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Abstract. In this paper, we consider generalized Boolean functions
from Z

n
2 to Zq (q ≥ 2, a positive integer). Here, we present some of the

properties of generalized nega–Hadamard transform which are analogous
to nega–Hadamard transform. Further, it is shown that if we represent
a generalized Boolean function in terms of Boolean functions then there
is a relation between their nega–Hadamard transforms.
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1 Introduction

In the recent years, several generalizations of Boolean functions have been pro-
posed and the effect of Walsh–Hadamard transform on them has been studied
by various authors [3,9,14,15,11]. The nega-Hadamard transforms and negabent
functions have been discussed [6,7,8,10,12,13]. Like the Boolean case, in the
generalized setup, the functions which have flat spectra with respect to nega–
Hadamard transform are said to be generalized negabent functions.

Let us list the notations:
Z, R and C denote the set of integers, real numbers and complex numbers re-
spectively;
q and n are positive integers;
‘+′ denotes the addition modulo q;
‘⊕′ denotes the addition modulo 2;
Z2 is the prime field of order 2;
Z
n
2 is the n-dimensional vector space over field Z2;

Zq is the ring of integers modulo q;
x = (x1, x2, · · · , xn) is an element of Zn

2 ;
< x,y >= x1y1 ⊕ x2y2 ⊕ · · · ⊕ xnyn is the inner product of vectors;
x ∗ y = (x1y1, . . . , xnyn) is the intersection of two vectors.

The cardinality of the set S is denoted by |S|. If z = a + b ı ∈ C, then |z| =√
a2 + b2 denotes the absolute value of z, and z = a − b ı denotes the complex
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conjugate of z, where ı2 = −1, and a, b ∈ R. The conjugate of a bit b will also
be denoted by b̄.

A function from Z
n
2 to Z2 is said to be a Boolean function on n variables

and the set of all such functions is denoted by Bn. For more details on Boolean
functions one may refer to [1,2,4]. A function from Z

n
2 to Zq (q ≥ 2, a positive

integer) is said to be a generalized Boolean function on n variables. In this paper,
we are considering the generalization of Schmidt [9]. We denote the set of all
such functions by Bq

n.
Some basic definitions are given below:

Definition 1. The (generalized) Walsh–Hadamard transform of f ∈ Bq
n at any

point u ∈ Z
n
2 is the complex valued function defined by

Hf (u) = 2−
n
2

∑

x∈Z
n
2

ζf(x)(−1)u·x,

where ζ = e
2πı
q is the q-th primitive root of unity. A function f ∈ Bq

n is said to
be generalized bent if and only if |Hf (u)| = 1 for all u ∈ Z

n
2 .

Definition 2. The nega–Hadamard transform of f ∈ Bn at any vector u ∈ Z
n
2

is the complex valued function

Nf (u) = 2−
n
2

∑

x∈Z
n
2

(−1)f(x)⊕u·x ıwt(x).

A function f ∈ Bn is said to be negabent if and only if |Nf (u)| = 1 for all
u ∈ Z

n
2 .

We define generalized nega–Hadamard transform and generalized negabent func-
tion in the following manner:

Definition 3. The generalized nega–Hadamard transform of f ∈ Bq
n at any

point u ∈ Z
n
2 is defined by

N q
f (u) = 2−

n
2

∑

x∈Z
n
2

ζf(x)(−1)u·xıwt(x).

Definition 4. A function f ∈ Bq
n is a generalized negabent function if |N q

f (u)| =
1 for all u ∈ Z

n
2 .

We recall the following result:

Lemma 1 ([10], Lemma 1). For any u ∈ F
n
2 , we have

∑

x∈F
n
2

(−1)u·xıwt(x) = 2
n
2 ωn ı−wt(u), (1)

where ω = 1+ı√
2
is a primitive 8th root of unity.
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We shall also use the following well-known identities

wt(x ⊕ y) = wt(x) + wt(y) − 2wt(x ∗ y) (given in [5]) (2)

and
∑

x

(−1)v·x =

{
2n if v = 0

0 if v �= 0,
(see [2, p.8]) (3)

In this paper, we prove various results in Section 2 on the behavior of the gen-
eralized nega–Hadamard transform on affine functions and sums of functions.

