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Abstract. The p53 tumour suppressor plays key regulatory roles in various
fundamental biological processes, including development, ageing and cell
differentiation. It is therefore known as “the guardian of the genome” and is
currently the most extensively studied protein worldwide. Besides members of
the biomedical community, who view p53 as a promising target for novel anticancer therapies, the complex network of protein interactions modulating p53’s
activity has captivated the attention of theoreticians and modellers due to the
possible occurrence of oscillations in protein levels in response to stress. This
paper presents new insights into the behaviour of the p53 network, which we
acquired by combining mathematical and experimental techniques. Notably, our
data raises the question of whether the discrete p53 pulses in single cells,
observed using fluorescent labelling, could in fact be an artefact. Furthermore,
we propose a new model for the p53 pathway that is amenable to analysis by
computational methods developed within the OPAALS project.
Keywords: Mathematical modelling, Systems Biology, Oscillations, Pulses,
Cell Cycle, Cancer.

1 Introduction
Oscillating systems in living organisms are mathematically tractable and, through
analysis and understanding of their behaviour, might provide useful insights into
the design of computer systems. It therefore seemed appropriate for us, as
biologists within the OPAALS project, to look critically at oscillating systems in
biology to see whether or not they might be used to inform the computer science
aspects of the project. This paper is part of a research framework that is documented
in the following four companion papers at this same conference:
–
–
–
–

A Research Framework for Interaction Computing [15]
Lie Group Analysis of a p53–mdm2 ODE Model [24]
Transformation Semigroups as Constructive Dynamical Spaces [17]
Towards Autopoietic Computing [10]
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Oscillations in Biology

Since autopoiesis is one of OPAALS’s key areas of interest, and since the archetypical
autopoietic entity is the cell, we have looked systematically at sub-cellular systems
that oscillate. An oscillating system can be defined as one whose attributes rise
and fall in a regular fashion over a sustained period. Such systems have interesting
implications for computer science: each oscillation could be regarded as the tick
of a digital clock, a pulse that might be counted.
Probably the most obvious role for self-sustaining cellular oscillators in biology
is as timekeepers, controlling events such as circadian rhythms [45] and embryonic
development [7]. However cellular oscillators are not limited to time-keeping.
Experimental as well as theoretical work has demonstrated that cellular oscillators
might be capable of performing a wide variety of important functions [20]. Among
them are making decisions concerning the fate of a cell [2]; controlling of
calcium-dependent signalling pathways; facilitating cellular responses to changes in
environment; and regulating cellular energy production [8].
2.1 The p53/mdm2 Network as an Oscillating (?) System
We have chosen to investigate the behaviour of the p53/mdm2 system. Mainly
because it is a critical element in determining the fate of a cell [29] – with obvious
analogies to the success (or failure) of an enterprise – and because it is one with
which we are somewhat familiar. We also believed, on the basis of previously
published work [4, 19, 28, 27], that oscillatory behaviour was characteristic of the
system and that, by further exploring these oscillations, we could usefully contribute
to the mathematical and computer science aspects of the OPAALS project. P53 is a
protein that is activated in response to stress or damage to a cell and has variable
effects on cellular behaviour: cells may rest and repair the damage; they may die via
programmed cell death (apoptosis); they may continue to behave as normal but, later,
prove incapable of division (premature replicative senescence). P53 is negatively
regulated by mdm2 (murine double minute 2) – mdm2 is an enzyme that targets p53
for degradation and elimination via a process termed ubiquitination. By convention,
the human homologue of mdm2 is termed hdm2.
As a first step we sought to justify some of the assumptions underlying the
published work on sustained oscillations in the p53/mdm2 system. The single – cell
experiments [28], upon which an elaborate mathematical superstructure has been built
[1, 5, 12, 13, 19, 27, 32, 36, 38], used fluorescent labelling to monitor simultaneous
changes in the levels of p53 and mdm2 following irradiation. A key assumption in
any such experimental system is that the labelling does not have any effect upon the
function of the protein. Our own experimental work shows that, somewhat
unexpectedly, the labelling of mdm2 renders it functionally inactive. This raises the
possibility that the oscillations observed in the single–cell fluorescence experiments
might be an artefact caused by the labelling procedure.
2.2 Experimental Data
The Western blots shown in Figure 1 illustrate this point. A Western blot is a gelbased method for assessing the amounts of specific proteins present in an
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experimental system. The darker the band, the more protein is present. The gels in the
top half of the figure show the levels of unlabelled hdm2 and p53 in cells transfected
with different amounts of expression plasmids for wild-type p53 and hdm2. Normal
hdm2 down-regulates p53 and, as expected, we observe lower p53 levels in the
presence of hdm2 (right–hand blue box) than in the absence of hdm2 (left–hand blue
box) . When the experiment is repeated with hdm2 labelled with yellow fluorescent
protein (hdm2-YFP), however, the outcome is different. In the lower pair of gels in
Figure 1 there is, if anything, more p53 expression within the blots enclosed by the
right–hand box. This suggests strongly that labelling of hdm2 might impair its ability
to down-regulate p53 expression.

