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Abstract. In this paper, under the assumption that the claimsize is
subexponentially distributed and the insurance capital is totally invested
in risky asset, some simple asymptotics of finite horizon ruin probabili-
ties are obtained for non-homogeneous Poisson process and conditional
Poisson risk models as well as renewal risk model, when the initial capi-
tal is quite large. Extremal event is described in this case because some
claim can be larger than initial capital even it is large enough. The re-
sults obtained extended the corresponding results of related papers in
this area.

Keywords: ruin probability, conditional Poisson process, renewal risk
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1 Models

Consider a Cramér-Lundberg model. In this model the claim sizes, X,,, n =
1,2, ..., constitute a sequence of independent, identically distributed (i.i.d.) and
non-negative random variables (r.v.’s) with common distribution function (d.f.)
F =1—F. The claim arrival times, 0,,n = 1,2, ..., form a homogenous Poisson
process

N(t)=sup{n>1:0, <t},t>0, (1)

with a constant intensity A, where, sup¢ = 0 by convention. The total surplus
of a company up to time ¢, with perturbed term ooW(t), is denoted by U (¢),
which satisfies the following equation:

N(t)
Ut)=u+ct— > Xy +agWo(s), (2)
k=1

where, u > 0 is the initial capital, ¢ > 0 is the constant rate of premium,
{Ws(t),t > 0} is a standard Brownian motion and oo > 0 is the volatility coef-
ficient of oo Wy(t). If the inter-arrival times o1, 0, — op,—1 for n = 2,3, ... have a
common distribution of general form, then the model above is called the renewal
model.
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If in (), parameter A is time dependent, then {N(t),t > 0} is called non-
homogeneous with intensity function {A(¢),t > 0}. If for arbitrarily fixed ¢, s > 0,
N(t) satisfies that

PN(i-+5) - N5 =) = [ TG ),

where A is a r.v. with d.f. G4. Then {N(t),t > 0} is called conditional Poisson
process.
All limit relationships in this paper, unless otherwise stated, are for u — oco.

A~Band AR B respectively mean that lim, oo g =1 and limy_, o g > 1.

1.1 Investment in Risky Asset

If an insurer invests his capital in a risky asset, then its capital value should be
specified by a geometric Brownian motion

dV; = Vi(rdt + odW (1)), (3)

where {W(t),t > 0} is a standard Brownian motion and r > 0,0 > 0 are
respectively called expected rate of return and volatility coefficient. It is well
known that stochastic equation (3) has the following solution

V, = V(Q)e(r7§02)t+aW(t) )

Therefore, at time ¢, the surplus with risky investment could be expressed as
t
Ut) = 20y + / 2O (s)), ()
0

where, A(t) =t + oW (t), B =1 —0?/2.
Through out, {X,,n > 1}, {N(t),t > 0}, {W(t),t >0} and {Wo(t),t > 0}
are assumed to be mutually independent.

Definition 1. We define

U(u,T) = P( inf U(s) < 0U(0) = u),

the finite time ruin probability within time T. If T = oo, we say that ¥ (u,o0) is
ultimate ruin probability.

Ruin probability reflects the possibility that the surplus process moves below
zZero.

In this paper, under the assumption that the risk models are non-homogenous,
conditional Poisson process and renewal risk model respectively, some asymp-
totics of finite time ruin probabilities, with investment in risky asset, are derived.
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1.2 Heavy-Tailed Claims and Some Related Results

Heavy-tailed risk has played an important role in insurance and finance because
it can describe large claims; see Embrechts et al. (see [0]) for a nice review.
We give here several important classes of heavy-tailed distributions for further
references:

— class £ (Long-tailed): a d.f. F belongs to £ iff

T G

for any ¢ (or equivalently, for ¢t = 1);
— class R_,: a distribution F' belongs to R_,, iff

F(z) =2"%L(z), z>0,

where L(z) is a slowly varying function as £ — oo and index —a < 0. R_,,
is called regularly varying function class, or Pareto-like function class with
index —a.

— class S (Subexponential): a d.f. F' belongs to S iff

lim Fer(z) =n

for any n (or equivalently, for n = 2); where F*" denotes the n-fold convo-
lution of F, with convention that F*9 is a d.f. degenerate at 0.

