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Abstract. We calculated the frequency distributions of cluster sizes in the sand 
pile models. Two cellular automata models differing in the rules of adding sand 
particles are used. For the model with local perturbation only, the distribution 
shows a power law behavior regardless of the spatial dimension that the sand pile 
is situated at. For the other model where the perturbation generated by the addi-
tion of a sand particle is not confined to one site only, the distribution is generally 
a power law plus an exponential cutoff. These results are consistent with what 
was found previously for another complex system using a model of constrained 
minority game. The frequency distributions in higher dimensions than two are 
also calculated and discussed. 
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1   Introduction 

Frequency distributions have been found to follow a power law in many complex 
systems[1]. One famous example is the Gutenberg-Richter power law for earth-
quakes[2]: the number of occurrences of earthquakes in a given region has a power-law 
relation to the magnitudes of the earthquakes. Bak[3] proposed the concept of 
self-organized criticality (SOC) to explain how such a complex system works. They 
demonstrated SOC by means of a sandpile model in which one builds a sand pile by 
dropping sand particles one by one from the top. The sand pile will grow until it reaches 
its critical state with a maximal slope, which, however, is unstable. Adding particles 
further will cause an avalanche after which the sand pile will gradually rebuild itself 
back to the critical state. Thus the system constantly self-organizes itself to approach 
the critical state which is then followed by an avalanche of a certain scale. They used a 
cellular automaton model to simulate the dynamics of a sand pile[4] and claimed that 
frequency distribution of the sizes of the avalanches indeed followed a power law. 
Some variants of their models have since been proposed and solved or simulated[5,6,7]. 
One general conclusion of these theoretical works is that SOC is a good description for 
the dynamics of a sand pile, but the frequency distributions of the cluster sizes do not 
necessarily follow a power law. In many cases, a power law with an exponential cutoff 
is observed. One is reminiscent of the results of a different complex system called the 
constrained minority game[8], the frequency distributions of which also shows either a 
power law or a power law with an exponential cutoff, depending on the relative mag-
nitude of two parameters used in that system. 
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In this article we investigate the original sand pile model of Bak et al[4] in various 
spatial dimensions and one variant of it using a different rule for adding sand particles. 
Our aim is to understand what parameters of a sand pile model are the dominant factors 
in determining the behavior its frequency distribution. 

2   Sand Pile Models and Simulation Results 

We first construct cellular automaton models for a sand pile. Because there is azimuthal 
symmetry for a conic sand pile, for simplicity we consider only a quarter of a sand pile 
bounded by two perpendicular walls. The height of sands at position ),( yx , 0>x , 

0>y , is denoted by ),( yxh . The slope of the sand pile at ),( yx  is defined as sum 

of height differences between the position ),( yx  and its two neighboring sites down 

along the hill: )]1,(),([)],1(),([),( +−++−= yxhyxhyxhyxhyxs . The 

dynamics of the model consists of the processes of adding and falling of the sand parti-
cles. We add a sand particle at a random position every time. On each adding, we check 

the slopes at all positions. When ),( yxs  is larger than a predefined critical value cs , 

one sand particles at ),( yx  will drop, either to position ),1( yx +  or )1,( +yx . 

Thus for our model, the dynamics of the sand pile follow the following rules: 
Adding rule: when a sand particle is added at a random position ),( yx , do 

1),(),( +→ yxhyxh . (1) 

Falling rule: when csyxs >),( , do 

1),1(),1(1)1,()1,(

1),(),(

++→+++→+
−→

yxhyxhoryxhyxh

yxhyxh
 

(2) 

Alternatively, we use the slope ),( yxs  as the dynamic variable and let on average a 

0.5 sand particle falls to each of the two positions ),1( yx +  and )1,( +yx  when 

csyxs >),( . Accordingly, the rules for simulation are: 

Adding rule: when a sand particle is added at a random position ),( yx , do 

1),1(),1(

1)1,()1,(

2),(),(

−−→−
−−→−

+→

yxsyxs

yxsyxs

yxsyxs

 

(3) 

Falling rule: when csyxs >),( , do 

1),1(),1(

1)1,()1,(

4),(),(

+±→±
+±→±

−→

yxsyxs

yxsyxs

yxsyxs

 

(4) 
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When a sand particle drops from the boundary Rx =  or Ry = , it disappears from 

the system. The model can be readily extended to an abstract one with underlying 
spatial dimension being larger than 2. That is, we can consider the height and the slope 
of the sand pile as a function of more than two rectangular coordinates. 

Bak et al.[4] used a different set of adding and falling rules in their simulations for 
the dynamics of the sand piles. They dealt with the variation of a variable ),( yxK  

without giving its explicit relation to the height of a sand pile at ),( yx . At each time 

step, they perturbed the system locally by adding 1 to the value of ),( yxK  at random 

position ),( yx . Thus their adding rule is 

Adding rules of Ref. [4]:  at random position ),( yx , do 

1),(),( +→ yxKyxK  (5) 

When cKyxK >),( , they made the following changes 

Falling rules of Ref.[4]: cKyxK >),( , do 

1),1(),1(

1)1,()1,(

4),(),(

+±→±
+±→±

−→

yxKyxK

yxKyxK

yxKyxK

 

(6) 

Comparing with our model, it is interesting to see that the variation of ),( yxK  is 

partly like ),( yxh  (in adding rules) and partly similar to ),( yxs  (in falling rules). 