In Section 3, we show that if we represent a generalized Boolean function in
terms of Boolean functions then there is a relation between their nega–Hadamard
transform.

2 Properties of Generalized Nega–Hadamard Transform

Stănică et al. [12,13] investigated various properties of nega–Hadamard trans-
form.
The following theorem gives the generalized nega–Hadamard transform of vari-
ous combinations of generalized Boolean functions.

Theorem 1. Let f, g, h be in Bq
n. The following statements are true:

(a) For any affine function �a,c(x) =
(
q
2

)
a · x + c and f ∈ Bq

n, N q
f+�a,c

(u) =

ζc N q
f (a⊕ u). Further, N q

�a,c
(u) = ζc ωn ı−wt(a⊕u).

(b) If h(x) = f(x) + g(x) on Z
n
2 , then for u ∈ Z

n
2 ,

N q
h (u) = 2−

n
2

∑

v∈Z
n
2

N q
f (v)Hg(u⊕ v) = 2−

n
2

∑

v∈Z
n
2

Hf (v)N q
g (u⊕ v).

(c) If h(x,y) = f(x) + g(y), x,y ∈ Z
n
2 , then N q

f+g(u,v) = N q
f (u)N q

g (v).

(d) If h(x) = f(Ax ⊕ a), then N q
h (u) = (−1)a·(Au) ıwt(a)N q

f (Au ⊕ a), where A

is an n× n orthogonal matrix over Z2 (and so, ATA = In).

Proof. (a) We obtain

N q
f+�a,c

(u) = 2−
n
2

∑

x∈Z
n
2

ζ(f+�a,c)(x)(−1)u·x ıwt(x)

= 2−
n
2

∑

x∈Z
n
2

ζf(x)+(
q
2 )a·x+c (−1)u·x ıwt(x)

= 2−
n
2 ζc

∑

x∈Z
n
2

ζf(x)(−1)(a⊕u)·x ıwt(x)

= ζc N q
f (a⊕ u).
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Further,

N q
�a,c

(u) = 2−
n
2

∑

x∈Z
n
2

ζ�a,c(x)(−1)u·x ıwt(x)

= 2−
n
2

∑

x∈Z
n
2

ζ
q
2 (a·x)+c (−1)u·x ıwt(x)

N q
�a,c

(u) = 2−
n
2 ζc

∑

x∈Z
n
2

(−1)(a⊕u)·x ıwt(x)

= ζc ωn ı−wt(a⊕u) (using (1)).

Here we show the first identity of (b). Since

N q
f (v) = 2−

n
2

∑

x∈Z
n
2

ζf(x) (−1)v·x ıwt(x)

Hg(u⊕ v) = 2−
n
2

∑

y∈Z
n
2

ζg(y) (−1)y·(u⊕v)

we obtain (sums are over Zn
2 )

∑

v

N q
f (v)Hg(u⊕ v) = 2−n

∑

v,x,y

ζf(x)+g(y) (−1)v·x⊕y·(u⊕v) ıwt(x)

= 2−n
∑

x,y

ζf(x)+g(y) (−1)u·y ıwt(x)
∑

v

(−1)v·(x⊕y)

=
∑

x

ζf(x)+g(x) (−1)u·x ıwt(x) (using (3))

= 2
n
2 N q

f+g(u).

Similarly we can prove second identity.
(c) If h(x,y) = f(x) + g(y), where x, y ∈ F

n
2 .

We obtain (sums are over Zn
2 )

N q
h (u,v) = 2−n

∑

x,y

ζh(x,y)(−1)u·x⊕v·y ıwt(x)+wt(y)

= 2−
n
2

∑

x

ζf(x)(−1)u·x ıwt(x) 2−
n
2

∑

y

ζg(y)(−1)v·y ıwt(y)

= N q
f (u)N q

g (v).

