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Abstract. In this paper, we are concerned about the consensus problem for
multi-agent systems in the presence of directed information flow and arbitrary
communication delays. For each agent, only delayed local information can be
used to adjust its value. Information flow between connected agents can be asym-
metric. It will be shown that, whatever the communication delays are in principle,
consensus will eventually be achieved for strongly connected networks. Further-
more, a local controller is designed for one of the agents (but not for each agent)
to control all the agents. Very weak feedback strength is proved to be effective
for the control of multi-agent systems. Numerical simulations are also performed
to verify our theoretical analysis.
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1 Introduction

Recently, consensus problem in multi-agent systems has attracted substantial research
effort from researchers in different fields [12][7][8]. The surprising focus on consensus
is in part due to the emergence of such phenomenon in biological and physical system
(school of fish, flocks of birds), as well as its powerful applications in sensor network,
unmanned aerial vehicles and robot networks. For such multi-agent systems, certain
collective behavior is generated via local communications among the agents. A large
amount of literature has been devoted to the consensus behavior in nature, such as
flocking, herding and schooling [12][8][6][2]. Group coordination and synchronization
problems of networked coupled agents (or oscillators) have been recently addressed in
[5][10][15].

Since communication delay is ubiquitous, it is of course practically necessary to
take time-delay into consideration when dealing with multi-agent systems. The effect
of communication delays on consensus and synchronization behaviors has been inves-
tigated in [9][14][16]. In [9], stability results were derived for multi-agent systems with
identical communication delays (including agents’ self-delay). In [14], consensus prob-
lem was studied for networked agents with arbitrary time-delays. However, the net-
work topology in [14] was assumed to be connected and bidirectional or unidirectional
formed in closed rings. In fact, there are a variety of practical examples for directed net-
work, such as information flow (say between PC stations and servers) within internet;
communication channels among different confidential levels in army network.
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In this paper, we will firstly study the consensus seeking problem in multi-agent sys-
tems with directed information flow and communication delays. Communication delays
can be arbitrary finite constants. We will show that consensus behavior will eventually
be generated if the network is strongly connected. Due to the introduction of arbitrary
communication delays, the final consensus state of multi-agent system is very hard to
predict. However, for many physical, social and biological systems, there is a common
requirement to regulate the behavior of large ensembles of interacting agents [11][1].
Hence, external force is needed if we want to regulate the agents to certain prescribed
state. In this paper, a static feedback controller is designed to control one of the agents,
and the target state is propagated to other agents through local connections. Very weak
feedback strength is proved to be effective for the control of multi-agent systems. Nu-
merical example are also given to illustrate the derived results.

2 Some Preliminaries

The information exchange among agents is described by means of directed or undi-
rected graphs. In this paper, strongly connected directed graph (including undirected
graph as a special case) is considered. A directed graph is said to be strongly con-
nected if, for each pair of nodes i and j, one can find a path from node i to node j, and
meanwhile a path from node j to node i. A directed graph G is a pair (N ,E ), where
N = {1,2, ...,N} is a finite nonempty node set and E ⊆ N ×N is an edge set of or-
dered pairs of nodes, called edges. The edge (i, j) ∈ E denotes that agent j can receive
information from agent i. Let matrix A = (ai j) ∈ R

N×N be the weighted adjacency ma-
trix of the directed graph G . We assume that the adjacency elements associated with the
edges of the directed graph are positive, that is, a ji > 0 ⇔ (i, j) ∈ E . And the diagonal
elements aii is assumed to be zero.

Let Ā = (āi j) ∈ R
N×N be the Laplacian matrix of the directed graph G with its el-

ements defined as follows: āi j = ai j for i �= j, and āii = −∑N
j=1, j �=i ai j for i ∈ N . Ā is

irreducible due to the strong connectivity of the network topology.

3 Consensus Seeking and Controlling

By introducing communication delays, we consider the following multi-agent system
with directed information flow:

ẋi(t) =
N

∑
j=1, j �=i

ai j(x j(t − τi j)− xi(t)), i ∈ N (1)

where xi(t) ∈ R
n denotes the state of agent i, τi j > 0 means the communication delay

from agent j to agent i, and ai j is the element of the weighted adjacency matrix. ai j > 0
implies that agent i can obtain time-delayed (with delay τi j) information x j(t−τi j) from
agent j.

