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Abstract. Recently, Physics and Computer Science have both
contributed to the field of Game Theory. The first by introducing quan-
tum information concepts into the strategy set of the players and the
second by giving methods to estimate the efficiency of equilibria and for-
malizing “network games”. This work will aim to be a first step towards
the merging of those existing ideas, by studying the behavior of players
in a quantum network. It will focus on two classes of network games:
formation and congestion games, showing that in some cases “classical”
examples of inefficiency fail if players use quantum strategies.
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1 Introduction

In game theory, a game is the study of competitive situations, formalized by a
set of players (or agents) each one declaring a strategy chosen among a set of
possible moves, and each one receiving a payoff based on the overall results. The
outcome of the game can be predicted using the Nash Equilibrium concept, that
is to say when no player can increase his utility by deviating from his initially
declared strategy, while the other players’ moves remain fixed. A mixed-strategy
NE is similar to that, but instead of choosing a single (pure) strategy players
declare a probability distribution on the strategy set.

The EWL protocol, proposed by Eisert et al. in [12], allows players to represent
strategies using qubits, and sets up a classically impossible coordination creating
entanglement between players’ qubits. It was limited to 2x2 games (2 players,
2 strategies), but extensions to n-player case were discussed by Benjamin and
Hayden in [14], and by many authors in following studies.

Starting from those results, this work extends studies about Network Games
by Roughgarden and Tardos in [4], by using and extending EWL protocol and
representing the same set of games in a quantum-network scenario. To see the
different performances of the quantum and classical versions of the games, effi-
ciency measures will be used: Price of Stability (PoS), the ratio between the best
possible equilibrium cost and the optimal cost, and Price of Anarchy (PoA),
which compares the worst possible equilibrium cost with the optimum.

A. Sergienko, S. Pascazio, and P. Villoresi (Eds.): QuantumCom 2009, LNICST 36, pp. 74–81, 2010.
c© Institute for Computer Sciences, Social-Informatics and Telecommunications Engineering 2010



Network Games with Quantum Strategies 75

2 EWL Protocol

The EWL protocol was initially used by Jens Eisert et al. for the discussion of
the “Quantum Prisoner Dilemma”. It was later used for more general purposes
by many others (e.g. [14] and [15]).

For a 2x2 game, the EWL scheme is as follows:

– Initially we have 2 qubits in the state |ψ〉 = |0〉 ⊗ |0〉 = |00〉
– A referee creates entanglement using entangling gate

Ĵ =
1√
2

⎡
⎢⎢⎣

1 0 0 i
0 1 i 0
0 i 1 0
i 0 0 1

⎤
⎥⎥⎦ , (1)

leaving |ψ〉 in the maximally entangled state

|ψ′〉 = Ĵ |ψ〉 =
1√
2
(|00〉 + i|11〉). (2)

After that, qubits are sent to the respective players, which are forbidden to
communicate.

– Each player i applies his own 1-qubit unitary operation si and successively
sends the qubit back, leaving the state in

|ψ′′〉 = (s1 ⊗ s2)|ψ′〉 (3)

– Finally the referee can determine the outcome by applying Ĵ† operation
(conjugate transpose of Ĵ) and measuring the qubits in their standard basis.

3 Local Formation Games

Network formation games deal with n selfish agents building a network.
In the local case, each player u ∈ N is a node in a graph, and can decide

to build up to n− 1 direct arcs from himself to any other player. The strategy
set for u, Su, then contains all possible subsets of the n − 1 incident arcs to
u, and strategies can be represented by a binary vector su ∈ Su. The strategy
concatenation s = (s1, . . . , sn) forms the outcome network, G(s). The goal for
each agent is to have a connected G(s), while taking as low as possible the sum of
the distances from the other agents plus the cost α of arcs built, thus minimizing
the function:

cu(s) = αnu(s) +
∑
v∈N

dists(u, v). (4)

The social cost of the solution s is:

C(s) =
∑

u,v∈N

dists(u, v) + α|E| (5)

where |E| is the number of arcs1 in G(s) .
1 Counting only one α for each arc is a valid assumption, because in an equilibrium

solution there is no arc (u, v) that is paid by both interested nodes.
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Tardos proves in [4] that PoS can be as large as 4
3 and PoA is directly depen-

dent on the maximum diameter of the network. Using quantum strategies and
entanglement in an extended EWL setting, the Price of Stability turns out to
be always 1, and the maximum diameter of an equilibrium is reduced by a

√
2

factor.