Fig. 1. MCF-7 cells were transiently transfected with hdm2 or hdm2-YFP (pU293), and as
controls pcDNA3 or pYFP were also transfected in a gradient. In addition p53 wild-type
(0.1µg) plasmid was transfected as indicated. In the lower gel there is abundant p53 (right–hand
blue box) despite presence of hdm2. If the labelled hdm2 were functional we would expect to
see inhibition of p53 but, if anything, p53 is induced.

It is possible that the sustained oscillations that have been observed in single– cell
experiments may be due to artefacts induced by the abnormalities in mdm2 function
introduced by the labelling procedure. This leaves us somewhat sceptical concerning
the ability of regular sustained oscillations in the p53/mdm2 system, within individual
cells, to act as a digital counting mechanism for determining the fate of a cell.
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Nevertheless we have good evidence from our own work (e.g. Figure 2) and that of
others [30] that the p53/mdm2 system can oscillate in response to irradiation – but
that these oscillations are damped. There are several possible explanations for such
damped oscillations – the most parsimonious is that p53 and MDM2 operate in a
simple feedback loop but with a discrete time delay [34]. Another explanation – less
favoured by us for the reasons given – is that the damping at the aggregate level is
caused by the presence of a mixed population of cells.
Having set out to use sustained oscillations in the p53/mdm2 system as the basis of
our mathematical models we were forced into an unexpected conclusion: close
scrutiny of some so-called “oscillating systems” shows that the biological
observations upon which they are based may be flawed and, furthermore, the models
used to demonstrate oscillations may only show oscillatory behaviour under certain
restricted and somewhat artificial conditions. The literature at the interface between
mathematics and biology is not as robust as a superficial reading would lead us to
believe. Perhaps this is a reflection of a more general problem in interdisciplinary
research: it is difficult to achieve a balance of expertise. Mathematical sophistication
can be undermined by biological naïveté, and vice versa.
Our disappointment with our initial exploration of oscillating systems raises a
fairly fundamental question: when we are using natural science to influence
mathematics, algebra and computer science, are we seeking to inspire using a model
that accurately reflects the natural world, a robust template; or are we simply
generating possibilities, initiating chains of thought and encouraging creative
approaches? If our aim is the latter then the extent to which our models fit the
biological observations is less than critical – indeed could be entirely unimportant; if
our aim is the former, then the goodness–of–fit is crucial. At this point it seems
entirely reasonable to leave the question rhetorical, unanswered.
Despite our concerns about sustained oscillations in the p53/mdm2 system we are
confident that the p53/mdm2 system exhibits damped oscillations in cell populations,
as shown in Figure 2. This information has been used to inform the mathematical
models that are discussed in the following section.

