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Abstract. We investigate the spatio-temporal structure of the biphoton
entanglement in Parametric Down Conversion (PDC). In particular we
study the biphoton amplitude at the output face of the nonlinear crystal
(near-ﬁeld) and we demonstrate its X-shaped geometry in the space-time
dimensions, i.e. the non-factorability of the state with respect to spatial
and temporal variables. Our analysis provides a precise and quantitative characterization of this structure in various regimes and types of
phase matching of PDC. The key elements of novelty emerging from our
analysis are the non-factorability of the state with respect to spatial and
temporal variables, and the extreme relative localization of the entangled
photons, both in space (few microns) and time (few femtoseconds). This
extreme localization is connected to our ability to resolve the photon
positions in the source near-ﬁeld. The non factorability opens the possibility of tailoring the temporal entanglement by acting on the spatial
degrees of freedom of twin photons.
Keywords: Quantum entanglement, Parametric Down-Conversion,
Biphoton correlation.
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Introduction

Parametric down-conversion (PDC) is probably the most eﬃcient and widely used
source of entangled photon pairs, which have been employed in several successful implementations of quantum communication and information schemes. At the
very heart of such technologies lies the quantum interference between photonic
wave functions, which depends crucially on the spatio-temporal mode structure
of the photons. In dependence of the application under consideration, diﬀerent
properties of the entangled photons (e.g the spectral bandwidth) are enhanced.
For example, recently proposed protocols for long-distance quantum communication based on photon-atom interaction require narrowband biphotons [1, 2], with
linewidth less than the atomic linewidth (∼ MHz [3, 4]), whereas ultra-broadband
biphotons (∼ GHz) are required for high-axial-resolution quantum optical coherence tomography [5, 6], or for clock synchronization protocols [7, 8].
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Diﬀerent methods were proposed in last years to generate broadband biphotons, and more in general to taylor their spectral properties. Some of them
exploits the properties of the nonlinear medium, by choosing a very thin crystal
[9], or using chirped quasi-phase-matched nonlinear gratings [10, 11, 12, 13]. In
other works the spectral properties of biphotons were controlled thanks to pump
engineering, by choosing appropriately the pump wavelength [14, 15], acting on
its spatial properties and exploiting the non-collinear phase matching conﬁguration [16, 17, 18] or, more recently, by mean of a tilted pump pulse [19].
In this work, the issue of controlling and tailoring the biphoton spatio-temporal
structure is addressed from a peculiar and novel point of view, that is, the non factorability in space and time of the PDC biphoton entanglement. The idea comes
from the context of nonlinear optics, where recent studies [20, 21] outlined how in
nonlinear media the angular dispersion relations impose a hyperbolic geometry involving both temporal and spatial degrees of freedom in a non-factorable way. The
wave object that captures such a geometry is the so-called X-wave (the X being
formed by the asymptotes of the hyperbola), which is a localized and propagationinvariant wave-packet, non separable in space and time. The statistical counterpart
of the X-wave was recently shown [22, 23] to emerge in the X-shaped structure of
the coherence function, describing the classical phase coherence of the individual
signal (idler) ﬁeld.
In this paper, we turn our attention to the genuine quantum level, investigating the spatio-temporal structure of the biphoton cross-correlation, the quantity
that is at the heart of the photon-pair PDC entanglement. We shall demonstrate
that a X-geometry emerges in this microscopic context as well. With few exceptions [24, 25], the PDC entanglement has been to date investigated mostly either
in a purely temporal [26, 27, 28] or spatial [29, 30, 31, 32] framework. Our approach, based on the non-factorability in space and time of the state, will point
out a key element of novelty, i.e. the possibility of tailoring the temporal bandwith of the biphotons by manipulating their spatial degrees of freedom. In particular, by resolving their near-ﬁeld positions, we will show that the X-structure
opens the access to an ultra-broad bandwidth entangled photonic source, with a
temporal localization in the femtosecond range. Our results compare with recent
ﬁndings [12], where a ∼ 7fs Hong-Ou-Mandel dip was observed through the use
of a quasi-phase-matched nonlinear grating.