In model (1), communication delays τi j can be diverse, and self-delay is not con-
sidered for all agents. Consensus is said to be achieved if xi(t) → c as t → ∞ for any
i ∈ N , where c is a constant vector.
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3.1 Consensus Seeking

In this subsection, we will show that, whatever the communication delays are, the con-
sensus of such multi-agent system can be achieved. It means that consensus is quite
robust against the communication delays.

Theorem 1. Consider the multi-agent system (1) with strongly connected graph G .
Whatever communication delays τi j are, consensus is asymptotically reached under
all initial conditions. That is,

lim
t→∞

xi(t) → c, ∀ i ∈ N , (2)

where c ∈ R
n is a constant vector.

Proof. According to the construction of the Laplacian matrix Ā, one has that zero is an
eigenvalue of matrix Ā. Since the graph is strongly connected, matrix Ā is irreducible
which implies that the real parts of the rest eigenvalues is less than zero [4]. Let ξ =
(ξ1,ξ2, ...,ξN)T be the left eigenvector of Laplacian matrix Ā with respect to eigenvalue
zero. By Perron-Frobenius theorem [4], it can be concluded that ξi > 0 for i ∈ N .

Since ξ is the left eigenvalue of matrix Ā corresponding to eigenvalue zero, one has
that ξ Ā = 0, which implies that

ξiāii = −
N

∑
j=1, j �=i

ξ j ā ji. (3)

Further because āii = −
N
∑
j=1

ai j, we can obtain that

N

∑
j=1

ξiai j =
N

∑
j=1

ξ ja ji. (4)

Consider the Lyapunov-Krasovskii functional as:

V (t) = V1(t)+V2(t), (5)

where

V1(t) =
1
2

N

∑
i=1

ξix
T
i (t)xi(t)

and

V2(t) =
1
2

N

∑
i=1

N

∑
j=1

∫ t

t−τ ji

ξ ja jix
T
i (θ )xi(θ )dθ .
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Differentiating functions V1(t) and V2(t) along the solution of system (1) gives that

V̇1(t)

=
N

∑
i=1

ξix
T
i (t)ẋi(t)

=
N

∑
i=1

N

∑
j=1

ξiai j[xT
i (t)x j(t − τi j)− xT

i (t)xi(t)]

=
N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)x j(t − τi j)−

N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)xi(t),

and

V̇2(t)

=
1
2

N

∑
i=1

N

∑
j=1

ξ ja ji[xT
i (t)xi(t)− xT

i (t − τ ji)xi(t − τ ji)]

=
1
2

N

∑
i=1

N

∑
j=1

[
ξiai jx

T
i (t)xi(t)− ξiai jx

T
j (t − τi j)x j(t − τi j)

]
.

Therefore, we obtain that

V̇ (t)
= V̇1(t)+ V̇2(t)

= −1
2

N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)xi(t)+

N

∑
i=1

N

∑
j=1

ξiai jx
T
i (t)x j(t − τi j)

−1
2

N

∑
i=1

N

∑
j=1

ξiai jx
T
j (t − τi j)x j(t − τi j)

= −1
2

N

∑
i=1

N

∑
j=1

ξiai j
[
xT

i (t)xi(t)−2xT
i (t)x j(t − τi j)

+xT
j (t − τi j)x j(t − τi j)

]

= −1
2

N

∑
i=1

N

∑
j=1

ξiai j
(
xi(t)− x j(t − τi j)

)T (
xi(t)− x j(t − τi j)

)

≤ 0. (6)

Hence, the limit of V (t) exists and is finite. Then the boundedness of xi(t) can be
obtained for i ∈ N by referring to the construction of V (t). Further, system (1) implies
that ẋi(t) is bounded for i ∈ N . Thus, we can conclude that V̈ (t) is also bounded. Ac-
cording to Barbalat’s Lemma, one obtain that lim

t→∞
ai j(xi(t)−x j(t−τi j)) = 0. Therefore,

lim
t→∞

(xi(t)− x j(t − τi j)) = 0 for agents i and j satisfying ai j > 0.