These heavy-tailed classes satisfies R_, C & C L (see Embrechts et al. [d]).
The asymptotic behavior of the ultimate ruin probability 1 (u) is an important
topic in risk theory. In the recent literature, the asymptotic behavior of the ruin
probability with constant interest force has been extensively investigated. One
of the interesting results was obtained by Kliippelberg and Stadtmuller([12]),
who used a very complicated L, transform method, proved that, in the Cramér-
Lundberg risk model, if the claimsize is of regularly varying with index —a,
then

Pu) ~ - F(u), ()

ar

where r is constant interest force. Asmussen ([I]) and Asmussen et al. ([2])
obtained a more general result:

vy~ [ TEWy, (6)

where the claimsize is assumed to be in §*, an important subclass of S. In
the case of compound Poisson model with constant interest force and without
diffusion term, Tang ([I6]) obtained the asymptotic formula of finite time ruin
probability for sub-exponential claims. Tang ([I7]) proved that, in the renewal
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risk model with constant interest force, if the d.f. of claimsize belongs to regularly
varying class with index —a;, then ultimate ruin probability satisfies that

Ee—ra91
~Y
1 — Ee—rab:

() F(u),
which extends (5) essentially. Jiang ([I0]) extended some results to the risky
case. See also Jiang ([§], [9]). Dufresne and Gerber ([4]) first researched the ruin
probability for jump-diffusion Poisson process. Veraverbeke ([20]) discussed the
asymptotic behavior of ruin with diffusion term.

The rest of this paper is organized as follows: In Section 2, main results of
this paper are presented. In section 3, after some necessary lemmas are supplied,
the proofs of the main results are completed.

2 Main Results

The following theorems are main results of this paper:

Theorem 1. Consider non-homogenous Poisson model introduced in Section 1.
If F € R_,, then it holds that

T 1.2 2
Y(u;T) ~ F(u)/o A(s)e~(@F=20707)s g (7)

Notes and Comments. When F € R_,, and the perturbed term disappears, the
results of Tang ([10]) is consistent with this Theorem. In particular, this result
is also in consistence with that of Veraverbeke ([20]), who pointed out that the
diffusion term Wy(¢) does not influence the asymptotic behavior of the ruin
probability. We should point out that the diffusion term W (¢) plays an essential
role in influencing the interest force.

Theorem 2. Consider conditional Poisson process introduced in Section 1. If
FeR_,, then

T
W(u;T) ~ F(u)EA / e (@B—30%0%)s g (8)
0

Notes and Comments. In these two Theorems, if parameter A is a constant and
perturbed term disappears, then (7) and (8) turn to the following:

P T) ~ N F)(1 - ), )

which is in consistence with the result of Kliippelberg and Stadtmuller ([12]).

Theorem 3. In the renewal model with surplus {f]) and R_. claims. Denote
q = Ee(@8-30°0")01 g m(s) is the renewal function of renewal process N (t).

Then r
(u;T) ~ F(u) / e (=307 1 (). (10)
0
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Theorem 4. In the renewal model with surplus process (4)). Still denote q =
2_2

Ee~(@f—200%)01 If P € S and m(s) is defined in Theorem 3. Then
T
P(u; T) ~/ P(X1e7 =W ) > 4)dm(s). (11)
0

If we denote 9, (u) as the ruin probability when ruin happens not later than kth
claim, then in the renewal case, we can obtain the following Theorem:

Theorem 5. In the renewal model with surplus (). Let q = Be~(@f—3070%)01
If F € R_,, then
q- qk+1

Pr(u) ~ F(u) (12)

1—gq

Notes and Comments. From Theorem 5, we can get the main result of Tang
(2005a) easily.

3 Proofs of Main Theorems
3.1 Several Lemmas

The following lemma is well known Ross ([19]):

Lemma 1. Let {N(t)},~, be a Poisson process with arrival times {oy,k > 1}.
Given N(T') = n for any fired T > 0, the random vector (o1, 02, ..., 0y) s equal in
distribution to the random vector (TU(Ln), e TU(nyn)), where (U(Ln)7 s U(n,n))
are the order statistics of n i.i.d. (0,1) uniformly distributed random variables
Uy, ...,U,.

The following lemma can be found in many standard textbooks on stochastic
process, see, for example, Karatzas and Shreve ([I1]).