2

Type I Parametric Down Conversion

We ﬁrst focus on type I parametric down conversion, i.e. we consider the signal
and idler ﬁelds having ordinary polarization. We consider basically the same
model adopted by Gatti et al.[25, 32, 31]. A coherent and quasi-monochromatic
pump ﬁeld propagates along the z axis in a χ(2) nonlinear crystal of lentgh lc .
We denote by Âp (x, t, z) and Âs (x, t, z) the envelope operator for the pump and
signal ﬁeld, of central frequencies ωp and ωs = ωp /2, respectively:
(+)

Âj (x, t, z) = Êj

(x, t, z)eiωj t

(j = s, p) ,

(1)
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(+)

where Êj is the positive frequency part of the ﬁeld operator, and x = (x, y)
represents the transverse coordinates, while t is the time. We next pass to the
Fourier domain:
 2 
d x
dt
√ e−iq·x+iΩt Âj (x, t, z) ,
q , Ω, z) =
(2)
Âj (
2π
2π
where 
q represents the transverse component of the wave vector and Ω is the
frequency oﬀset from the carriers ωj . In addition we extract the fast variation
along z due to the linear propagation inside the crystal:
Âj (
q , Ω, z) = eikjz (q,Ω)z âj (q, Ω, z) ,
where kjz (
q , Ω) =

(3)


kj2 (
q , ωj + Ω) − q 2 is the projection of the wave vector of

q , ωj + Ω) is the corresponding wave
the j-th ﬁeld along the z axis and kj (
number. The ﬁelds âj deﬁned in Eq. (3) have thus a slow variation along the
crystal, due only to the nonlinear interaction. In the following we assume that
the pump beam is undepleted by the nonlinear interaction, i.e. âp (q, Ω, z) =
âp (
q , Ω, 0). Moreover, since we consider as pump an intense coherent beam, the
ﬁeld operator can be replaced by its classical mean value: âp (q, Ω, 0) → αp (q, Ω).
In this way the pump evolution along the crystal is simply detrmined by the
q , Ω, z) = eikpz (q,Ω)z αp (
q , Ω).
linear propagation, Ap (
The evolution of the signal ﬁeld âs due to the non linear interaction is described by the following equation [25]:
∂âs (
q , Ω, z)
g
=
∂z
lc



q
d2 
2π





dΩ 
√ ᾱp (
q+
q  , Ω + Ω  )â†s (
q  , Ω  , z)e−i∆(q,Ω;q ,Ω )z ,
2π

(4)
where ᾱp represents the pump ﬁeld (at the input face of the crystal) normalized
to its peak value αp , and g = χ(2) αp lc is the dimensionless parametric gain,
with χ(2) being a parameter proportional to the second-order susceptibility of
the medium. The phase mismatch function, deﬁned as
q , Ω) + ksz (
q  , Ω  ) − kpz (q + q  , Ω + Ω  ) ,
∆(
q , Ω; 
q  , Ω  ) = ksz (

(5)

determines the eﬃciency of the down-conversion process, in which a pump photon of frequency ωp + Ω + Ω  with transverse wave vector q + q  , splits into two
signal photons of frequencies ωs + Ω and ωs + Ω  , with wave vectors q and q  ,
respectively.
We can ﬁnd an analytic solution of Eq. (4), if we consider a plane and
q , Ω) = (2π)3/2 δ(
q )δ(Ω) (an analysis for a nearly
monochromatic pump, i.e. ᾱp (
monochromatic pump that leads to similar results can be found in [33, 34]). In
this case, indeed, the solution can be expressed by mean of the usual inputoutput relations [25]:
q , Ω) = U (
q , Ω)Âs (
q , Ω, 0) + V (
q , Ω)Â†s (−q, −Ω, 0) ,
Âs (

(6)
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where, if not diﬀerently stated, the ﬁelds are evaluated at z = lc (near-ﬁeld),
and

