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Abstract. We propose a two-component growing network model which
comprises two kinds of nodes. Such a network is constructed by intro-
ducing new nodes of either kind with no immediate links and creating
new links between any two nodes. We then investigate the connectivity
of the two-component growing network by means of the rate equation
approach. For a network system with shifted linear connection rate ker-
nels, the in-degree and out-degree distributions take power-law forms;
while for a random growing network, the in-degree and out-degree dis-
tributions are both exponential. Moreover, the in-degree and out-degree
distributions are correlated each other.

Keywords: growing network, connectivity, scale-free, rate equation
approach.

1 Introduction

In terms of random graph, a network consists of nodes and possible links between
any two nodes, in which nodes denote the individuals while links represent the
interactions between two different individuals [1]. And many real-world natural
and social systems, such as the World Wide Web [2], Internet [3], metabolic
network [4], and the science co-authorship [5, 6], can be abstracted as complex
networks. In recent few years, a great deal of effort has been devoted to un-
derstanding various aspects of complex networks from topological structure to
dynamics (see [7-9] and references therein). Most interestingly, many real-world
complex networks are of scale-free and small-world topological structure [10-13].
It is exhibited that in a wide variety of open growing network systems, the de-
gree distribution nk approaches a power-law form, nk ∼ k−ν [14-20].

There are many important models contributing to the interpretation of topo-
logical properties of complex networks. Starting from a ring lattice, Watts and
Strogatz constructed a complex network through random rewiring procedure,
which interpolates between regular and random networks and displays small-
world properties [11]. Barabási and Albert introduced a famous growing network
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model to show the possible origin of scale-free topology of complex networks,
which is well-known as the BA model [12]. The standard BA model yields a
power-law degree distribution with a fixed exponent ν = 3, while some extended
versions of the BA model can “tune” the exponent ν by augmenting the linear
connection kernel to the asymptotically linear connection kernel [16-18].

It should also be pointed out that most of these investigations ignored the di-
versity of nodes and focused only on the single-component networks that comprise
a sole kind of nodes. However, many real-world networks are typically composed
of distinct nodes and links. For example, in the web of human sexual contacts [10],
there are two kinds of individuals, males and females. In a mammalian cell cycle
regulatory system [21], there exist a great diversity of enzymes and substrates as
nodes [19]. As far as we know, there are only a few works devoting their effort to
network models consisting of more than one kind of nodes [19, 20, 22]. Cheng et
al. studied an inhomogeneous network consisting of two kinds of nodes denoted
by A and B [19], in which a type-B node is only permitted to be linked by a type-
A node while a type-A node can be connected either by an A or B node. Kim et
al. investigated the topological properties of a growing network model that incor-
porates multiple species and initial link probabilities [20]. In our previous work,
we proposed a multicomponent growing network model which consists of many
kinds of nodes as well as links only between the nodes of different kind [22]. It is
found that multicomponent networks can also have scale-free topology when the
connection rate kernels are linear or shifted linear.

In this work, we construct a two-component growing network on the basis
of the network models proposed in [19, 20]. Assume that there are two kinds
of nodes denoted by A and B. At each time step, a new link is added to the
network in one of three ways: (i) with probability r a new link is created between
two already existing nodes of different kind; (ii) with probability q1 a new link
is created between two already existing type-A nodes; (iii) with probability q2 a
new link is created between two already existing type-B nodes. Meanwhile, new
nodes are continuously introduced to the system with no immediate links. A new
type-A node is added at a rate p1 and a new type-B node at a rate p2. Here, we
assume that the parameters r, ql and pl (l = 1, 2) are all fixed constants. While
for some situations, the values of the parameters may change with time, and
we shall defer it to a future work. We believe that our model may mimic some
real-world complex systems such as the above-mentioned human sexual contact
web (including homosexual and heterosexual).

The rest of the paper is organized as follows. In Sec. 2, we investigate the two-
component growing network model by using the rate-equation approach and then
analyze the scale-free properties of the degree distribution. A brief summary is
given in Sec. 3.