Since the network is strongly connected, for any two agents i and j, one can find a
path from agent i to agent j and simultaneously a path from agent j to agent i. Hence,
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for each pair of agents i, j ∈N , one can find two constants τ∗i j and τ∗ji, which are certain
linear combinations of all communication delays τi j , such that xi(t) → x j(t − τ∗i j) and
xi(t − τ∗ji) → x j(t). Hence, xi(t − τ∗i j − τ∗ji) → xi(t) for each i ∈ N , which implies that
xi(t) tends to be periodic with constant period τ∗i j +τ∗ji. Noting the fact that ẋi(t)→ 0 as
t → ∞, we can conclude that xi(t) tends to a constant steady state c j.

Since the matrix A is irreducible, it can be concluded that the largest invariant man-
ifold of system (1) is M = {x1(t),x2(t), ...,xN(t)|x1(t) = x2(t) = · · · = xN(t)}. This
implies that there exists a constant vector c such that ci = c for each i ∈ N . Hence,
xi(t) → c as t → ∞. This completes the proof.

Remark 1. From Theorem 1, we can observe that consensus process is quite robust
against the communication delays and the directivity of the graph. Strong connectiv-
ity of the graph can guarantee sufficient information exchange among the agents until
consensus is achieved.

3.2 Consensus Controlling

It has been shown that consensus among agents will appear regardless of communica-
tion delays. Due to the introduction of arbitrary communication delays, the final consen-
sus state c is very hard to predict. Whereas, the need of regulating the behavior of large
ensembles of interacting agents is a common feature for many physical, social and bio-
logical systems [11]. For example, many regulatory mechanisms have been discovered
in the context of biological, physiological and cellular processes, which play fundamen-
tal role for guaranteeing the correct function of the whole network [13]. Hence, certain
controller will be designed to force all agents to certain desired constant state x∗ ∈ R

n.
Consider following controlled multi-agent system:

ẋi(t) =
N

∑
j=1

ai j(x j(t − τi j)− xi(t))+ ui(t), i ∈ N (7)

with controller ui(t) designed as follows

ui(t) =
{−k(x1(t)− x∗), i = 1;

0, otherwise.
(8)

where k > 0 is a constant. From (8), it can be seen that only the first agent is controlled.
Let ei(t) = xi(t)− x∗ be the error state between current state and the objective state,

we can obtain the following error dynamical system:⎧⎪⎪⎨
⎪⎪⎩

ė1(t) =
N
∑
j=2

a1 j(e j(t − τ1 j)− e1(t))− ke1(t),

ėi(t) =
N
∑
j=1

ai j(e j(t − τi j)− ei(t)), i ∈ N \{1}.
(9)

Theorem 2. Consider the controlled multi-agent system (9) with strongly connected
graph G . Whatever communication delays τi j are, states of all agents will be success-
fully controlled to the objective state x∗. That is,

lim
t→∞

xi(t) → x∗, ∀ i ∈ N , (10)

where x∗ ∈ R
n is the objective state.
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Proof. Consider a positive definite Lyapunov-Krasovskii functional for the controlled
multi-agent system (9) as

V (t) =
1
2

N

∑
i=1

ξie
T
i (t)ei(t)+

1
2

N

∑
i=1

N

∑
j=1

∫ t

t−τ ji

ξ ja jie
T
i (θ )ei(θ )dθ .

By referring to equality (4) and analysis in Theorem 1, we can obtain the derivative
of this functional along the trajectories of the error dynamical system (9) as

V̇ (t)

= −1
2

N

∑
i=1

N

∑
j=1

ξiai j
(
ei(t)− e j(t − τi j)

)T · (ei(t)− e j(t − τi j)
)

−ξ1keT
1 (t)e1(t)

≤ 0. (11)

It is obvious that V̇ (t) = 0 if and only if e1(t) = 0 and ei(t) = e j(t −τi j) for each pair
of agents (i, j) satisfying ai j > 0. Hence, the set S = {ei(t) = e j(t − τi j) for (i, j) ∈
E ,e1(t) = 0} is the largest invariant set contained in V̇ (t) = 0 for the controlled system.
Then by using the well-known invariant principle of functional differential equations
[3], starting with arbitrary initial values, the orbit of system (9) converges asymptoti-
cally to the set S , that is, ei(t) → e j(t − τi j) for each pair of agents (i, j) satisfying
(i, j) ∈ E and e1(t) → 0 as t → ∞. Following similar analysis given in Theorem 1, we
can obtain that ei(t)→ e j(t) as t → ∞. Since e1(t)→ 0, one can conclude that ei(t)→ 0
for each i ∈ N . Therefore, xi(t) → x∗ for each i ∈ N , and the proof is completed.