V (
q , Ω) =
ϕ(
q , Ω) =
Γ (
q, Ω) =
∆pw (
q , Ω) =








q , Ω)lc
∆pw (
sinh Γ (
q , Ω)
cosh Γ (
q , Ω) + i
, (7a)
2Γ (
q , Ω)
kp lc


g
sinh Γ (
q , Ω) ,
(7b)
ei 2 eiϕ(q,Ω)
Γ (
q , Ω)
ks (
q , Ω) − ks (−
q , −Ω)
lc ,
(7c)
2

q , Ω)lc2
∆2pw (
,
(7d)
g2 −
4
ksz (
q , Ω) + ksz (−
q, −Ω) − kp ,
(7e)

U (
q , Ω) = ei

kp lc
2

eiϕ(q,Ω)

where kp = kpz (0, 0).
We note that the functions U (
q , Ω) and V (
q , Ω) satisfy the conditions:
|U (
q , Ω)|2 − |V (
q , Ω)|2 = 1 ,
U (
q , Ω)V (−
q , −Ω) = U (−
q, −Ω)V (q, Ω) ,

(8)

necessary to preserve the commutation relations from the input to the output
face of the crystal.
Once we have found the solution to the propagation equation, i.e. we have an
explicit expression for the ﬁeld at the output face of the crystal, we can evaluate
the quantity of primary interest when dealing with the PDC entangled state,
the so called biphoton amplitude:
ψ(x, t, x  , t ) = Âs (x, t)Âs (x  , t ) .

(9)

The biphoton amplitude, i.e. the biphoton cross-correlation, is the quantity at
the heart of the photon-pair PDC entanglement: the “anomalous” propagator
into Eq. (9) is, indeed, characteristic of processes where particles are created in
pairs.
Thanks to Eq. (6) we can easily evaluate the plane wave pump (PWP) result
for the biphoton amplitude:
ψ(
x, t, 
x  , t ) = Âs (
x, t)Âs (
x  , t )
 2  
 2


 
d 
d 
q dΩ
q dΩ
=
Âs (
q , Ω)Âs (
q  , Ω  )ei(q·x−Ωt) ei(q ·x −Ω t ) (10)
3/2
2π
2π 3/2
 2
d 
q dΩ iq·(x−x  )−iΩ(t−t )
=
e
U (
q , Ω)V (−
q , −Ω) ,
(2π)3

where we exploit the well known commutation relation
[Âs (
q , Ω, 0), Â†s (
q  , Ω  , 0)] = δ(
q − q  )δ(Ω − Ω  ) ,

(11)

and the identities Âs Âs  = Â†s Âs  = Â†s Â†s  = 0, deriving from the fact that
the signal ﬁeld at input face of the crystal is in the vacuum state. We notice
that the biphoton amplitude is proportional to g. We note that the biphoton
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amplitude depends only on the relative coordinates ξ = x − x  and τ = t − t ,
as it is natural to expect for an homogeneous and stationary pump.
We need therefore to calculate the Fourier transform of the function
F (
q , Ω) = U (
q , Ω)V (−
q , −Ω):


d2 

q dΩ iq·ξ−iΩτ
e
F (
q , Ω) ,
(12a)
(2π)3








∆pw (
q , Ω)lc
geikp lc
q , Ω) + i
sinh Γ (
q , Ω) cosh Γ (
sinh Γ (
q , Ω) (12b)
F (
q, Ω) =
Γ (
q, Ω)
2Γ (
q , Ω)
 τ) =
ψ(ξ,

where in Eq. (12b) we used the identity ϕ(−
q , −Ω) = −ϕ(q, Ω).
We note that F (
q , Ω) depends on variables (
q , Ω) only through the function
∆pw (
q , Ω), that for the case of e-oo type I parametric down-conversion considered
in this section, has radial symmetry with respect to q: ∆pw (q, Ω) = ∆pw (q, Ω),
where q = |
q |. We can therefore evaluate Eq. (12) by mean of a Fourier-Hankel
transform:
 ∞

dΩ −iΩτ ∞ dq
ψ(ξ, τ ) =
e
qF (q, Ω)J0 (q · ξ) ,
(13)
2π
−∞ 2π
0
where
1
J0 (x) =
2π



2π

ei sin(θ)x dθ

(14)

