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Abstract. In order to explore further the underlying mechanism of the
scale-free networks, we study stochastic secession as a mechanism for the
creation of complex networks. In this evolution the network growth in-
corporates the addition of new links between existing nodes, the deleting
and rewiring of some existing links, and the stochastic secession of nodes.
To random growing networks with preferential attachment, the model
yields scale-free behavior for the degree distribution. Furthermore, we
get the analytical expression of the power law degree distribution with
scaling exponent γ ranges from 1.1 to 9. The analytical expressions are
in good agreement with the numerical simulation results.
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1 Introduction

Many social, biological, and communication systems can be well described by
complex networks, where the vertices are the elements of system and the edges
represent the interactions among them [1-6]. Recently, many researchers have
used their own methods to describe the collective behaviors of these networks and
empirical results showed that the degree distribution in these networks decays as
a power law follows P (k) ∼ k−γ , where γ is the scaling exponent of the networks.
These networks are called scale-free networks [1].

In many cases, the scaling exponent γ of such a distribution is larger than
2 and a wide array of models aimed at exploring the responsible mechanism
for this behavior have been presented [1,3,4,5,8,9,10]. In contrast, scale-free net-
works with an scaling exponent γ < 2 have received relatively little attention
in physics and mathematics literature [7], despite their widespread appearance
in real world, typical examples including the peer-to-peer Gnutella networks
[11,12], e-mail networks [13], traffic in networks [14], food webs [15], coauthor-
ship networks in high energy physics [16] and the networks of dependency among
software packages [17,18]. But, what is the mechanism responsible for these real
world scale-free networks with an exponent γ ranges from 1 to 4 [1,3]? Accord-
ing to the BA-type growth rule, one node is added to the network at each time
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step, intending to mimic the growing process of some real systems. This mech-
anism gives an explicit description to the real networks growing process and
yields scale-free behavior for the degree distribution with an exponent γ = 3
[1], however, the real networks’ growing rule should be much more complex. For
example, In the peer-to-peer Gnutella networks [11], the nodes represent the
Gnutella servents [19], and the nodes will be considered connected if they can
exchange data directly. According to the time evolution, Some Gnutella servents
will be shut down or removed from the system. In the food webs [15,20-22], there
are both additions and losses of species (vertices) at ecological and evolutionry
times scales by means of immigration, emigration, speciation, and extinction
[15]. Evidently, the nodes’ secession from the system not only take place in the
mentioned networks, but also in many other networks [23-30]. Take the internet’s
Autonomous System map for example, a node is an AS and a link is the rela-
tionship between two ASs. An AS adding means a new Internet Service Provider
(ISP) joins the Internet. A node’s session represents the permanent shutdown of
corresponding AS as it is, this may happen due to the bankruptcy of the corpo-
ration. Investigations of the evolution of real internet maps from 1997 to 2000
verified such evolution mechanism [25,28-30]. In most cases, the node’s secession
is also accompanied with the deletion of all edges incident on it [26,27,31]. Nev-
ertheless, models that combine birth and death (addition and secession of nodes)
have been studied to a much lesser extent. Chung and Lu [26], Cooper et al. [27]
and Deng et al [31] independently, studied a dynamic model that combines the
addition of nodes and edges with a uniform deletion of both nodes and edges.
These birth-death models have also been found to generate graphs with power-
law degree distribution, however, these models evolution just incorporated the
addition of new nodes and deletion of nodes.

Motivated by the above mentioned real networks and based on the previous
work [26,27,31], we present a general model for the evolution of scale-free net-
works in which the network evolution is coupled with the addition of new nodes
with new links, the addition of new links, the rewiring and deleting of some
existing links, and the deleting of an existing nodes. We have proved the model
can self-organize into a scale-free networks if the parameters are chosen properly,
and the scaling exponent γ of the degree distribution ranges from 1.1 to 9. Fur-
thermore, the analytical expressions are in good agreement with the numerical
simulation results.

The rest of this paper is organized as follows: In Section 2, an evolving model
of scale-free networks incorporating the nodes’ stochastic secession is introduced,
which captures an essence of some real networks such as internet’s Autonomous
System. Then, in Section 3 we performed numerical simulations of the model.
Finally, section 4 concluded the investigation.