3.1 Classical and Quantum Version

As said before, it comes natural to represent players’ strategies with strings:

si = (e1, e2, . . . , ei−1, ei+1, . . . , en−1, en) (6)

of n−1 bits. To use the EWL protocol with this setting, we can create entangle-
ment on qubits representing the same arc (u, v) in both su and sv, implementing
many 2-players quantum games: qubits ev ∈ su and eu ∈ sv will be in an entan-
gled state.

In the case with only 2 players, there is the following payoff matrix (C=
contribute to the arc , R=refuse to contribute):

C R

C (α + 1), (α + 1) 1, (α + 1)

R (α + 1), 1 ∞,∞

The classical Nash Equilibria are (C,R) and (R,C), however with the EWL
protocol these are not equilibria anymore, as it is not convenient for a player
to play a pure strategy. For every unitary operation a player can chose to play,
in fact, the opponent can build a perfect counter-strategy that maximizes his
payoff, and vice-versa2.

Considering Quantum mixed-strategy Nash Equilibrium of the type3

A1 ∼
[
1 0
0 1

]
A2 ∼

[−i 0
0 i

]
(7)

B1 ∼
[

0 1
−1 0

]
B2 ∼

[
0 −i
−i 0

]
(8)

makes each player the unique builder of the arc with probability 1
2 , with a

expected cost E[ci] = α
2 +1. What is changed with respect to classical equilibria

is that now the agent who pays for the arc is selected randomly, and there is a
decrease of the average cost of “putting an arc into game” (that was classically
α+ 1). This is the key change for the PoS of the multiplayer case.

In fact, in [4], Tardos shows that the efficiency of equilibria change in function
of α. The only case in which PoS > 1 is when 1 < α < 2, when the complete
graph is optimal but the best equilibrium is a star-graph. This happens because
2 The situation is like the Prisoner’s Dilemma, see [12].
3 The symbol “∼” means that there are infinite equivalent equilibria obtained with

appropriate rotations on the strategies, preserving the mutual optimality property.
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no agent has incentive to pay 2 < α+ 1 < 3 for building a direct arc, instead of
just using the existing link and paying dist(u, v) = 2.

This does not hold using EWL protocol, as an agent u with strategy cost

cu(s) = αnu(s) + dists(u,w) +
∑

v∈N\{w}
dists(u, v) (9)

and dists(u,w) ≥ 2, can “put into game” (u,w) with a new solution s′, expecting

E[cu(s′)] = α(nu(s) + 1) + 1 +
∑

v∈N\{w}
dists′(u, v) ≤ cu(s). (10)

The complete graph is a Nash Equilibrium with quantum strategies for α ≤ 2,
while nothing changes for α ≥ 2. This means that with quantum strategies the
PoS is always equal to 1.

About the PoA, Tardos shows in [4] that it depends on the maximum diame-
ter4 of a graph in an equilibrium solution, that is classically at most 2

√
α. In a

quantum setting, suppose two nodes u and v are at distance dist(u, v) ≥ 2k for
some k. Putting the arc (u, v) in competition, node u would pay α

2 in expectation,
while reducing the distance from nodes in the second half of the shortest-path
u − v of (2k − 1) + (2k − 3) + · · · + 1 = k2. The construction of the direct arc
is convenient if dist(u, v) > 2

√
α
2 , and that’s why the maximum diameter of a

graph in a Nash Equilibrium with Quantum Strategies is at most 2
√

α
2 =

√
2α.

4 Global Formation Games

Does the introduction of EWL protocol define a new game with at least the same
performance of the classical counterpart? It turns out that this is not true, and
the following is an example.