0

is the ﬁsrt order Bessel function of the ﬁrst kind. It is evident from Eq. (13)
that the biphoton amplitude depends only on the radial coordinate ξ, i.e. on the
relative distance of the down-converted photons.
We numerically evaluate Eq. (13) for a type I 4mm long BBO crystal, pumped
at λp = 352nm, cut at 33.426◦ for collinear phase matching at degeneracy, with
g = 10−3 . In order to select an appropriate range of wavelengths, consistent
for example with the ﬁnite bandwidth of detection, we introduce a symmetrical
frequency ﬁlter centered at degeneracy with a super-gaussian proﬁle with a full
width at half maximum (FWHM) of 1370 THz, corresponding to a wavelength
band from 550 nm to 950 nm.
The results are shown in Fig.1: in panel (a) we report the two dimensional
cut of the biphoton amplitude at ξy = 0, clearly displaying its X-structure,
non separable in space and time. The whole 3-dimensional plot has a rotational
symmetry in space, as shown in Fig.1(b), where we plot the isosurface obtained
 τ )|/|ψ(0, 0, 0)| = 0.15. A clear X-shaped structure
for the particular value |ψ(ξ,
emerges: this non-trivial shape of the spatio-temporal two-photon correlation,
that we shall call X-entanglement can be considered the counterpart, at the
quantum level, of the nonlinear X-waves [20].
A remarkable characteristic of the X-entanglement is the unusually small
width of the spatio-temporal correlation peak, which corresponds to a strong relative localization of twin photons both in time and space. The two lower frames
of Fig.1 plot cuts of the two-photon coincidence rate |ψ|2 along the temporal
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Fig. 1. (color online) (a) Two dimensional plot of the section of the biphoton amplitude for ξy = 0, normalized to its peak value ψ(0, 0, 0), clearly showing its X-shaped
geometry. (b) Isosurface representing the full 3-dimensional structure of the biphoton
 τ )|/|ψ(0, 0, 0)| = 0.15. In the
amplitude (in modulus), for the particular value |ψ(ξ,
lower panels we report the one dimensional section of the coincidence rate |ψ|2 along
the temporal (c) and spatial (d) coordinate axis. The widths of the peaks shows the
relative temporal and spatial localization of biphotons. We consider a 4mm-long type
I BBO crystal cut at 33.436◦ for collinear phase matching at degeneracy, g = 10−3 ,
λp = 352nm.

and spatial axis, respectively. The relative spatial localization is remarkable but
not impressive, as displayed in Fig.1(d) by the |ψ(ξx , 0, 0)|2 spatial proﬁle, obtained for τ = 0, which has a FWHM of ∼ 2.9 µm. More impressive, and in a
sense, unexpected, is the relative localization in time of twin photons, which can
be appreciated from the temporal proﬁle |ψ(0, 0, τ )|2 in Fig.1(c), which is as narrow as 4.4 fs. Such an ultra-short two-photon localization emerges spontaneously
from a monochromatic pump, as a consequence of the ultra-broad bandwidth
of PDC phase-matching, which in principle extends over the optical frequency
ωp ∼ 5 · 1015 Hz.
It is interesting to compare our results with the typical ∼ 100 fs temporal
localization of the coincidence rate measured in the far-ﬁeld zone, by collecting twin photons that propagate at symmetric directions q and −q, within a
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Fig. 2. (Color online) Plot of |F |, showing the phase matching curve in the (qx , Ω)
plane. The dashed lines show the bandwidth selected by the ﬁlter and the arrows
indicate the diﬀerent bandwidths involved (same parameters as in Fig.1).