2 Establishment of the Model

A series of microscopic events can be used to mimic the evolutions of the systems.
In this paper,we consider the general model of network evolution with seceding
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mechanism, each time step, we perform one of the following five operations: the
addition of a new node with some new links, the addition of new links between
existing nodes, the rewiring and deleting of some already present links, and the
deleting of an existing nodes. In this section, we will introduce our model and
give the analytical results of the model.

2.1 The Model

The model dynamics starts from an initial configuration of m0 isolated vertices,
denote by N(t) the total number of the nodes at time t, ki(t) the degree of the
node i at time t.

Each time step, we perform one of the following five operations:

(1) With probability p1 we add l new links: For this we randomly select a
node as the starting point of the new link, the other end of the link is selected
with probability:

Π(ki(t), α) =
ki(t) + α

∑
j(kj(t) + α)

.

This process is repeated l times.
(2) With probability p2 we rewire n links: For this we randomly select a node

i and a link lij to it. Next we remove this link and replace it with a new link li′ j
connect to i

′
, the node i

′
is selected with the preferential probability Π(ki′ (t), α).

This process is repeated n times.
(3) With probability p3 we delete c old links: One end of the link is chosen

randomly, while the other end is chosen with the anti-preferential probability:

Π∗(ki(t), α) =
1

N(t) − 1
(1 − ki(t) + α

∑
j(kj(t) + α)

).

N(t) is the total number of the nodes at time t, (N(t) − 1)−1 is the normal-
ized coefficient for the probability such that

∑
i Π∗(ki(t), α) = 1. Deleting links

according to the anti-preferential probability is consistent with the ”rich-get-
rich” and ”poor-get-poor” phenomenon in some real networks. This process is
repeated c times.

(4) With probability p4 we delete a node: For this we delete a node existing
in G(t) with anti-preferential probability Π∗(ki(t), α) and remove all the links
incident on it.

(5) With probability p5 we add a new node: We add a new node has m(≤ m0)
new links to the system, each new link with probability Π(ki(t), α) connect to
the node i already present in the network. This operation incorporating the fact
new links preferentially point to the popular nodes which has a high number of
connections.

Since our goal is to investigate the generic mechanism of network evolution,
we use bidirectional links. In the model, the probabilities p1,p2,p3,p4 and p5 can
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be varied in the interval [0, 1] and
∑

i pi = 1. Note that we choose the probability
Π(ki(t), α) proportional to ki + α, and the constant α ≥ 0 called the efficiency
parameter of the network which governs the probability for ”young” sites to get
new links.

Now we investigate how the network model evolves, what we want to get is
the analytical expression of the degree distribution.

Analytic results of the model. We denote by N(t) the total number of nodes
at the time t. The node i was added to the system at the time ti, and ki(t) is
the degree of the node i at the time t. Furthermore, in order to keep the growth
of the network, we assume p5m + p1l > p3c and p5 > p4.

For enough large t, we can get that

(a) N(t) = m0 + (p5 − p4)t ≈ (p5 − p4)t.
(b) ki(ti) = m. If s < ti, then ki(s) = 0.
(c) We calculate the sum degree

∑
j kj(t) of the network at time t. If we delete

a node at time t, let D(t) is the mean degree of the deleting node. We may get

D(t) =
∑

i

ki(t)
1

N(t) − 1
(1 − ki(t) + α

Σj(kj(t) + α)
).

From the following inequalities:

max
j

kj(t) ≤ t + m0,

(min
j

kj(t))
∑

i

(ki(t) + α) ≤
∑

i

ki(t)(ki(t) + α) ≤ (max
j

kj(t))
∑

i

(ki(t) + α),

we have
1

N(t) − 1
(
∑

i

ki(t) − max
j

kj(t)) ≤ D(t) ≤ 1
N(t) − 1

(
∑

i

ki(t) − min
j

kj(t)).

Hence, D(t) ∼ O( 1
N(t)−1

∑

i

ki(t)). Here, we have used the fact for enough t,

maxi ki(t)
N(t)−1 ≤ 1. From

∑

j

kj(t) =
∑

j

kj(t − 1) + 2(p5m + p1l − p3c) − p4D(t), we

have
∑

j

kj(t) ≈
∑

j

kj(t − 1) + 2(p5m + p1l − p3c)

≈ 2(p5m + p1l − p3c)t.

Namely,
∑

j

kj(t) has the same order with t.