2 Analytical Solution of Degree Distribution

One can employ the standard probabilistic method or generating function
technique to determine the analytical expression of the degree distribution of a
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growing network model (see, e.g., [1, 23]). Here, we shall investigate the evolu-
tion properties of the two-component growing network model by means of the rate
equation approach (see, e.g., [16-18]). Let Nij(1) (Nij(2)) be the number of type-A
(-B) nodes with i in-links to the nodes of the same kind as well as j out-links to
the nodes of different kind. The joint-degree distribution Nij(l) (l = 1, 2) evolves
according to the rate equation

dNij(l)

dt
= r

Al(i; j − 1)Ni,j−1(l) − Al(i; j)Nij(l)
∑

l,m Al(l; m)Nlm(l)

+2ql

Bl(i − 1; j)Ni−1,j(l) − Bl(i; j)Nij(l)
∑

l,m Bl(l; m)Nlm(l)
+ plδi0δj0. (1)

Here, Al(i; j) represents the preferential connection rate at which a newly intro-
duced link between two nodes of differen kind is originated from the preexisting
node V

(l)
ij with i in-degrees and j out-degrees, while Bl(i; j) represents the pref-

erential connection rate at which a newly introduced link between two nodes
of the same kind is originated from the preexisting node V

(l)
ij (V (1)

ij denotes a

type-A node and V
(2)
ij denotes a type-B node). In equation (1), the first term

accounts for the the gain/loss in the number Nij(l) due to the new link (between
two nodes of different kind) originated from the nodes V

(l)
i,j−1, while the second

term accounts for the gain/loss in the number Nij(l) due to the new link (be-
tween two nodes of the same kind) originated from or ended in V

(l)
i,j−1 or V

(l)
ij .

It is worth noting that during each connection operation between two nodes of
the same kind, one node can be selected as the origin node as well as the target
node and thus, the factor 2 must be introduced in the second term. The last
term accounts for the continuous introduction of new nodes with no immediate
links. It should be noticed that in the context of this paper l = 1, 2.

The total number of nodes of the same kind is M0(l)(t) =
∑

i,j Nij(l)(t). Sum-
ming up equation (1) over all i and j, we obtain the evolution equation of the
total number of nodes of either kind, Ṁ0(l)(t) = pl, which yields the solution
M0(l)(t) = plt + M0(l)(0). It is obvious that the total number of the nodes of
either kind increases at a fixed rate independent of the connection rate kernels
(Al(i; j) and Bl(i; j)). Moreover, let Il(t) and Jl(t) be the total in-degree and
the total out-degree of the nodes of the same kind, respectively. Then we have
Il(t) =

∑
i,j iNij(l)(t) and Jl(t) =

∑
i,j jNij(l)(t). Multiplying equation (1) with

i and summing them up, one can find that the total in-link of the network
evolves as İl(t) = 2ql, with the exact solution Il(t) = 2qlt + Il(0). Multiplying
equation (1) with j and summing them up, we deduce J̇l(t) = r, which gives
Jl(t) = rt + J1(0). These show that both the total in-degree and the total out-
degree are also independent of the connection rate kernels. Except for the total
number of nodes and the total in(out)-degree, the degree distributions as well
as their higher moments may be dependent crucially on the connection kernels.

According to the comprehensive results of [16, 17], we can conclude that for
a network model with linear or sublinear connection rate kernels, the solution of
equation (1) takes the following form at large times:
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Nij(l)(t) = nij(l)t, (2)

where nij(1) is independent of time t. Here, nij(l) is also called the degree distri-
bution. Otherwise, if at least one of the connection rate kernels is superlinear, the
so-called “winner takes all” phenomenon [16], a single dominant gel node linked
to almost all other nodes, will emerge in our model. Thus, in order to derive
the analytical solution of the degree distribution from equation (1), one should
know in detail the concrete forms of all the connection rate kernels. In this work,
we focus mainly on the growing network with shifted linear connection kernels.
Such a network can exhibit the scale-free properties of the degree distribution,
which is in agreement with the realistic topology properties of some real-world
systems, such as the World wide web.