small angular bandwidth.
In that case, the measured quantity is proportional

−iΩτ
to |F (
q , τ )|2 = | dΩ
e
F (
q , Ω)|2 . Its temporal width is determined by the
2π
inverse of the bandwidth of F (
q , Ω) at ﬁxed q, i.e. the narrow (1013 − 1014 Hz)
thickness of the curve in Fig.2. This bandwidth can be roughly evaluated as Ω0
for q/q0 << 1, and as Ω0 q0 /q for q/q0 > 1, where Ω0 = 1/ks lc , q0 = ks /lc ,
and we used the short-hand notation ks = ks (0, 0), ks = d2 ks /dΩ 2 |0,0 . Clearly,
−1/2
, the shorter the crystal, the stronger the temporal localsince Ω0 scales as lc
ization in the far-ﬁeld; however, a far-ﬁeld localization in the femtosecond range
would require a crystal as short as ∼ 50 µm, with a strongly reduced downconversion eﬃciency. Conversely, in our case, the detection of coincidences in
the near-ﬁeld gives in principle access to the full (∼ 1015 Hz) bandwidth of phase
matching even for a long crystal.
It is however important to stress that such an extreme temporal localization
of twin photons relies on the ability to resolve their relative position in the nearﬁeld plane. Indeed, a measurement collecting all the photons over the beam crosssection, without discriminating
their positions, is characterized by the integrated

 τ )|2 , which for the case considered here, has a width
coincidence rate d2 ξ |ψ(ξ,
of ∼100fs.
In Fig.3 we compare the standard deviation of the coincidence rate when resolving the near-ﬁeld position of twin photons |ψ(ξ = 0, τ )|2 (red solid line), with

 τ )|2 (black dashed line), for diﬀerent
the integrated coincidence rate d2 ξ |ψ(ξ,
crystal lengths. For a thin crystal with lc = 0.1mm (Fig.3(a)), the standard deviations of the two distribution are almost the same, while it is clearly evident the
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Fig. 3. (color online) Section of |F (
q , Ω)| in the (qx , Ω) plane (upper panels), for different crystal lengths: (a) lc = 0.1mm, (b) lc = 4mm and (c) lc = 12mm. Lower panels:
comparison between the coincidence rate when twin photons are collected at the same
near-ﬁeld position (|ψ(ξ = 0, τ )|2, solid line) and the coincidence rate measured without resolving photon positions ( d2 ξ |ψ(ξ, τ )|2 , dashed line), for the diﬀerent crystal
lengths considered.

diﬀerence as the crystal length increases: even for a long crystal, that means an
high eﬃciency for the down conversion process, the temporal localization of twin
photons is on the order of few fs if we resolve their near-ﬁeld position, while it
is two order of magnitude greater if we consider the integrated coincidence rate
(Fig.3(c)).
It may appear surprising that when the photons are collected without discriminating their near-ﬁeld position, their temporal localization is determined by the
inverse of the bandwidth of F (q, Ω) at ﬁxed q rather than by the inverse of the
full phase-matching bandwidth, because in this measurement all the photons
at the diﬀerent
the phase-matching are collected. However,

 frequencies2 within
 τ )| = d2 
q |F (
q , τ )|2 shows that in this case the cointhe identity d2 ξ |ψ(ξ,
cidence rate takes the form of an incoherent superposition of the probabilities
of detecting a pair of photons at a given q and has therefore the same ∼ 100fs
temporal localization as the far-ﬁeld coincidence rate at ﬁxed q. Conversely,
by resolving the near-ﬁeld positions of twin photons, the measured quantity is
 d2 q
q , τ )|2 , which corresponds to a coherent superposition
|ψ(0, 0, τ )|2 = | (2π)
2 F (
of the probability amplitudes at a given q (i.e. at a given frequency due to the
the angle-frequency relation imposed by phase matching), and therefore allows
a stronger temporal localization.
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Fig. 4. (Color online) Eﬀect of spatial ﬁltering on the X-entanglement: (a) Temporal
correlation peak |ψ(0, 0, τ )|2 in the presence of a spatial ﬁlter, that cuts the angular
spectrum at an angle αmax . The two insets show the full X-correlation for αmax = 20
(b), and in the absence of the spatial ﬁlter (c). As the angular cut-oﬀ αmax is reduced,
the temporal peak broadens, as a consequence of the non-factorability in space-time,
as illustrated by panel (d) that shows how an angular cut-oﬀ also cuts the temporal
spectrum, due to the angular dispersion relation of PDC.