(d)
∑

j

(kj(t) + α) =
∑

j

kj(t) + N(t)α

≈ (2(p5m + p1l − p3c) + (p5 − p4)α)t
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(e)

Π(ki(t), α) ≈ ki(t) + α

(2(p5m + p1l − p3c) + (p5 − p4)α)t

Π∗(ki(t), α) ≈ 1
(p5 − p4)t

(1 − ki(t) + α

(2(p5m + p1l − p3c) + (p5 − p4)α)t
)

In the model the probability that a node i changes its connectivity ki(t) de-
pends only on ki(t) and the quantities characterizing the whole network (the
parameters p1,p2,p3,p4,p5,m,n,l,c,α and the number of nodes and links). We as-
sume that ki(t) changes continuously, and the probability Π(ki(t), α) can be
interpreted as the rate at which ki changes. Consequently, the processes (1)-(5)
all contribute to ki(t), each being incorporated in the continuum theory as follow.

(1) Addition of l new links with probability p1:

(
∂ki(t)

∂t
)(1) = p1

l

N(t)
+ p1l(1 − 1

N(t)
)

ki(t) + α
∑

j

kj(t) + α
. (1)

The first term on the right-hand side corresponds to the random selection of
one end of the new link, while the second term reflects the preferential attach-
ment Π(ki(t), α) used to select the other end of the link.

(2) Rewiring of n links with probability p2:

(
∂ki(t)

∂t
)(2) = p2

−n

N(t)
+ p2n(1 − 1

N(t)
)

ki(t) + α
∑

j

kj(t) + α
. (2)

The first term incorporates the decreasing connectivity of node from which
link was removed, and the second term represents the increasing connectivity
of the node that link is reconnected to. The total connectivity does not change
during the rewiring process.

(3) Deletion of c links with probability p3:

(
∂ki(t)

∂t
)(3) = p3

−c

N(t)
+ p3c(1 − 1

N(t)
)Π∗(ki(t), α). (3)

The first term corresponds to the random selection of one end from which the
link was removed, while the second term reflects the anti-preferential probability
Π∗(ki(t), α) used to select the other end of the link.

(4) Deletion of a node in the system with probability p4:

(
∂ki(t)

∂t
)(4) = −p4

∑

j �=i

Π∗(ki(t), α)
kj(t)

N(t) − 1
− p4ki(t)Π∗(ki(t), α). (4)

The first term represents the decreasing connectivity of the node i by deleting
its neighbors, while the second term reflects the anti-preferential probability
Π∗(ki(t), α) used to delete the node i.
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(5)

(
∂ki(t)

∂t
)(5) = p5m

ki + α
∑

j

(kj + α)
. (5)

Each time step t, we perform one of the above five operations, so ki(t) satisfies
the following dynamical equation:

∂ki(t)
∂t

= (
∂ki(t)

∂t
)(1) + (

∂ki(t)
∂t

)(2)

+ (
∂ki(t)

∂t
)(3) + (

∂ki(t)
∂t

)(4) + (
∂ki(t)

∂t
)(5)

= a
ki(t)

t
+ b

1
t
, (6)

where

a =
p5m + p1l + p2n

2(p5m + p1l − p3c) + (p5 − p4)α
− p4

(p5 − p4)
, (7)

b =
(p5m + p1l + p2n)α

2(p5m + p1l − p3c)+(p5 − p4)α
+

p1l − p2n − 2p3c

p5 − p4
− 2p4(p5m + p1l − p3c)

(p5 − p4)2
(8)

For enough large t and the initial condition ki(ti) = m, equation (6) has the
following solution:

ki(t) = (m +
b

a
)(

t

ti
)a − b

a
. (9)

We may choose parameters properly such that a > 0, am + b > 0 and p5m +
p1l > p3c, then connectivity distribution P (k) can be determined analytically.
Defining the unit of time the model as one growth/rewire/new link deleting
node/link attempt, then ti follows the uniform distribution over interval (0, (p5−
p4)t), we get

P (ki(t) < k) = 1 − 1
p5 − p4

(
am + b

ak + b
)

1
a . (10)

So we get degree distribution

P (k) =
∂P (ki(t) < k)

∂k
=

1
p5 − p4

(am + b)
1
a (ak + b)−γ (t → ∞), (11)

where

γ = 1 +
1
a
. (12)

To be able to calculate P (k) we must have

0 <
1

p5 − p4
(am + b)

1
a < 1, (13)
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and

0 <
1

p5 − p4
(am + b)

1
a (ak + b)−γ < 1, (14)

therefore, we let k ≥ max ( am+b
a(p5−p4)a , 1

a ( am+b
(p5−p4)a )

1
a+1 − b

a ).
Equations (6) and (11) are valid only when a > 0, am+b > 0 and p5m+p1l >

p3c, which for fixed p5 and p4, translates into p5 − p4 > 0. For p5 − p4 > 0, P (k)
is given by Eq. (11), thus the degree distribution is scale-free. For p5 − p4 = 0,
Eq. (6) and Eq. (11) are not valid, the continuum theory fails to predict the
behavior of the system.