Lemma 2. If W(t) is a standard Brownian Motion, then the moment of any
order of maxo<i<T W(t) exists.

Lemma 3. For following randomly weighted series W = > | 3, X,, where
{Xn,n > 1} is a sequence of nonnegative i.i.d.r.v.’s, with common distribution
F € R_,, and {Bn,n > 1} is another sequence of nonnegative r.v.’s, which is
independent of {X,,n > 1}. If one of the following assumption holds:

1.0 < a <1 and for some e > 0, it holds 307 | E(8,*"° + 8,%°) < o0;

1
2.1 < a < oo and for some € > 0, it holds 300 | E(B8,*"° + 8,7 %) " < o0,
then

P(W >u) ~ F(u) Y EB}

See Resnick ([I§]).
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Notes and Comments. The great advantage of Lemma 4, is that no informa-
tion about the dependence structure of the sequence {3,,n > 1} is wanted. The
following Lemma can be found in Tang ([15]):

Lemma 4. Let {X;,1<i<n} be n ii.d. suberponential r.v.s, with common
distribution F. Then for any fired 0 < a < b < 0o, uniformly for all a < ¢; <

b, 1<i<n
P(ZQXZ > u) ~ ZP(QXZ > u)
i=1 i=1
3.2 Proofs of Main Results
Proof of Theorem 1.
By the definition of ruin probability, we have

Y(uw;T)=P (e*A(t)U(t) <0 for some T >1¢>0|U(0) = u) . (13)

For each t € (0,T], we have
N(t)

t
u— Z Xe A1) —|—00/ e~ AWy (s)
0

< 67A(t)U( )
N(t)

t
< u—|—c/ —AG) s — Z Xe~ A0 —|—00/ e~ dWo(s). (14)
0 0

Without essential difficulty, one can see that ¢ (u;T) satisfies that

N(T)
Y T) > Py Xiem ) > u+ 25 +én) (15)
and =t
N(T)
b T) < P> Xie 200 > u+ &), (16)
=1
where

t
£ = 7 M¥oss<sT(=W)) gnd p = oy ogltang/o e PEdWy(s).

From Ross ([19]), N (¢) with intensity function A(s) can be regarded as a random

sampling of some homogenous Poisson process N (¢) with constant parameter A,

where A(s) < A\. Now we introduce the indicator function Of event A;, I(A;). We

say that A, happens, if at time o;, with probability A(c;)/A, X; is picked out.

From Lemma 3
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N(T) N(T)
Z X;e A > u) Z X; eiA(UL Aj) > u)
=1

= P(Z X;e AI(ADI(o; < T) > u)
Z / Ele=a3C) (\(s)/ V)] dFy, (5)

u) / Ele 246 (\(s)/\)|dm(s)
) /TA(S ~(aB=bato?)s o (17)
0

where, we have used the fact that, the renewal function of Poisson process m(t),
is just At. For any fixed € > 0

N(T)

P ; Xje A >y 4 ;5 +&n)
N(T) .
(Y Xie 20 > (1t eu) = P& +&n > cu)
i=1
& ECTE(n+ §)
Z Xie™20) > (14 e)u) — (cu) o (18)

where we have used Markov inequality. Lemma 2 implies that F£™ < co. Choos-
ing 7 > 0 such that
EEE(n+ 5)"
(eu)”
is the higher order infinitesimal of P(ZN(T) X;e=2@) > (1 4 &)u). By (17)

N(T) T (B 1,22
F(u) [ Ms)e(@B=20707)s s
Xie 2 > (1 ~ 0 19
Z € ( +€)U) (1 + E)Oé ( )
By the arbltrarlness of €, we obtain that
N(T)
Z Xie= A0 > 4 4 ﬁg +én) R / As)em(@B—20%%)s g5 (90)

On the other hand
N(T) N(T)
P( Z X;e= A0 > g 4 &n) < P( Z X;e A0 > (1 —¢e)u)+ P(&n > u)
i=1 i=1
EE"ENT

ZX@ )z (- +

.(21)
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Similarly
N(T)
Z Xie 20D >4 &n) S / A(s)e~(@B=30%0)sqg (22)
O
Notes and Comments. Rewrite
t — 5. In(1-27t)
max / e " dW (s) = max / e " dW (s).
0<t<T Jo OStSl_CQ—TwT 0

— L In(1—-2r . :
Denote |, 2r In(1=2rt) e~ "*dW (s) by M(t). We aim to prove that M () is Brown-
ian motion. From Fima ([7]), we only need to prove that, the quadratic variation
process, [M, M](t), equals to ¢, because M (¢) is a local martingale. Using the defi-

1
nition of the quadratic variation, we have [M, M](t) = [, *" (=20t o=2rs gg — ¢.