The non-factorability in space and time of the X-entanglement thus opens
the relevant possibility of tailoring the temporal bandwidth of the biphotons by
acting on their spatial degrees of freedom. As a speciﬁc example, let us consider
the eﬀects of spatial ﬁltering on the temporal correlation. Let us assume that
a 4f lens system is employed to image the near-ﬁeld of the PDC ﬂuorescence,
and that a circular aperture of radius ra is located in the far-ﬁeld 2f plane,
acting as a ﬁlter that cuts all the angular spectrum at α > αmax = arcsin(ra /f ).
Fig. 4 shows the eﬀect of such a spatial ﬁlter on the temporal correlation peak.
While in the absence of any spatial ﬁlter the correlation shows a strong temporal
localization, as the angular bandwidth is reduced by spatial ﬁltering, the twophoton correlation broadens in time.
This is a clear eﬀect of the non-factorability of the correlation in space and
time, as can be understood by inspection of Fig. 4(d), that shows how a spatial
ﬁlter that cuts the angular spectrum at an angle αmax has also the eﬀect of
cutting the temporal bandwith. In turns, this implies a broadening of the temporal correlation peak, so that the relative temporal localization of twin photons
deteriorates.

3

Type II Parametric Down Conversion

In this section we shall investigate how the spatio-temporal structure of the
biphoton amplitude behaves in a type II phase-matching conﬁguration, outlining the similarity and the diﬀerences with respect to the type I phase-matching
case. We will show in particular that the nonfactorable character with respect
to the space-time coordinates persists and the strong temporal localization is
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similar to that found in type I phase-matching. However, at low gains the biphotonic structure is highly asymmetric with respect to the temporal dimension,
because of the group velocity mismatch (GVM) between the signal and the idler
ﬁelds. It is known, indeed, that the GVM aﬀecting type II PDC produces this
temporal asymmetry (see e.g. [35]), because of the temporal lag of the “slow”
photons with respect to the “fast” photons. This asymmetry is not present in
the type I conﬁguration, as the GVM is vanishingly small in the neighborhood
of the degenerate frequency. By considering the full spatio-temporal structure
of entanglement, we shall see that the asymmetry characterizing type II PDC
makes the biphoton correlation function looks like a truncated X which is somewhat similar to a Y (the truncation regarding the temporal region corresponding
to anticipitated arrival times of the “slow” photons). It turns out, however, that
this asymmetry tends to disappear as the parametric gain is raised: a transition from an Y -shaped to an X-shaped structure is indeed observed, recovering
thereby the symmetrical structure encountered in type I phase-matching.
Following also for the type II PDC the model described by Gatti
et al.[25, 32, 31], we can ﬁnd an equation similar to Eq. (4) for both the signal
and idler ﬁeld:
g
∂âj (
q , Ω, z)
=
∂z
lc



d2 
q
2π





dΩ 
√ ᾱp (
q+
q  , Ω + Ω  )â†l (
q  , Ω  , z)e−i∆jl (q,Ω;q ,Ω )z ,
2π
j = l = s, i ,
(15)

where the subscripts s and i represent the signal and idler ﬁelds, respectively,
and
q , Ω; 
q  , Ω  ) = kjz (
q , Ω) + klz (
q  , Ω  ) − kpz (q + q  , Ω + Ω  ) .
∆jl (

(16)

For a monochromatic and plane wave pump, as shown in the previous section,
the propagation equation (15) has an analytic solution, that takes the form:
Âs (
q , Ω) = Us (
q , Ω)Âs (
q , Ω, 0) + Vi (
q , Ω)Â†i (−q, −Ω, 0) ,
Âi (
q , Ω) = Ui (
q , Ω)Âi (
q , Ω, 0) + Vs (
q , Ω)Â†s (−q, −Ω, 0) ,

(17)

where
q , Ω) = U (
q , Ω)eiϕ(q,Ω)
Us (
Vs (
q , Ω) = V (
q , Ω)eiϕ(q,Ω)
Ui (
q , Ω) = U (−
q , −Ω)e−iϕ(−q,−Ω)

(18)

Vi (
q , Ω) = V (−
q , −Ω)e−iϕ(−q,−Ω)
with the same deﬁnitions as in Eq. (7), with
q , Ω) = ksz (
q , Ω) + kiz (−q, −Ω) − kp ,
∆pw (

