.e., q);
• in the half-duplex communication case, it corresponds to
the product of (i) Ps , (ii) the probability that the transmitter actually transmits (i.e., q), and (iii) the probability
that the receiver actually receives (i.e., 1 − q).
The probabilistic link throughput can be interpreted as the
unconditioned reception probability which can be achieved
with a simple automatic-repeat-request (ARQ) scheme with
error-free feedback [22]. For the slotted ALOHA transmission
scheme under consideration, the probabilistic throughput in
the half-duplex mode is then τ (half)  q(1 − q)Ps and in fullduplex case τ (full)  q Ps .
In Fig. 3, the probabilistic link throughput of a primary
terminal is presented in scenario as a function of the terminals
probability of transmission probability q.2 The considered
2 It is recalled that we consider that both the primary and the secondary
systems are implementing the same technology and, therefore, the value q
corresponds to the terminal probability of transmission of the primary and
the secondary terminals.
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Fig. 3: Impact of the polarization orthogonality on the system-level
performance. The parameter value ν = 0 and ν > 0
correspond to narrowband scenarios and wideband scenario,
respectively.

transmission system is half-duplex. The other parameters are
⊥
= 5, β = 0.4, α = 2, d0 = 150m, and
P = P0 , Nint
d{1,2,3,4,5} = 250m. It can be observed that the polarization orthogonality has a string beneﬁcial impact on the link
throughput. More precisely, when the terminal probability of
transmission becomes signiﬁcant (e.g., q ≥ 0.1), the link
throughput can be the double with respect to a scenario
without polarized antennas. As expected, the presence of ISI
has a negative impact on the system throughput but, since
it equivalently affects the links with and without polarized
antennas, the use of polarization still presents an interesting
technique to support heterogeneous system co-existence.
IV. C ONCLUSIONS
In this paper, we have presented a novel theoretical framework to demonstrate the network-level performance increase
that can be achieved in a polarimetric orthogonality-oriented
system subject to Rayleigh fading and probabilistic coexistence of primary and secondary (cognitive) networks.
Our results suggest that dual-polarized networks are of
interest, even if orthogonality (indicated by the XPD value)
is limited. Indeed, with respect to the classical implementation of probabilistic co-existence of primary and secondary
network on the same (single polarization) channel, the use of
polarization orthogonality allows to remarkably increase the
per-link throughput and reduce the primary exclusive region.
Finally, we are currently investigating distributed detection
mechanisms that can be used to infer the polarization state of
the terminals in presence.
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