For the different networks, the parameters are different. The above analy-
sis indicates that the model can self-organizes into a scale-free network, if the
parameters are chosen properly. Particularly, we can get the following cases:

(1). If p4 = 0 this model reduces to the scale-free model investigated in
Ref. [10], we get γ = 1 + p5m+p1l+p2n

p5α+2(p5m+p1l−p3c) which is the same as the result
of Ref. [10].

(2). If p3 = 0, p4 = 0, n = l = m and α = 1, this model is the same as the
scale-free model studied in Ref. [8] and the exponent γ = 1+ p5+2m(p5+p1)

m which
is the same as we get from the Ref.[8].

(3). If p1 = p2 = p3 = p4 = 0, α = 0, then the model is topologically
equivalent to the Barabási-Albert model [1] and the scaling exponent γ = 3 is
recovered.

Scale-free regime. In this model, while a power-law tail is present in any point
of this regime, the scaling is different from that predicted by the simpler scale-
free model [1,8]. Furthermore, the exponent γ, characterizing the tail of P (k) for
k, changes continuously with p1,p2,p3,p4,p5,m,n,l,c and α, predicting a range of
exponent between 1.1 and 9. This allows us to account for the wide variations
seen in real networks, for which γ varies from 1.09 to 4.0 [1,3].

3 Numerical Simulation

Along with the previous analytical discussion, we have performed numerical sim-
ulations of the presented model in order to investigate its topological properties
with a direct statistical analysis. Through performing the following four simula-
tions: Fig. 1, we performed numerical simulations of networks generated by fixing
t = 100000, m0 = 100, m = 10, l = 1, n = 1, c = 1, p1 = 0.3, p2 = 0.1, p3 =
0.05, p4 = 0.05, p5 = 0.5, α = 1. The analytical expressions are well consis-
tent with the simulation results, and we get the scaling exponent γ = 3.6175
by Eq.(12). Next, we changed some parameters of the model, the results are
reported in Fig. 2, Fig. 3 and Fig. 4, respectively. The analytical expressions are
in good agreement with the numerical simulation results.



1980 X.-M. Geng et al.

10
1

10
2

10
3

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

k

P
(k

)

numerical result

analytical result

Fig. 1. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 10, l = 1, n = 1, c = 1, p1 = 0.3, p2 =
0.1, p3 = 0.05, p4 = 0.05, p5 = 0.5, α = 1, scaling exponent γ=3.6175 by Eq.(12).
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Fig. 2. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 10, l = 10, n = 5, c = 1, p1 = 0.3, p2 =
0.1, p3 = 0.05, p4 = 0.05, p5 = 0.5, α = 1, scaling exponent γ=3.4464 by Eq.(12).
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Fig. 3. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 10, l = 10, n = 3, c = 1, p1 = 0.4, p2 =
0.15, p3 = 0.03, p4 = 0.02, p5 = 0.4, α = 1, scaling exponent γ=3.1499 by Eq.(12).
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Fig. 4. Probability distribution of degree P (k). The data are averaged over 50 networks
of evolution time t = 100000, m0 = 100, m = 5, l = 5, n = 5, c = 1, p1 = 0.25, p2 =
0.20, p3 = 0.05, p4 = 0.05, p5 = 0.45, α = 1, scaling exponent γ=3.0348 by Eq.(12).
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4 Concluding Remarks

In this paper, we have introduced a general model of network evolution which
gives more realistic descriptions of the local processes than Barabási-Albert
model. The model incorporate the five local processes: the addition of a new
node with new links, new links between old nodes, the rewiring and the deleting
of some existing links, and nodes’ stochastic secession. It has been found that,
with the introduction of nodes’ secession, network structure was significantly
transformed. To growing networks with preferential attachment, the model self-
organized into the scale-free network with an exponent γ ranges from 1.1 to 9,
which recovered most of the real networks.
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