3 Mathematical Modelling of the p53 Network
During the cell cycle, key proteins undergo cyclic synthesis and degradation, the
associated changes in their levels triggering progression through the cell–cycle
phases. In recent years, similar oscillatory behaviour has been shown in several other
regulatory networks. The NF-κB transcription factor, for instance, presents sustained
nucleo–cytoplasmic fluctuations after stimulation with TNFα [3, 25, 35]. Similarly,
the levels of Hes1 protein and mRNA oscillate in cell culture upon serum treatment
[6, 23]. In the mouse segmentation clock, not only the levels of Hes1 but also of
components of the Wnt and Notch pathways have been shown to oscillate in vivo [14,
49]. Given the biomedical importance of these pathways, the molecular basis and
biological implications of their oscillations have attracted extensive attention from
experimentalists and theoreticians alike. Although the signalling pathways above
differ in their components and biological outcomes, the oscillations are believed to
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Fig. 2. Levels of p53 and mdm2 after irradiation of cells in suspension. There is a prominent
peak for p53 at 2 hours post exposure followed by a second (lower) peak at 6 hours; for mdm2
the peaks are at 3 hours and 7 hours. Findings consistent with a delay between the rise in p53
and the induction of mdm2. Each observation is based on a pooled estimate from > 100, 000
cells; the error bars (s.e.m.) are very narrow and are obscured by the data points themselves.

share a common underlying mechanism: a negative feedback loop (NFL) combined
with a transcriptional delay [34, 37, 44]. Notably, such a mechanism is present in the
p53–mdm2 network (Figure 3), as p53 promotes the synthesis of its main negative
regulator, mdm2 (Figure 4). The possibility that p53 levels oscillate in response to
stress has therefore been explored both experimentally and theoretically.
The p53 pathway has been subject to extensive modelling efforts, the first model
being published by Bar-Or and co-workers in 2000. The existing models can be
classified into two categories based on their purpose. On the one hand, relatively
simple models describing the role of p53 in cancer have been developed as part of
multiscale models for the disease [11, 16, 31, 40]. Ribba et al. [40], for instance, used
p53 as a switch adopting values 0 and 1 in the absence and presence of DNA damage,
respectively, whereas in the cellular automaton model developed by Alarcon and coworkers [11] cells possess different automaton features depending on whether their
p53 status is wild-type or mutant. On the other hand, various kinetic models have
been built to investigate whether the system can give rise to damped oscillations in
p53 and mdm2 in cell populations and un- damped pulses in individual cells [1, 5, 9,
13, 19, 28, 32, 33, 34, 30, 38, 39, 48, 51]. The vast majority assume that a cell
consists of a single compartment in which the proteins of interest are abundant and
evenly distributed; hence they undertake a continuum, deterministic approach, using
either ordinary or delay differential equations (ODEs or DDEs) to describe the
changes in protein levels. Alternative modelling approaches include stochastic, spatial
and multiple compartment models. Proctor et al. [38], for instance, developed
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Fig. 3. Simple schematic of the p53 network. The p53 tumour suppressor – the guardian of the
genome – acts as a transcription factor, regulating the expression of over a hundred target genes
[18, 29, 47]. The mdm2 protein, a RING finger-dependent ubiquitin protein ligase, binds to p53
and targets it for proteasomal degradation [22]. Both p53 and mdm2 are highly regulated
proteins [26].

stochastic models to account for the intercellular variation in the number of
macromolecules. In contrast, Ciliberto et al. [13] formulated a deterministic,
compartmental ODE model that distinguishes between nuclear and cytoplasmic
mdm2. Finally, Gordon et al. [21] relaxed the intracellular homogeneity assumption
further and used partial differential equations (PDEs) to describe intracellular protein
density patterns.
To prevent the negative feedback loop linking p53 and mdm2 (Figure 4) from
immediately inhibiting itself and, in particular, to enable oscillations to occur, a delay
in the negative feedback loop is required [43]. Such a delay can be modelled in
different ways. In some cases the delay has been included implicitly in mathematical
models – Lev Bar-Or et al. [30], for instance, included an additional unknown
component in the p53–mdm2 pathway, whereas Ciliberto et al. [13] combined
positive and negative feedbacks. The alternative is to incorporate time delays
explicitly. Srividya et al. [42] have shown that discrete delay terms can help reduce
the number of variables and parameters required to describe a molecular system by
replacing one or more intermediate reactions. Concerning spatial effects, [34]
demonstrated that the waiting times associated with transcription and translation can
be fused into a single time delay without altering the dynamical properties of the
system. Hence, several models [5, 21, 34, 36] calculate the rate of mdm2 syntesis at
time t as a function of the amount of p53 present in the system at time t − τ .
Below we discuss in detail three existing theoretical approaches to the p53 pathway
(i.e. [30, 34, 13]), while in the next section we present a new model. To facilitate
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Fig. 4. Negative feedback loop with transcriptional delay linking p53 and mdm2