The global case of formation game shows players having source-target pairs
and willing to connect those by building arcs, each of them having an associated
cost. If more than on player decide to build the same arc, the cost is equally
shared. The PoA in this setting is up to Hk, the k-th harmonic number, as
shown by Tardos and Wexler in [4]. Here it is convenient to use an extended
EWL protocol that, given strategy strings, creates entanglement between all the
qubits representing the same arc. Let’s show with a simple example an instance
where the classical game performs better than the quantum one (figure 1). The
strategy of a player is communicated to the referee using a string (epb, epvt) of 2
qubits, one for the private path and one for the public (the shared) one. The two
epb qubits are in an entangled state, while the epvt ones remain independent.

Player 2 finds convenient to buy the epb link together with Player 1, who is
not interested in it because the loss of ε

2 . Because of the entanglement, Player 1

4 The length max(u,v)d(u, v) of the “longest shortest path” between any two graph
vertices (u, v) of a graph, where d(u, v) is a graph distance.
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Fig. 1. A simple two-player Global Formation instance

cannot avoid to play the public link, the best he can do for his defense is to play
the mixed strategies:

S0 ∼
[
1 0
0 1

]
S1 ∼

[
i 0
0 −i

]
, (11)

who act as randomizers for the choice of Player 2. Player 1 will confirm (and
follow) or negate the strategy of Player 2, thus ending in both or neither buying
the arc with equal probability. Expected cost for Player 1 is then:

c1[s] =
1
2
· 1
2

+
1
2
· (1

2
+

1 + ε

2
) =

3 + ε

4
. (12)

Now Player 2 has 50% probability of losing epb, so to avoid an infinite expected
cost he has to build also epvt, with expected cost:

c1[s] =
1
2
· 1 +

1
2
· (1 +

1 + ε

2
) =

5 + ε

4
. (13)

This is the only class of mixed Nash Equilibria, maximizing expectations for
both players, and there are no pure NE. Let’s consider the two classical cases:

– If both players would play only the epvt arcs, Player 2 could increase his payoff
by playing Strategy S1 on epb and leaving his epvt to 0. This way he could force
Player 1 to follow him on the public link, paying only 1+ε

2 instead of 1.
– If players would use only epb, Player 1 could use the same S1 strategy to

“undo” the decision of Player 1, and use only his epvt arc, saving ε
2 .

PoS for this instance is then

PoS =
3+ε
4 + 5+ε

4

1 + ε
� 2 (14)

while the classical was only 1.5 + 1
ε . Extending the game to n players, PoS

becomes Hk + 1+ε
2 .
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5 Congestion Games

In a network congestion game, also called selfish routing, players have a source
node, a target node and a unit of traffic to transfer, and they have to decide
the route to take. The strategy set for each agent consists of all possible paths
from source to target, and the utility is the latency time he faces, considering
that arcs get congested in function of the number of players using them. The
unit of traffic may be splittable or unsplittable and defined as non-atomic or
atomic instances. It is possible to calculate an optimal solution that minimizes
the sum of all latencies faced by the players. However, this solution is not always
an equilibrium as some players may find profitable to change route and face
less latency for themselves, increasing latency for others. Introducing quantum
strategies with a slightly modified EWL protocol, classical examples of ineffi-
ciency in selfish routing, present Price of Anarchy and Stability of 1. This does
not mean, however, that quantum equilibria are always optimal, as we can show
a network inefficient with quantum strategies.

5.1 Quantum Version of Pigou’s Example

Consider the network in Figure 2. We have a set of n players, each of them
wanting to route a negligible amount of unsplittable traffic from s to t. In players’
strategies there are only two paths who have a different congestion function: P1

of constant cost c(x) = 1, and P2 that has load dependent cost c(x) = x/n.
The optimal outcome for this problem is equally splitting the agents between

the paths, thus achieving a social cost of

cost(OPT ) =
n

2
· 1 +

n

2
· 1
2

=
3
4
n.