To show (d), we compute, for h(x) = f(Ax ⊕ a), where A is an n × n
orthogonal matrix over Z2.
We compute (sums are over Zn

2 )

N q
h (u) = 2−

n
2

∑

x

ζh(x) (−1)u·x ıwt(x)

= 2−
n
2

∑

x

ζf(Ax⊕a) (−1)u·x ıwt(x)
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= 2−
n
2

∑

y

ζf(y) (−1)u·A
T (y⊕a) ıwt(AT (y⊕a))

= 2−
n
2

∑

y

ζf(y) (−1)Au·y+Au·a ıwt(y)+wt(a)−2wt(y∗a) (using (2))

N q
h (u) = 2−

n
2 (−1)Au·a ıwt(a)

∑

y

ζf(y) (−1)(Au⊕a)·y ıwt(y)

= (−1)Au·a ıwt(a)N q
f (Au⊕ a).

Since ı2wt(y∗a) = (−1)y·a and wt(AT (y ⊕ a)) = wt(y ⊕ a) (here we needed
the orthogonality of A, since it preserves vectors lengths).

3 Relation between Generalized Nega–Hadamard
Transform and Nega–Hadamard Transform

In this section, the generalized Boolean function f : Z2n
2 → Z4 is considered.

Generalized Boolean function can be represented by combination of Boolean
functions. In the following theorem, it is shown that the generalized nega–
Hadamard transform can be derived from the nega–Hadamard transform of
Boolean functions.

Theorem 2. Let f : Z
2n
2 → Z4 be any generalized Boolean function. Repre-

sented it as f(x,y) = a(x,y)+2b(x,y); for any x,y ∈ Z
n
2 , where a, b : Z2n

2 → Z2

are Boolean functions. Between nega–Hadamard transforms of f, a+ b, b there is
the relation

N 4
f =

1

2
[Nb(u,v) +Na+b(u,v)] +

i

2
[Nb(u,v) −Na+b(u,v)]

and

|N 4
f (u, v)|2 =

1

2
|Nb(u,v) − ıNa+b(u,v)|2

Proof.

N 4
f (u, v) = 2−n

∑

x,y∈Z
n
2

ıa(x,y)+2b(x,y) (−1)u·x+v·y ıwt(x,y)

= 2−n
∑

x,y∈Z
n
2

ıa(x,y) (−1)u·x+v·y+b(x,y) ıwt(x,y)

Applying the formula ıs = 1+(−1)s

2 +
(

1−(−1)s

2

)
ı,

for s = a(x,y), We have

N 4
f (u, v) =

2−n

2

∑

x,y∈Zn
2

[
1+(−1)a(x,y)+ı

(
1−(−1)a(x,y)

)]
(−1)u·x+v·y+b(x,y) ıwt(x,y)
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= 2−(n+1)
∑

x,y∈Zn
2

(−1)b(x,y)+u·x+v·y ıwt(x,y)

+2−(n+1)
∑

x,y∈Zn
2

(−1)a(x,y)+b(x,y)+u·x+v·y ıwt(x,y)

+ ı 2−(n+1)
∑

x,y∈Zn
2

(−1)b(x,y)+u·x+v·y ıwt(x,y)

−ı 2−(n+1)
∑

x,y∈Z
n
2

(−1)a(x,y)+b(x,y)+u·x+v·y ıwt(x,y)

N 4
f (u, v) =

1

2
[Nb(u,v) +Na+b(u,v)] +

ı

2
[Nb(u,v)−Na+b(u,v)]

|N 4
f (u, v)|2 =

1

2

(|Nb(u,v)|2 + |Na+b(u,v)|2
)

+
ı

2

(
Nb(u,v)Na+b(u,v)−Na+b(u,v)Nb(u,v)

)

|N 4
f (u, v)|2 =

1

2
|Nb(u,v)− ıNa+b(u,v)|2

4 Conclusion

In this paper, we have investigated some properties of generalized nega–
Hadamard transfom. Moreover, it is shown that if a generalized Boolean func-
tion is represented by the combination of Boolean functions, there is the relation
between their nega–Hadamard transform.
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