comparison of the models, we have unified the notation as follows: [P (t)] and [M (t)] are
the total intracellular concentrations of p53 and mdm2 at time t; S (t) represents a transient
stress stimulus (e.g. DNA damage); s are de novo synthesis rates; k are production rates
(e.g. phosphorylation); j are reverse reactions (e.g. desphosphorylation); d are
degradation rates; σ are transport rates; K are saturation coefficients and c are
additional constants.
3.1 Model I: Lev Bar-Or et al. (2000)
The first model for the p53-mdm2 network, formulated by Lev Bar-Or et al. [30],
describes the interaction between p53 and mdm2. The time–lag between p53
activation and p53-mediated induction of mdm2 synthesis is modelled by the presence
of a hypothetical intermediary, X . The proposed kinetic equations are [30]:


d[P ]/dt = sp − dp + dpm (t)[M ] [P ],
smx [X]n
− dm [M ],
n
[X]n + Kmx
ss S(t)[P ]
d[X]/dt =
− dx [X],
1 + cx [M ][P ]

d[M ]/dt = sm0 +

(1)

with initial conditions [P (0)] = P0 , [M (0)] = M0 , and [X (0)] = 0. The stress stimulus
S is assumed to influence the behaviour of the system in two ways, namely by
promoting p53’s transcriptional activity and by downregulating mdm2-mediated
degradation of p53. The former mechanism is modelled by making the synthesis of X
an increasing function of S, while the latter is incorporated by making
a
decreasing function of S. Numerical analyses and simulations revealed that, for
certain parameter values, the system can show damped oscillations in which mdm2
and p53 levels peak out of phase.
3.2 Model II: Monk (2003)
In contrast to [30], the model proposed by Monk [34] not ony characterizes the
dynamics of the mdm2 and p53 proteins, but also the changes in the level of mdm2
mRNA. Morever, it explicitly accounts for a transcriptional delay as follows:
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d[P ]/dt = sp − dp0 +
2
[M ]2 + Kpm
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[P ],

srm1 [P (t − τ )]n
− drm [RM ],
n
[P (t − τ )]n + Krm
d[M ]/dt = srt [RM ] − dm [M ],

d[RM ]/dt = srm0 +

(2)

where both p53’s transcriptional activity and mdm2’s ubiquitin-ligase activity are
assumed to be saturating functions. The system demonstrates oscillatory behaviour for
certain parameter values, the period of the oscillations depending on the
transcriptional delay and the protein and mRNA half-lives.
3.3 Model III: Ciliberto et al. (2005)
Compared with the approaches above, Ciliberto et al. [13] incorporated substantially
more biological detail in their model, to arrive at a relatively more sophisticated
description of the p53–mdm2 network that accounts for two subcellular compartments,
namely the nucleus and the cytoplasm. As it is assumed that mdm2 has to be
phosphorylated in order to enter the nucleus, the model includes three molecular forms
of mdm2: nuclear mdm2, and both unphosphorylated and phosphorylated cytoplasmic
mdm2. Moreover, ubiquitination is modelled as a multistep process (Figure 3),
involving three molecular forms of p53 (i.e., non-ubiquitinated, mono-ubiquitinated
and poly-ubiquitinated protein). The dynamics of the six molecular components is
expressed by:
d[P ]/dt = sp − dp [P ] − dpu [PU U ],
d[PU ]/dt = ku ([P ] − [PU ] − [PU U ])[MN ] + ju [PU U ]
− (ju + dp1 + ku [MN ])[PU ],
d[PU U ]/dt = ku [MN ][PU ] − (ju + dpu + dp1 )[PU U ],


