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Abstract. We introduce a new factorization algorithm, based on the
analogue determination of the periodicity of a single generalized continuous truncated exponential sum (CTES) interferogram. We demonstrate
that this algorithm allows, in principle, to factorize arbitrary numbers
exploiting a remarking rescaling property of the recorded CTES interference pattern. Such an interferogram can be realized taking advantage of
multi-path optical interference, using a polychromatic light source and
a spectrometer. The resulting interference pattern, when observed as a
function of wavelength, contains the information about all factors of any
arbitrary number N . This information is encoded in the location of the
maxima of the interferogram.
Keywords: Factorization algorithm, interference, continuous truncated
exponential sums, Gauss sums, cryptography.

1

Introduction

To ﬁnd the factors of a large integer number N is a rather diﬃcult problem in
computation theory. Indeed, the security of codes relies on this fact. The most
celebrated algorithm for factorization is Shor’s algorithm, which takes advantage
of quantum systems [1]. In the present paper we present a new factorization
algorithm, in which both number theory and a physical process allow to solve
the problem of factorization. Such an algorithm has a similar working principle
with respect to Shor’s case: factorization by exploiting the periodicity of a known
function, which, in our case, is a generalized truncated continuous exponential
sum (CTES), as a function of a continuous variable.

2

Main Challenge in Factorization

In order to develop an eﬀective factorization algorithm, it is important to understand what is the main challenge in factorization that this algorithm needs
to overcome. We want to show that such a challenge consists in the computation
of the ratio
. 1
(1)
f (ξ) = ,
ξ
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√
as a function of the continuous parameter ξ, with 0 < ξ < 1/ Nmin , where Nmin
is the smallest number to be factored. In fact, once we know such a function,
we have information about all the possible functions N/ξ associated with all the
possible numbers N > Nmin that we want to factorize. We need simply to look
at f as a function of the new variable, obtained by the scaling relation:
.
ξN = N ξ,
(2)
√
√
with 0 < ξN < N/ Nmin > N . In this way we obtain:
f (ξN ) =

N
.
ξN

(3)

For each possible N , the factors are given by the values ξN = l, where l is a trial
factor, such that
f (l) =

N
= k,
l

(4)

with k positive integer. In terms of computation, the introduction of ξN involves
the multiplication of each possible value of ξ by the constant value N , for each
number N we want to factorize. This means that no division operations are
required once we know the function f (ξ) in Eq. (1).
We have demonstrated that the factorization process turns out to be very fast
in terms of computations if we know the function f (ξ) in Eq. (1). Unfortunately,
determining if Eq. (4) is satisﬁed is not an easy task. In fact, there are trial factors l for which f (l) is very close to an integer. In the next section we will show
how the constructive/destructive periodical interference associated with a generalized continuous truncated exponential sum (CTES) allows an easy distinction
between factors and non factors. Such an approach is substantially diﬀerent
respect to the usual factorization approach using truncated exponential sums
[2,3,4,10,11,7,8], which experimental realizations [12,13,18,14,15,17] present a
precalculation of the ratio between N and l[19].

3

New Factorization Algorithm by Exploiting the
Periodicity of a CTES

We want to show that the function f (ξ), in Eq. (1), and so all the possible
functions f (ξN ), can be extracted by determining the periodicity of the modulo squared of the generalized continuous truncated exponential sum (CTES)
C (M,j) (ξ), deﬁned as:
M
. 1 
|C (M,j) (ξ)|2 = |
exp [φm,j (ξ)] |2 ,
M m=1

(5)

with the phase terms φm,j (ξ) given by:
φm,j (ξ) = 2πi(m − 1)j f (ξ).

(6)
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In particular, for each possible number N to factorize, the CTES in Eq. (5) can
be rescaled in the following way:


M
1 
(M,j)
2
j N
|C
(ξN )| = |
exp 2πi(m − 1)
(7)
|2 .
M m=1
ξN
The factors of an arbitrary number N are the integer values ξN = l, which
correspond to dominant maxima of such a rescaled sum.
In Fig. 1, it is represented the modulo squared of the rescaled CTES in Eq.
(7), with M = 3, j = 2, as a function of the variable ξN ∈ [330.74, 337.21], for the
factorization of N = 111547. We can see that the two factors l = 331, 337 (represented by stars) give complete constructive interference. On the other hand, for
the other trial factors (represented by triangles), there is partially destructive
interference. Moreover, there are absolute maxima (represented by points) which
do not correspond to integer trial factors.
We have also represented, in Fig. 2, the modulo squared of the rescaled CTES
for the same value of N and M and the same range of values of ξN , in the
case of j = 3. It turns out, as expected, that, as the order j of the exponential
sum increases, the peaks associated with the absolute maxima become sharper.
On the other hand, increasing the order j, also the values of the second order
maxima in the interference pattern increase. In order to suppress such maxima
it is necessary to increase the number of terms M in the sum.
In the wavelength range in Fig. 1 and Fig. 2, the more a non factor is near
to a factor, the less is the correspondent value of intensity. We analyze now
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Fig. 1. Modulo squared of the rescaled CTES, in Eq. (7), for N = 111547, with M = 3
and j = 2, as a function of the variable ξN ∈ [330.74, 337.21]. We can see that the two
factors l = 331, 337, represented by stars, give complete constructive interference, despite the other trial factors, represented by triangles, which present partially destructive
interference.
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Fig. 2. Modulo squared of the rescaled CTES in Eq. (7), for N = 111547, with M = 3
and j = 3, as a function of the variable ξN ∈ [330.74, 337.21]. As expected, the peaks
associated with the absolute maxima, in the case j = 3, are sharper than the respective
peaks, in the case j = 2, represented in Fig. 1. On the other hand, increasing the order
j, increase the value of the maxima of second order in the interference pattern.

the case of integer wavelengths far from the factors. In Fig. 3, it is shown, for
example, a simulation of the interference pattern in the range [230.9, 237.1]. We
can observe, as expected, that there a is large probability of ﬁnding trial factors
with associated relatively limited value of intensity. This allows us to speed-up
the general selection of the factors among all the possible trial factors, simply
disregarding all the value of ξN below a suitable threshold value. In this way,
the number of trial factors to be considered in order to determine the factors is
sensibly reduced.
We gain some insight into the behavior of the function C (M,j)(ξ) , in Eq. (5),
as a function of the continuous variable ξ when we represent f (ξ) as
1
(8)
f (ξ) = k(ξ) + τ (ξ),
2
where both the integer k and the continuous parameter τ , which extends from
−1 to +1, depends on the value of ξ.
When we substitute this representation of f (ξ), in the CTES expression in
Eq. (5), we ﬁnd
|C (M,j) (ξ)|2 = |s(j) (τ (

λ
, N ))|2 ,
uN

(9)

where
s(j) (τ ) =

M


1 
exp πi(m − 1)j τ .
M m=1

(10)
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Fig. 3. Modulo squared of the rescaled CTES, in Eq. (7), for N = 111547, with M = 3
and j = 2, as a function of the variable ξN ∈ [230.9, 237.1]. We can clearly see that
all the integer values of wavelengths in such a range have a relatively limited value of
intensity, so that they can be easily disregarded as possible factors.

Hence, the CTES in Eq. (5) is a sequence of the same symmetric function s(j) ,
whose variable τ is determined by Eq. (8). In the case of j = 0 this function is
closely related to the curlicue function which has a dominant maximum at τ = 0
and oscillations on the sides. The function s(j) repeats periodically for each value
ξ such that f (ξ) is equal to an integer k. Consequently the period of repetition
of s(j) , in the interference pattern, determines the dominant maxima. When a
maximum corresponds to an integer value q of ξN = Nξ then q is a factor of N .
In conclusion, the CTES, in Eq.(5),which is independent from the number N
to be factored, allows us to recognize all the values ξ, corresponding to an integer
value of f (ξ), as dominant maxima in the interference pattern. The factors of
an arbitrary number N are given only by the values ξ such that ξN , in Eq. 2, is
an integer.