We consider the connection kernels Al(i; j) = j + λl and Bl(i; j) = i + µl.
In order to ensure that the corresponding connection rates are positive, the pa-
rameters λl and µl are four constants larger than zero. These parameters are
also called additional attractiveness (see, e.g., [24]). In the long-time limit, the
degree distribution takes the form (2). Substituting equation (2) into equation
(1), we recast the governing rate equation into the following recursion equation:

[1 + 2qlb
−1
l (i + µl) + ra−1

l (j + λl)]nij(l) = 2qlb
−1
l (i + µl − 1)ni−1,j(l)

+ra−1
l (j + λl − 1)ni,j−1(l) + plδi0δj0, (3)

where al = r + λlpl and bl = 2ql + µlpl.
We first determine the in-degree and out-degree distributions,

nin
i(l) =

∑
j≥0 nij(l) and nout

j(l) =
∑

i≥0 nij(l). Summing up equation (3) over all
j ≥ 0 and i ≥ 0, respectively, we obtain the recursion equations for the in-degree
and out-degree distributions,

[i + µl + bl(2ql)−1]nin
i(l) = (i + µl − 1)nin

i−1(l) + plbl(2ql)−1δi0, (4)

(j + λl + alr
−1)nout

j(l) = (j + λl − 1)nout
j−1(l) + plalr

−1δj0. (5)

By solving the recursion equations (4) and (5) we can obtain the in-degree and
out-degree distributions as follows:

nin
i(l) =

c1lΓ (i + µl)
Γ [i + 1 + µl + bl(2ql)−1]

, nout
j(l) =

c2lΓ (j + λl)
Γ (j + 1 + λl + alr−1)

, (6)

where c1l = plblΓ [1 + µl + bl(2ql)−1][(bl + 2µlql)Γ (µl)]−1 and c2l = plalΓ (1 +
λl + alr

−1)[(al +λlr)Γ (λl)]−1. For large i and j, we find that both the in-degree
and out-degree distributions take the power-law scale-free forms,

nin
i(l) ∼ i−2−µlpl/2ql , nout

j(l) ∼ i−2−λlpl/r. (7)

The exponents for the in-degree and out-degree distributions can both vary from
2 to ∞ by augmenting the model parameters.

We then discuss the joint-degree distribution. It is of interest to determine
some special joint-degree distributions ni0(l) and n0j(l). Obviously, ni0(l) denotes
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the number of nodes only connecting to nodes of the same kind, while n0j(l)

denotes the number of nodes only connecting to nodes of different kind. From
the recursion equation (3) we can readily deduce

ni0(l) =
c3lΓ (i + µl)

Γ (i + 1 + µl + dl)
, n0j(l) =

c4lΓ (j + λl)
Γ (j + 1 + λl + fl)

, (8)

where dl = bl/(2ql) + rblλ1/(2alql), fl = al/r + 2qlalµl/(blr), c3l = alblplΓ (1 +
µl+dl)[Γ (µl)(albl+2alqlµl+blrλl)]−1, and c4l = alblplΓ (1+λl+fl)[Γ (λl)(albl+
2alqlµl + blrλl)]−1. For large k, both ni0(l) and n0j(l) take the power-law form

ni0(l) ∼ i−1−dl , n0j(l) ∼ j−1−fl . (9)

When 2qlal = rbl, one can deduce the exact expression of the joint-degree dis-
tribution. In this special case, the recursion equation (3) can be reduced to

(i + j + λl + µl + alr
−1)nij(l) = (i + µl − 1)ni−1,j(l) + (j + λl − 1)ni,j−1(l)

+plalr
−1δi0δj0. (10)

By introducing the substitution,

nij(l) =
Γ (i + µl)Γ (j + λl)

Γ (i + j + 1 + λl + µl + alr−1)
mij(l), (11)

equation (11) can be further simplified as

mij(l) = mi−1,j(l) + mi,j−1(l) + hlδi0δj0, (12)

where hl = plalΓ (1+ λl + µl + alr
−1)[rΓ (λl)Γ (µl)]−1. Equation (12) can be ex-

actly solved by employing the generating function technique. Multiplying equa-
tion (12) by xiyj and summing them up over all i and j, we find that the
generating function

Gl(x, y) =
∑

i,j≥0

nij(l)x
iyj =

hl

1 − x − y
. (13)

Expanding equation (13) in powers of x and y, we then obtain the exact solution
of the joint-degree distribution,

nij(l) =
hlΓ (i + j + 1)Γ (i + µl)Γ (j + λl)

Γ (i + j + 1 + λl + µl + alr−1)Γ (i + 1)Γ (j + 1)
. (14)

The results show that nij(l) �= nin
i(l) · nout

j(l). Hence, the in-degree and out-degree
distributions for either kind of nodes are correlated each other.