dm1 S(t)
(3)
[MN ],
d[MN ]/dt = (σcn [MP C ] − σnc [MN ])v − dm0 +
S(t) + Km


sm1 [P ]n
kpc
[MC ],
+
k
[M
]
−
d
+
d[MC ]/dt = sm0 +
pc
PC
m0
n
[P ]n + Kpm
[P ] + Kpc
d[MP C ]/dt =

kpc [MC ]
+ σnc [MN ] − (jpc + σcn + dm0 )[MP C ],
[P ] + Kpc

The state variables above represent the concentrations of total p53, P; monoubiquitinated p53, PU; poly-ubiquitinated p53, PUU; nuclear mdm2, MN; unphosphorylated cytoplasmic mdm2, MC ; and phosphorylated cytoplasmic mdm2, MPC .
The parameter v denotes the nuclear-cytoplasmic volume ratio. Unlike in the previous
models, the value of the stress function S depends on the level of p53, as it is assumed
that p53 plays a role in DNA repair:
ds S(t)[P ]
dS/dt = 
ks (I(t)) −
,
S(t) + Ks
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where 
ks is the DNA damage production rate as a function of time and dose of
irradiation. Based on numerical analyses and simulations, the authors suggest that the
discrete pulses observed by Lahav et al. [28] might be the result of a combination of
positive and negative feedbacks. In the model, the positive feedback originates from
two opposing negative effects: nuclear mdm2 induces p53 degradation, while p53
inhibits nuclear entry of mdm2, by inhibiting phosphorylation of mdm2 in the
cytoplasm. The negative feedback loop is the well-known fact that p53 induces the
synthesis of mdm2 [13].
Eqns (3) also predict that the level of mdm2 can increase in the absence of mdm2
synthesis, which indicates a mass balance problem. This can be solved by rewriting
the expressions for the changes in [MN] and [MPC]:


dm1 S(t)
[MN ],
d[MN ]/dt = vσcn [MP C ] − σnc [MN ] − dm0 +
S(t) + Km
(4)
kpc [MC ]
σnc [MN ]
+
d[MP C ]/dt =
− (jpc + σcn + dm0 )[MP C ].
[P ] + Kpc
v
An analogous modification has been introduced in [1], which presents a four ODE
model inspired by [13]. The new system of ODEs based on (4) does not oscillate for
the parameter values used in [13].

4 Formulation of the New Model
To show that there is yet another possible biological explanation for the occurrence of
oscillations in p53 levels in response to stress, we will now introduce a new model for
the p53 pathway, which we will refer to as Model IV. The structure of our simple
network is shown in Figure 6. It describes the interactions between four molecular
components: PI, the p53 tumour suppressor, M, p53’s main negative regulator, mdm2,
C, the p53–mdm2 complex and, PA , an active form of p53 that is resistant against
mdm2-mediated degradation. The model accounts for the following phenomena: (1)
basal p53 synthesis; (2) basal (i.e. mdm2-independent) p53 degradation; (3) mdm2
synthesis; (4) basal mdm2 degradation; (5) p53–mdm2 complex assembly; (6) p53–
mdm2 complex dissociation; (7) mdm2-mediated p53 ubiquitination and subsequent
elimination; (8) stress-induced p53 activation; (9) p53 inactivation; and (10) basal
degradation of active p53. According to the reaction scheme shown in Figure 6, the
changes in the concentrations of the four molecular components are given by:
d[PI ]/dt = r1 − r2 − r5 + r6 − r8 + r9 ,
d[M ]/dt = r3 − r4 − r5 + r6 + r7 ,
d[C]/dt = r5 − r6 − r7 ,
d[PA ]/dt = r8 − r9 − r10 .

(5)

where ri (t), for i = 1,. . . ,10, is the rate of reaction i at time t and [X] denotes the
concentration of molecular component X , for X = PI, PA M , and C .
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Fig. 5. Simulations with the original model by Ciliberto et al. [13] (Eqns (3)) showing two
pulses (left) and sustained oscillations (right) in the levels of total p53, [P] (dashed lines), and
nuclear mdm2, [MN] (solid lines). For the parameter values, see the original paper [13]. In the
left and right panels, the value of the cytoplasm:nucleus ratio, v, is 15 and 11, respectively.