At Nash Equilibrium all players use the P2 path, thus

cost(NE) = n · n
n

= n. (15)

We can then calculate the Price of Stability:

PoS =
cost(NE)
cost(OPT )

=
n
3
4n

=
4
3
. (16)

To use the EWL Protocol with n players, we can create a Entanglement by
couples (if the number is odd, the last one is free). Fixed the behaviour of other
n − 2 players, supposing that k of them (with k < n − 2) chose the P2 path,
payoff matrix for the two remaining players is:

P1 P2

P1 (1,1) (1,k+1
n

)

P2 ( k+1
n

,1) ( k+2
n

, k+2
n

)
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Fig. 2. Pigou’s example

Note that classically the dominant strategy P2 is still valid, and considering en-
tanglement we reach an equilibrium with the same mixed-strategies of equations
7 and 8. The individual expectation is:

E[cj ] =
1
2

(
1 + k+1

n

2

)
+

1
2

(
k+1

n + 1
2

)
=

1 + k+1
n

2
. (17)

Because the remaining n−2 agents will face the same situation, this equilibrium
has exactly one half of the agents taking the P2 link, with an individual expected
cost even lower than the classical:

E[cj ] =
1 + k+1

n

2
=

1 +
n
2 −1+1

n

2
=

1 + 1
2

2
=

3
4
. (18)

It achieves optimal social cost and PoS = 1 (for this particular network):

cost(NE) =
∑

j

cj = n · E[cj ] =
3
4
n = cost(OPT ). (19)

This quantum Pigou’s example answers one important question: are Nash Equi-
libria with Quantum Strategies and EWL protocol equivalent to classical corre-
lated equilibria? Obviously there is no correlated equilibrium for this example,
because a player that is told to take the P1 path has no incentive to obey. With
quantum strategies, instead, players expect a better payoff by taking the risk to
take the P1 path. Finally, note that this special example does not imply that
every Selfish Routing problem is optimal. In fact we can find a network where
PoS = 8

7 , making C(x) = 2x
n in the P2 path of Figure 2.

6 Conclusions

This work is an attempt to adapt the EWL protocol to a multiplayer game with
unbounded players and to answers two natural questions about general Quantum
Games, with counterexamples. It also shows how the introduction of quantum
information technology in a large-scale network may lead to improvement in
terms of congestion avoidance and link formation, and it is an invitation for
future research and practical applications, such as quantum routers.
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5. Roughgarden, T., Tardos, É.: How Bad is Selfish Routing? Journal of the

ACM 49(2) (2002)
6. Pigou, A.C.: The Economics of Welfare. Macmillan, Basingstoke (1920)
7. Awerbuch, B., Azar, Y., Epstei, A.: The Price of Routing Unsplittable Flow. In:

37th Annual ACM Symposium on Theory of Computing, STOC (2005)
8. Christodoulou, G., Koutsoupias, E.: The price of anarchy of finite congestion

games. In: 37th Annual ACM Symposium on Theory of Computing, STOC (2005)
9. Shapley, L., Monderer, D.: Potential Games. Games and Economic Behavior 14

(1996)
10. Chakrabarty, D., Mehta, A., Nagarajan, V., Vazirani, V.: Fairness and optimality

in congestion games. In: Proceedings of the Sixth ACM Conference on Electronic
Commerce, Vancouver, BC, pp. 52–57. ACM Press, New York (2005)

11. Meyer, D.A.: Quantum Strategies. Phys. Rev. Lett. 82, 1052–1055 (1999)
12. Eisert, J., Wilkens, M., Lewenstein, M.: Quantum Games and Quantum Strategies.

Phys. Rev. Lett. 83, 3077–3080 (1999)
13. Eisert, J., Wilkens, M.: Quantum Games. Journal of Modern Optics 47(14) (2000)
14. Benjamin, S.C., Hayden, P.M.: Multi-Player Quantum Games. Phys. Rev. A 64

(2001)
15. Chen, K., Hogg, T., Beausoleil, R.: A Quantum Treatment of Public Goods Eco-

nomics. Quantum Information Processing 1(6) (2002)


	Network Games with Quantum Strategies
	Introduction
	EWL Protocol
	Local Formation Games
	Classical and Quantum Version

	Global Formation Games
	Congestion Games
	Quantum Version of Pigou's Example

	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier ()
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