Unfortunately, there is no simple consistent expression for the joint-degree
distribution in general cases. By analyzing the recursion equation (3) we can
asymptotically obtain

nij(l) ∼
{

i−θljλl−1 for i � j � 1
j−ηl iµl−1 for j � i � 1,

(15)

where θl = 1 + bl(2ql)−1 + rλlbl/(2alql) and ηl = 1 + alr
−1 + 2qlalµl/(blr).
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On the other hand, it is also instructive to determine the total degree distri-
bution Pk(l)(t) =

∑
i+j=k Nij(l)(t), which counts the number of the nodes hav-

ing the same link number without regard to the objects of their links. Letting
Pk(l)(t) = pk(l)t, we have pk(l) =

∑
i+j=k nij(l). By making use of equation (14)

we obtain the asymptotical expression of the total degree distribution at k � 1,

pk(l) ∼ k−2−λlpl/r, (16)

which takes the power-law form. However, it is difficult to deduce the explicit
expression of the total degree distribution for general cases, because we cannot
derive the exact solution of nij(l) from equation (3).

In order to verify that the connection rate kernels being shifted linear is the key
to bringing the scale-free degree distribution, we here investigate another special
case with complete random connection kernels. That is, Al(i; j) = Bl(i; j) ≡ 1
for all i and j. Equation (2) is also valid for this case. Then equation (1) can be
rewritten as

(pl + 2ql + r)nij(l) = 2qlni−1,j(l) + rni,j−1(l) + p2
l δi0δj0. (17)

Equation (17) can also be solved by introducing the generating function Hl(x, y)
=

∑
i≥0,j≥1 nij(l)x

iyj. Multiplying equation (17) with xiyj yields

Hl(x, y) =
p2

l

pl + 2ql + r − 2qlx − ry
. (18)

Expanding equation (18) in powers of x and y, we deduce the exact solution of
the joint-degree distribution as follows:

nij(l) =
(

1
pl + 2ql + r

)i+j+1

p2
l (2ql)irj Γ (i + j + 1)

Γ (i + 1)Γ (j + 1)
. (19)

We then turn to determine the in-degree and out-degree distributions. From
equation (17) we obtain

(pl + 2ql)nin
i(l) = 2qln

in
i−1(l) + p2

l δi0, (pl + r)nout
j(l) = rnout

j−1(l) + p2
l δj0. (20)

The recursion relations for in- and out-degrees can be easily solved to give

nin
i(l) =

p2
l

pl + 2ql

(
2ql

pl + 2ql

)i

, nout
j(l) =

p2
l

pl + 2ql

(
r

pl + r

)j

. (21)

For large i and j, the in-degree and out-degree distributions approach the expo-
nential forms as follows:

nin
i(l) ∼ exp[−k ln(1 + (2ql)−1pl)], nout

j(l) ∼ exp[−k ln(1 + r−1pl)]. (22)

For this random network system, we also have nij(l) �= ni(l) · nj(l). Hence, the
in-degree and out-degree of nodes are correlated each other.
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3 Summary

We have proposed a two-component growing network model, in which new nodes
of either kind are continuously added to the system with no immediate links and
new links are created between any two nodes. By means of the rate equation
approach we have obtained the analytical solutions of the degree distributions
for the two-component growing network with shifted linear or complete random
connection rate kernels. Obviously, the network has two kinds of links, in-links
between nodes of the same kind and out-links between nodes of different kind. We
have analyzed in detail the connectivity of the two-component growing network
system, including the in-degree, out-degree, and joint-degree distributions.

For a network with all the connection rates being shifted linear, the in-degree
and out-degree distributions take the power-law forms. And the joint-degree
distribution nij(l) may take a power-law form in the case of i � j � 1 or
j � i � 1. Moreover, the total-degree distribution for either kind of nodes may
also take a power-law form in some special cases. For the random network with
constant connection rate kernels, the in-degree and out-degree distributions both
take the exponential forms. It is also exhibited that the in-degree and out-degree
are correlated each other.

On the other hand, by choosing the parameters (such as ql = 0, i.e., the links
between any two nodes of the same kind are prohibited) our model can exhibit
the power-law degree distribution in accord with the measurements of the human
sexual contact web [10]. This two-component network model can be expected to
mimic some real-world complex systems, especially, the human sexual contact
web in which measurements distinguish homosexual contacts from heterosexual
contacts.
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