4.1 Simplifying Assumptions
For simplicity, we assume that the basal p53 synthesis rate, r1, remains constant in
time and that basal degradation rates, r2, r4 and r10, are proportional to the
corresponding substrate concentrations. The mdm2 protein, a RING finger-dependent
ubiquitin protein ligase, is known to bind to p53 and target it for proteasomal
degradation [22]. In the model, the binding of mdm2 to p53 is assumed to be
reversible with assembly and dissociation rates r5 and r6, respectively. Furthermore,
experimental evidence has shown that mdm2’s downregulation of p53 is inhibited
under DNA damage [41]. We have incorporated this observation into the model by
assuming that ionising radiation induces the phosphorylation of p53, which prevents
mdm2 binding. That is, r8 is an increasing function of the level of radiation exposure.
Finally, reaction 3 represents the negative feedback loop in which p53 transactivates
expression of the MDM2 gene [50]. As we expect this expression rate to reach a
maximum value when there is negligible delay between the binding of two successive
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Fig. 6. Schematic of the new p53-mdm2 interaction model. M = mdm2 protein; PI = inactive
p53 protein, C = mdm2-p53 complex; PA = active p53 protein.

p53 molecules to the MDM2 promoter region, we assume that r3 is a saturating
function of the total level of p53. Given the assumptions above, the reaction rates can
be calculated as follows:
r1 (t) = sp ,
r2 (t) = dp [PI (t)],
sm1 [PI (t)] + sm2 [PA (t)]
r3 (t) = sm0 +
,
[PI (t)] + [PA (t)] + Km
r4 (t) = dm [M (t)],
r5 (t) = kc [PI (t)][M (t)],
r6 (t) = jc [C(t)],
r7 (t) = ku [C(t)],
r8 (t) = ka S(t)[PI (t)],
r9 (t) = ja [PA (t)],
r10 (t) = dp [PA (t)].

Substitution of the expressions above into Eqns (5) yields:
d[PI ]/dt = sp + ja [PA ] − (dp + ka S(t))[PI ] − kc [PI ][M ] + jc [C],
sm1 [PI ] + sm2 [PA ]
+ ku [C] + jc [C] − (dm + kc [PI ])[M ],
[PI ] + [PA ] + Km
d[C]/dt = kc [PI ][M ] − (jc + ku )[C],
d[PA ]/dt = ka S(t)[PI ] − (ja + dp )[PA ].
d[M ]/dt = sm0 +
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4.2 Model IV: Dimensionless Equations
The state variables in Figure 6 can be scaled as
Pi = ku [PI ]/sp ,
M = ku [M ]/sp ,
C = ku [C]/sp ,
Pa = ku [PA ]/sp and
τ = ku t.

In terms of these new variables, the model equations reduce to:
dPi /dτ = 1 + βa Pa − (βp + αa S(τ ))Pi
− αc Pi M + βc C,
dM/dτ = αm0 +

αm1 Pi + αm2 Pa
+C
Pi + Pa + κm
− (βm + αc Pi )M + βc C,

(6)

(7)

dC/dτ = αc Pi M − (1 + βc )C,

(8)

dPa /dτ = αa S(τ )Pi − (βa + βp )Pa .

(9)

where the dimensionless parameters are defined as:
αa = ka /ku ,
βa = ja /ku ,
αc = kc sp /ku2 ,
βc = jc /ku ,
αm0 = sm0 /sp ,
αm1 = sm1 /sp ,
αm2 = sm2 /sp ,
βm = dm /ku ,
βp = dp /ku and
κm = ku Km /sp .