Hence, the m.g.f. of maxo<;<7 fo “TSdW (s) exists and EnT exists. It is not diffi-
cult to check that the result of Kliippelberg and Stadtmuller ([I2]) is the special
case of Theorem 1 if F' € R_,, A is some constant and T = oo.

Proof of Theorem 2. Similar to the proof of Theorem 1, we have

N(T)

Z X,e~Ali) > u)
/ Z P (ZX e A0 > yIN(T) =n,A = /\> P(N(T) = n|A = \)G(d))
= / Z P (Z X;e AU > u> P(N(T) =n|A = \G(d\)
0 n=1 3

~P (Xle*NTUl / Z nP(N(T) = n|A = \)G(dN)
T 1.2 2
= EAF(u)/ e~ (@B=3070 s g (23)
0
where we have used Lemma 2. O

Proof of Theorem 3. By Lemma 3

N(T)

P(Y " Xie 20 > ) ZX ~AE) (g < T) > u)

=1

'LL) Z EefaﬁaifaoW(Ui)
i=1

T 00
:F(u)/ e~(ad=3a%e)sq 3 ()
0 i=1
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T
= F(u) / —(@f= 3005 g (s). (24)
0
Similarly we can end the proof. O

Proof of Theorem 4. We only consider P(ZN(T) Xie= Al > u). Because

N(T) o0 k
P> Xiem 2 >u) =3 P> Xie ) > u, N(T) = k),  (25)
i=1 k=1 i=1

while

k
ZX-@‘A(‘”) >u,N(T) = k)

:/ Xz‘e_A(c”) > u)dF (o1, ..., Ok 41)
(N(T)=

-/ (P(E Xee ) 2 W (o) s Wi (o, 1)
(N(T)= i=1

-/ ZP A 2 W (01), oo, W (o) AF (01, - 0011)
(N(T)=

- / ZP (X;e™2) > w)dF (0y, ..., 0ps1)
(N

(T)=Fk) 3=1
k
= Z —Al) >, N(T) = k), (26)
hence
N(T) 0 k
> Xie 2 >u) =Y PO Xiem 2 > u, N(T) = k)
i=1 k=1 =1
oo k
~ ZZP(XZe A@) > 4, N(T) = k)
k=1 1:=1

P(X-e*mai) >u,0;<T)

/ P(Xie=3E) > 1)dF, (s)
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Hence Theorem 4 is completed. a

Proof of Theorem 5. We deal with the proof by induction. For k =1
1 (u)

01
= P(u+ / e AWy — X720 <)
0

- > s 1 2
:/ F6'1 (dS)/ 13()(1 > ue,@s+ot+eﬁs+ot/ efA(y)dy) e be dt
0 —o0 0 V2rs
oo fo'e) 1 1)2
~ F(u e_aUSF ds e 2 e—aov\/sdv
= F(u)q, (28)
we have used the fact that X7 is in £ class. Assume that
n+1
q—dq

l—q
we should prove that ([Z9) holds for n + 1. Denote

6
weAO) |, / L A0 -AW) g
0

by V (01, u). With total probability formula

%H(U)
= ¥1(u) + P1(W)E[Wn(V — X1, w)I(V = Xy)]

_ n+l [e'e] oo [e'e]
~ () + 471 / Fy, (ds) / B0 (dt) / et By (dy) F(u)
0 oo 0

1—¢q _
q— qn+1 > —ars > la?0?s
~ (q+ 1—q J, e " Fy, (ds) | e Do,1)(dt))F(u)
n+2
q9—dq
= F 30
L, F, (30)
so by using induced assumption, Theorem 5 is finished. g

We can see that, when n = oo, this Theorem turns to

q
voon T

which contains the result of Tang ([16]) as a special case.

F(u),
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