(19)
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and

lc
.
(20)
2
It can be shown [36] that in this case the biphoton amplitude takes the form:


d2 
q
dΩ iq·ξ−iΩτ

 τ) =
ψ(ξ,
e
Us (q, Ω)Vi (−q, −Ω) .
(21)
2
(2π)
2π
ϕ(
q , Ω) = ksz (
q , Ω) − kiz (−q, −Ω)

As in the previous section we need to numerically evaluate Eq. (21), but in this
case it is not straightforward the reduction to a 2-dimensional integral, since
we can not exploit the radial symmetry, because of the diﬀerent polarization of
signal and idler ﬁelds. Nevertheless, considering the paraxial approximation and
an appropriate change of variables, we have:


dΩ −iΩt iqc (Ω)ξ ∞ dq
1

e
qJ0 (q · ξ)Fsi (q, Ω) ,
e
(22)
ψ(ξ, τ ) =
βxx βyy
2π
2π
0
where
Fsi (
q , Ω) ≡ Us (
q , Ω)Vi (−q, −Ω) ,

(23)

and an explicit expression for the coeﬃcients βxx , βyy and for the function qC (Ω)
can be found in [36].
For the numerical evaluation of ψ given by Eq. (22), we ﬁrst evaluated the
Fourier-Hankel transform by using the quadrature method illustrated in [37]
which oﬀers an excellent precision level. The Fourier transform with respect to
the temporal frequency was then evaluated using the FFT based on Bluestein
algorithm which allows to select an appropriate time window within the Nyquist
interval without resorting to zero-padding. Especially at low gain, the slow decaying and strongly oscillating behaviour of Fsi requires a large number of quadrature points, so that the direct evaluation of the (2+1)D transform given in Eq.
(21) would have been much more demanding, if not prohibitive, from the point
of view of both computation times and memory use.
In order to evaluate numerically the biphoton amplitude ψ(ξ, τ ) we focus
our attention on the speciﬁc case of a 4mm long BBO crystal cut for type II
phase-matching with an injected plane-wave pump ﬁeld at λp = 352nm. We ﬁrst
consider a regime of low parametric gain, by taking g = 0.001. Assuming the
pump axis z is taken at an angle θp = 49.05◦ with the crystal axis, collinear
phase-matching occurs at the degenerate frequency λs = λi = 704nm.
Figure 5(a) maps the large scale phase-matching curves ∆pw (qx , qy = 0, Ω) =
0 of both the signal and idler waves in the plane corresponding to the walkoﬀ direction. For this particular phase-matching conﬁguration the two curves
are almost tangent close to degeneracy, in the region where nearly collinear
emission takes place (i.e. for λ ∼ 2λp and q ∼ 0). In Fig.5(b) the modulus of
the complex function we have to Fourier transform, namely Fsi (q, Ω), is mapped
with a grayscale image in the in the (qx , Ω) plane. Its maximum values (in white)
clearly reproduces the signal phase-matching curve shown in the left panel. We
included also in this case the multiplication by the frequency ﬁlter described into
the previous section.
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|Fsi(qx,0,)|
(a)

(b)

idler

signal

 (1015 Hz)

 (1015 Hz)

Fig. 5. (a) Large scale plot of the phase-matching curves ∆pw (qx , qy = 0, Ω) = 0
of the signal and idler waves in the walk-oﬀ plane. The unshaded region centered at
degeneracy corresponds to the chosen frequency range selected by the super-Gaussian
ﬁlter. (b) Grayscale plot of |Fsi (qx , qy = 0, Ω)| in the same plane, modulated by the
super-Gaussian frequency ﬁlter.

Fig. 6. (Color online) (a) and (b) Structure of the biphoton amplitude on a fs/µm
scale. The plots in panels (c) and (d) show the proﬁle of the coincidence rate |ψ(ξ, τ )|2
along the temporal and the transverse ξx -axis, respectively [the cuts are indicated by
the two dashed lines in frame (b)]. The FWHM of the correlation peaks (indicated in
the ﬁgures) gives a measure the relative localization of biphotons in space and in time.
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Fig. 7. (Color online) Behavior of the biphoton correlation in the (ξx , τ ) plane for
increasing value of the parametric gain. The color map of the 2D plot below is truncated
to 1/4 of the peak value of |ψ| to enhance the contrast of the tails.