In the simulations depicted in Figure 7, two modes of stress have been considered,
namely a discrete pulse insult at time zero and long-term exposure to a constant
stressful stimulus. The former is expressed as:
S(t) = e−cs t

and

S(τ ) = e−γτ ,

(10)

in dimensional and dimensionless form, respectively (the dimensionless stress
coefficient is γ = cs /ku). In contrast, the latter is modelled as:
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Fig. 7. Simulations with the dimensionless system (6–9) showing damped oscillations in the
levels of total p53, Pi+Pa+C (dashed lines), and total mdm2, M+C (solid lines). The values
have been normalised with respect to the corresponding concentrations in the absence of stress
(i.e., Pi0+C0 and M0+C0, respectively). The parameter values used in the simulations are
provided in Table 1. One dimensionless time unit corresponds to 2.5 minutes. Left panel :
response to a single pulse insult at time τ = 0 (Eqn (10) with γ = 2.5). Right panel : response to
a constant, long-term insult (Eqn (11) with γ = 2.5, τi = 200 and S0 = 0.05).

S(τ ) = S0
= S0 e

−γ(τ −τi )

for

0 ≤ τ ≤ τi

for

τ > τi .

(11)

Notably, the response of the system to the two kinds of insult is very
different.Exposure to a single, pulse insult at time zero results in damped oscillations
in the levels of p53 and mdm2 around their steady-state values in the absence of
stress. In contrast, exposure to a long-term signal causes the system to move to a new
steady-state, fluctuating transiently. This new steady-state has a higher p53 level,
which depends on the strength of the signal. When the stimulus ends, the system
returns to its original steady-state, displaying a second round of damped oscillations.
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Table 1. Parameter values used in the model simulations shown in Figure 7
[PI (0)] = 9.42 nM
[PA (0)] = 0 nM
[C(0)] = 3.49 nM
[M (0)] = 0.037 nM
sm0 = 2 × 10−3 nM/min
sm1 = 0.15 nM/min
sm2 = 0.2 nM/min
dm = 0.4 min−1
Km = 100 nM
Pi0 = 2.69
Pa0 = 0
C0 = 1.0
M0 = 0.01
αm0 = 0.00143
αm1 = 0.107
αm2 = 0.143
βm = 1
κm = 28.57

ka = 20 min−1
kc = 4 min−1 nM−1
ku = 0.4 min−1
ja = 0.2 min−1
jc = 2 × 10−3 min−1
sp = 1.4 nM/min
dp = 2 × 10−4 min−1

αa = 50
αc = 35
βa = 0.5
βc = 5 × 10−3
βp = 5 × 10−4

5 Discussion
In the above section we have visited four alternative mathematical descriptions of the
p53 network. Their specific features are highlighted in Table 2. These models, which
represent only a small sample of the models available in the literature, were chosen to
illustrate the use of differential equations in systems biology and, in particular, to
show how very different mechanisms can succeed in explaining the same data. The
modelling efforts addressed here were motivated mainly by two experimental studies.
First, Lev Bar-Or et al. [30] exposed mouse fibroblasts NIH 3T3 cells expressing
wild-type p53 and mdm2 to 5 Gy of irradiation and then measured the protein levels
at several time points after exposure. Their Western Blots showed two peaks in the
level of p53, each followed by a peak in mdm2 approximately one hour later. Second,
Lahav and co-workers [28] created a cell line expressing p53 and mdm2 tagged with
fluorescent proteins to study the dynamics of these molecules in single cells. In
response to γ-radiation, they observed digital pulses in both p53 and mdm2 levels (for
a critical discussion on this approach, see Section 2.2). Unifying the two experimental
observations, Ma et al. [32] suggested that the damped oscillations previously
observed in cell populations can be explained as the aggregate behaviour of single
cells. Comparing the four models above, models I [30] and II [34] are the most
similar, as they both produce an oscillatory behaviour based on the mdm2–p53 NFL
(Figure 4) alone and both account for an intermediary component linking of the level
of p53 to the rate of mdm2 synthesis. The main difference is that model II also
includes an explicit transcriptional delay, which implies a shift of the mathematical
approach from ODEs to DDEs. According to model III [13], however, the mechanism
underlying the oscillations is more complex and involves both negative and positive
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Table 2. Summary of the mathematical models described in this chapter
FEATURES

MODEL I • 3 ODEs + 1 expression for the
Lev Bar-Or et stress function
al [30]
• Includes an unknown intermediary
MODEL II • 2 ODEs + 1 DDE
Monk [34]
• Includes mdm2 mRNA dynamics