4

Analogue Realization of a CTES with a Multi-path
Interferometer and a Spectrometer

We have shown that the implementation of a CTES would allow to factorize, in
principle, arbitrary numbers. Unfortunately the calculation of such a sum would
require an exponential number of divisions associated with the computation of
the function f (ξ). On a digital computer, for which division is a rather costly
process, such a computation turns out to be very slow. Therefore it would be
interesting to reproduce the sum in Eq. (5) with an analogue technique, to solve
the problem quickly.
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Fig. 4. Experimental setup: generalized symmetric M + 1-path Michelson interferometer for the realization of truncated exponential sum with truncation parameter M = 3.
Such a setup consists of a polychromatic source (halogen lamp), M balanced beam splitters BS1 , BS2 and BS3 , the mirrors Mr and Mm , with m = 1, 2, 3, and a spectrometer
connected to a CCD camera. The M = 3 interfering paths can be varied respect to the
reference path opr , by moving longitudinally the mirrors Mm , with m = 1, 2, 3, respect
to the reference mirror Mr , so that the relative diﬀerence is given by opm ≡ mj u, with
u = N uN where N is the number to factorize.

We introduce an interesting analogue procedure which allows to reproduce the
interfering phases terms in Eq. (6). Such a procedure is based on the wave nature
of light. In fact the light emitted by a source is characterized by electromagnetic
phases of the form φ(λ) = 2πx/λ, which allow to encode the exponential phases
(m − 1)j in the optical paths x and the continuous variable ξ, associated with
all the possible trial factors, in the wavelengths λ. Moreover, a polychromatic
source of light contains a broad range of wavelengths and thereby allows us to
test trial factors simultaneously.
In particular, the algorithm described in the previous sections can be implemented, using an M + 1-path symmetric Michelson interferometer in free space,
shown in Fig. 4, for the case M = 31 . The system includes M balanced beam
splitters and M + 1 mirrors. The M interfering paths, whose values opm , with
m = 1, 2, .., M , are measured relative to a reference path opr . We can encode the
phase terms (m − 1)j in Eq. (6), with m = 1, 2, 3, in the relative optical paths:
j
opu,j
m ≡ (m − 1) u,

(11)

for m = 1, 2, 3, with j integer larger than 1, and u suitable unit of length, leading
to the interfering phase terms
φm (λ/u) ≡ 2π(m − 1)j /(λ/u).

(12)

For m = 1 the optical path is equal to the reference path.
1

The actual experimental results, obtained implementing this procedure, will be presented in an incoming paper [5].
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We can use a polychromatic source so that the output interference pattern,
measured by a spectrometer connected to a CCD, at the output port of the
interferometer, is a continuous function of the wavelengths λ associated with the
bandwidth of the source.
Such an intensity pattern I(λ) is given by the superposition of the M = 3
interfering terms exp [i φm (λ)]. When we normalize the output intensity respect
to the source intensity, we obtain
I(ξ) ≡ |C (M,j) (ξ)|2 ,

(13)

i.e. the modulo squared of the CTGS C (M,j) (ξ), in Eq. (5), as a function of the
dimensionless real parameter
ξ ≡ λ/u.

(14)

As stated before, the periodicity of the recorded interferogram in Eq. (13) as a
result of a destructive/constructive interference eﬀect, allows us to extract all the
information in the function f (ξ), in Eq. (1), necessary to factorize an arbitrary
number N , by exploiting the scaling law in Eq. (2).
In fact, we can rescale the obtained intensity pattern for the factorization of
an arbitrary number N :
I(ξN ) ≡ |C (M,j) (ξN )|2 ,

(15)

with |C (M,j) (ξN )|2 given by Eq. (7), and ξN rescaled variable in Eq. (2).
The presented analogue procedure allows to test all trial factors simultaneously by using a polychromatic source interferometer. The resulting interference
pattern, when observed as a function of wavelength, contains the information
about all factors of any arbitrary number N . We only have to extract the information from this pattern. The information is encoded in the location of the
maxima of the interferogram. When a maximum is at an integer value l of the
variable ξN in Eq. (2), we have found a factor of N = p · q.

5

Conclusion

In the present paper we have introduced a new factorization algorithm, based on
the analogue determination of the periodicity of a generalized CTES exploiting
a physical interference process. We have demonstrated that the key of such
algorithm stands on the destructive/constructive interference associated with the
recorded CTES interferogram, which allows to extract all the information about
the factors of arbitrary numbers, contained in the experimentally computed ratio
.
.
f (λ) = u/λ ≡ f (ξ) = 1/ξ, by exploiting the scaling relation in Eq. 2 which
deﬁnes the variable ξN we use for representing f . Such a scaling property of the
interferogram allows to rescale the periodicity of the same recorded pattern, in
order to factorize, in principle, arbitrary numbers N , looking at the maxima at
integer values of the corresponding variable ξN .
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