Figure 6 displays the modulus of biphoton amplitude in the (ξx , τ ) plane on
a femtosecond/micrometer scale in order to put in evidence the strong relative
localization of the twin photons in space and time. We have a kind of Y -shaped
structure (the Y being clock-wise rotated to 90o in the plot of Fig.6(b)) that
clearly does not factorize with respect to the space-time coordinates and that
extends mainly in the positive τ half-plane. Regarding this last feature, the
structure is qualitatively diﬀerent from that found in the previous section for
type I phase-matching conﬁguration, which is perfectly symmetric both with
respect to the temporal and spatial relative position and appears as X-shaped
in the (ξx , τ ) plane. The tails direction in the (ξx , τ ) plane is related to the
asymptotic behaviour of the phase-mismatch function ∆pw (q, Ω) for large Ω. If
we consider the paraxial and quadratic dispersion approximation
for ∆pw (q, Ω)
2k k (k +k )

s i
s
i
ξ
(for details see Brambilla et al.[36]), we obtain the relation τ = ±
ks +ki
corresponding to the two diagonals indicated with the dashed lines in Fig.6(b).
As can be seen from temporal proﬁle shown in Fig.6(c) the biphoton correlation is trongly localized with a FWHM as narrow as 4.15fs, which is quite close
to that found for the type I conﬁguration.
To go deep into the understanding of the biphoton amplitude spatiotemporal
structure, we evaluated numerically the biphoton amplitude by increasing the
parametric gain. As can be seen from Fig.7, when g is raised, diagonal tails
that mirror those in the τ > 0 half-plane develops in the τ < 0 half-plane.
Thus, the strong asymmetry along the temporal axis that characterizes the low
gain regime (see Fig.7(a)) progressively disappears and a transition from an
Y -shaped to an X-shaped structure is observed. We can explain qualitatively
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this behaviour noticing that the vacuum ﬂuctuations that trigger spontaneous
PDC are exponentially ampliﬁed in a regime of high parametric gain, as the
produced photon pairs stimulate the generation of many other photon pairs in
a kind of cascading process. The “slow” signal photons can thus be generated
in processes stimulated by the “faster” idler photons and vice versa, so that the
arrival time distributions of the signal and the idler photons tend to overlap
when this cascading eﬀect becomes dominant in the production of photon pairs.
As a result, the strong assymetry of the correlation function along the temporal
axis, that reveals the temporal delay of the “slow” signal photons with respect
to the idler photons in the low gain regime, disappears pregressively when the
parametric gain is raised.

4

Conclusions

In conclusion, this work demonstrates that the X-geometry is intrinsic to PDC at
the microscopic quantum level of photon-pair entanglement. As for the macroscopic
X-waves and the classical phase coherence of PDC [22, 23], the non-factorability is
imposed by the phase-matching mechanism governing the wave-mixing processes.
Following this analogy, we coined the name of X-entanglement. The key element
of novelty that emerges in the microscopic context is the extreme relative localization of twin photons, with correlation times and correlation lengths in the
femtosecond and micrometer range, respectively. The strong temporal localization is determined by the full extent of the PDC bandwidth, rather than by the
bandwidth ∼ Ω0 characterizing the PDC far-ﬁeld. For this reason, a near-ﬁeld
measurement scheme able to resolve spatially the coincidences would provide a
powerful tool for high-precision measurements, capable of improving substantially the resolution power in the temporal domain with respect to standard
schemes.
Moreover this extreme temporal localization emerges spontaneously from a
monochromatic pump, and persists even for long crystals, where on the contrary
usual measurement schemes give correlation times on the order of hundreds of
fs, for both type I and type II parametric down conversion. This is very striking,
as the GVM characterizing the type II PDC leads to signal-idler temporal walkoﬀ typically in the picosecond range. We veriﬁed that in the coincidence regime
the GVM generates an aymmetry in the biphoton amplitude along the temporal
dimension which progressively disappears as the parametric gain is increased,
and a transition from a Y to an X-shaped structure is observed. On the other
hand the temporal and the spatial localizations are almost preserved as the
parametric gain increases.
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