Remark 2. One important merit of the control scheme is that only one agent (rather
than all agents) is controlled, and local connections among agents are also fully utilized
during the control process. It should also be noted that the feedback strength can be
very small. Hence, the designed control strategy is quite easy and cheap to implement
in reality.

Remark 3. Any node in the strongly connected network can be chosen as the agent to
be controlled and the objective state will also be achieved. The biggest node with the
highest weighted out-degree should be a good choice to make the control process much
more effective and quicker.

4 Numerical Examples

In this section, numerical examples will be given to verify the derived analytical results.
Multi-agent system with 6 agents is taken into account. Topology of the communication
graph is shown in Fig.1, and the constants mean the weight of the directed edges. The
dimension of the agents’ states are selected to be n = 3.
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Fig. 1. Communication graph among six agents

According to the graph topology, one can obtain the corresponding weighted adja-
cency matrix as

A =

⎡
⎢⎢⎢⎢⎢⎢⎣

0 0.2 0 0 0 0
0 0 0 0.3 0.1 0

0.5 0 0 0 0 0
0 0 0 0 0 0.2
0 0 0.15 0 0 0

0.8 0 0.2 0 0 0

⎤
⎥⎥⎥⎥⎥⎥⎦

. (12)

.
Then the Laplacian matrix Ā can be obtained as

Ā =

⎡
⎢⎢⎢⎢⎢⎢⎣

−0.2 0.2 0 0 0 0
0 −0.4 0 0.3 0.1 0

0.5 0 −0.5 0 0 0
0 0 0 −0.2 0 0.2
0 0 0.15 0 −0.15 0

0.8 0 0.2 0 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎦

. (13)

ξ = (0.1424,0.1424,0.0570,0.1068,0.0356,0.1068)T is the left eigenvector of ma-
trix Ā corresponding to eigenvalue zero. By Theorem 1, we can conclude that consen-
sus can be achieved regardless of the communication delays and initial values. With
communication delays randomly chosen from (0,3) and initial values randomly from
(−2,2), Fig.2 shows the consensus behavior of multi-agent system with adjacency ma-
trix A given in (12). Two sub-figures in Fig.2 are plotted under the same initial values
and different communication delays. It can be observed that the final consensus states in
two sub-figures are different from each other due to the different communicationdelays.



1884 J. Lu and D.W.C. Ho

0 5 10 15 20 25 30 35 40
−2

−1

0

1

2

x
i(
t)

(a)

0 5 10 15 20 25 30 35 40
−2

−1

0

1

2

x
i(
t)

(b)

Fig. 2. Consensus seeking under different communication delays and same initial values

0 100 200 300 400 500 600 700
−5

0

5

e
i(
t)

(a)

0 100 200 300 400 500 600 700
−4

−2

0

2

4

e
i(
t)

(b)

Fig. 3. Consensus controlling under different communication delays and different initial values
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We can conclude that the consensus state is quite closely related with the communica-
tion delays.

In order to regulate the agents’ behavior, external controller is pinned into the first
agent. Let the original point x∗ = 0 ∈ R

3 be the objective state. Take feedback strength
as k = 0.02. Initial values and communication noises are respectively randomly chosen
from (−5,5) and (0,2). Fig.3 depicts the state trajectories of controlled multi-agent
system with feedback strength k = 0.02. Both initial conditions and communications
delays are different between two sub-figures in Fig.3. The effectiveness of the control
strategy can be fully observed from Fig.3. Weak feedback strength 0.02 (compared with
the coupling strength) is shown to be valid. Hence, it can be concluded that the designed
control scheme is very cheap and easy to implement.

5 Conclusions and Future Works

In this paper, we investigate the consensus problem of multi-agent systems over directed
delayed networks. Each agent adjust its state only by delayed local information, and the
information flow among agents is not symmetric. It is proved that consensus will be
achieved regardless of the communication delays and initial values. Control law, which
is only operated on one of the agents, is successfully developed to force all agents to
certain desired objective state. The control feedback strength can be very weak. Nu-
merical simulations are given to show the validity and effectiveness of the analytical
results.

Our future work involves study of consensus problem under several communication
constraints, such as quantization and time-varying delay.
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