MODEL III • 6 ODEs + 1 ODE for the stress
Ciliberto et al function
[13]
• Distinguishes between nuclear
and cytoplasmic mdm2
• Accounts for 3 molecular forms
of p53 and 2 forms of mdm2
• DNA damage enhances mdm2
degradation
• p53 promotes DNA repair
MODEL IV • 4 ODEs + 1 expression for the
New model
stress function
• Characterises of the dynamics of
the p53-mdm2 complex
• Accounts for a mdm2-resistant
form of p53

MECHANISM(S) FOR OSCILLATIONS
• Implicit delay, in the form
of an unknown intermediary, in
the mdm2–p52 negative feedback
loop
• Implicit time delay, in the form
of a known intermediary (i.e,
mdm2 mRNA), in the mdm2-p53
negative feedback loop
• Explicit time delay for gene
transcription
• Combination of positive and
negative feed back loops between
mdm2 and p53
• Implicit time delay (mdm2 has
to be phosphorylated and then
shuttled into the nucleus before it
can degrade p53)

• mdm2-p53 negative feedback
loop
• p53 binding protects mdm2
from proteosomal degradation

feedbacks. In response to ionising radiation, DNA damage increases abruptly as does
[. . . ] the rate of [. . . ] degradation of [MN ]. As [MN] decreases, [P] increases, which
causes an initial drop in [MPC] and a steady increase in [MC]. When a sufficient
amount of mdm2 accumulates in the cytoplasm, it initiates a change of regime:
phosphorylated mdm2 enters the nucleus, causing increased degradation of p53, which
relieves the inhibition of mdm2 phosphorylation in the cytoplasm, allowing more
mdm2 to enter the nucleus. The positive feedback loop causes the abrupt drop in [P]
and rise in [MN]. The drop in [P] cuts off the synthesis of [MC ], and consequently
[MC] and [MN] drop. The system is back to the original state, [P ] starts to accumulate
again due to the low level of [MN] and a new oscillation starts [13].
While model III incorporates substantially more biologically-relevant information
than models I and II, its main weaknesses are the strong dependence of the behaviour
of the system on the relative size of the nucleus (see the simulations in Figure 3) and
the mass balance problems discussed above (see corrected Eqns (4)).
Model III predicts a decrease in nuclear mdm2 in response to stress (Figure 5), and
a subsequent reduction in mdm2-mediated p53 degradation. This is also the case in
the context of model IV (Figure 7). The reason behind the drop in mdm2 is different,
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though. According to model III, the degradation rate of nuclear mdm2 is an increasing
function of the level of DNA damage. In contrast, under model IV, p53-binding
protects mdm2 from proteasomal degradation and, therefore, any decrease in [PI]
translates naturally in an increased mdm2 elimination rate. Hence, when radiation
promotes the transformation of PI into PA , mdm2 has less chance to bind to PI and is
thus at a higher risk of being rapidly degraded. This model prediction highlights the
importance of accounting for the dynamics of the mdm2–p53 complex, as suggested
by Proctor et al. [38] since the regulation of p53 is dependent on its interaction with
mdm2, we would expect that the oscillatory behaviour of the system would be strongly
affected by the binding affinity of mdm2 to p53. Therefore any mechanistic model of
the sytem should include the mdm2–p53 complex. The reduction in mdm2 levels in
response to stress in models III and IV plays a role equivalent to the transcriptional
delay in models I and II: it enables the levels of mdm2 and p53 to peak out of phase,
thereby allowing oscillations to occur.
The purpose of the experimental and numerical work is to gain better insight into
the dynamics of the chosen cellular regulatory pathway and of the ODE models that
represent it most faithfully. The next step is to derive the corresponding automaton
and extract the algebraic structure of its semigroup (in OPAALS), whilst
simultaneously performing the Lie group analysis of the ODE system (BIONETS).
Once these more powerful analytical tools are in place, we can re-examine the models
discussed in this chapter, in order to correlate algebraic structure to observed or
numerically calculated behaviour.
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