We will see below that the results of their model using Eqs.(5) and (6) are different 
from those of our model using Eqs. (3) and (4). 

Let n be the number of sites affected due to addition of a sand particle to a sand pile, 
and D(n) be the probability of the occurrence of cluster size n. Starting form arbitrary 
random stable sand pile we simulated the dynamics of the above two models and col-
lected data for 100 thousands time steps. The results for the model according to Eqs. (5) 
and (6) averaged over 100 samples are plotted in Fig. 1. The log-log plot of D(n) has 

approximate power law τ−nnD ~)(  with τ  = 0.98, 1.36, 1.49, and 1.65 when the 

underlying spatial dimension is 2D, 3D, 4D, and 6D respectively. Our results for 2D 
and 3D cases agree with the previous results of Bak et al.[4]. 

The results of D(n) calculated from first 100,000 time steps of the simulation using 
Eqs. (3) and (4) are also close to a power law distribution. However, for this model we 
found that D(n) has not reached its stability after first 100,000 time steps. The number 
of occurrence of each cluster size per 100,000 time steps decreases with time. The 
shape of the plot of the distribution D(n) bents away from  a power law as time in-
creases (Fig. 2). It takes about 5,000,000 time steps before the distribution D(n) stabi-
lizes to a curve with a power law plus an exponential cutoff. 
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Fig. 1. Frequency distributions of cluster sizes using the rules described by Eqs. (5) and (6). The 
distribution is more close to a power law in higher dimension because the system size increases 
much faster than the level of complexity of the system. The straight lines indicate a power law 
with τ = 0.98, 1.36, 1.49, and 1.65 respectively. 

 

Fig. 2. Frequency distributions of cluster sizes at different time using the rules described by Eqs. 
(3) and (4). The distribution takes long time (about 5,000,000 time steps) to reach stabilization. 
The final stable distribution follows a power law plus an exponential cutoff. 
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If we keep adding sand particles always at the top the sand pile instead of at a ran-
dom position in the model of Bak et al (Eqs. (5)(6)), the distribution D(n) is also close 
to a power law similar to Fig. 1. However, when rules Eqs(3),(4) are used, keep adding 
sand particles at the top yields power law distribution for D(n)  too instead of  a curve 
like Fig. 2. This is because the adding rule Eq. (3) is equivalent to Eq. (5) if only the top 
position (1,1) is concerned. While when sand particles are added randomly at any po-
sition ),( yx , Eq. (3) makes a big difference with Eq. (5). 

In Fig. 3 we plotted the results of our model for various system sizes and dimensions. 
The difference between one another is discussed in the following section. 

 

Fig. 3. Comparison of the frequency distributions of different system sizes and spatial dimen-
sions. Results are obtained using the rules described by Eqs. (3) and (4). For a fixed system 
L=400´400=160000, the 2D case has smaller level of complexity than the 4D case so that its 
distribution is closer to a power law than the 4D case. On the other hand, when we decreases both 
the underlying spatial dimension and the system size from the 4D case, the distribution bent 
further away from a power law. 

3   Discussion on the Forms of the Frequency Distributions 

We have seen that the distribution D(n) in sand pile models follows a power law or a 
power law plus exponential cutoff, depending on the dimension and the size of the sand 
pile, and the rules one used. These results are consistent with what was found in the 
variance distributions of a constrained Minority game [8]. In Ref. [8], it was found that 
there are two critical parameters in a complex system and the relative magnitude of 
them determines the distribution to be the form of a power law, a power law plus an 
exponential cutoff, or a log-normal. One of the critical parameters is the system size L. 
In current sand pile models discussed above, the system size L can be taken as total 
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number of sites of a sand pile. The other parameter M is called information in Ref. [8]. 
It indicates how complicated a system is inter-connected so that we might as well call it 
the level of complexity of the system. It was shown in Ref. [8] that the frequency dis-
tribution of a complex system shows a power law behavior when M is small. As M 
increases for a fixed L, the frequency distribution changes from a power law to a power 
law plus an exponential cutoff, and then to a log-normal. It is not yet clear what the 
equivalence of M is in the sand pile models. It is however reasonable to assume that M 
is a monotonic increasing function of the number of ways that are generated by a per-
turbation to make changes to the system. For example, we see that the adding rule Eq. 
(3) has affected three sites while the rule Eq. (5) has perturbed one site only. Accord-
ingly, the value of M for our model is expected to be larger than that of the Bak et al’s 
model. The underlying dimension can change the value of M too. In 2D case, the falling 
rule affects 4 neighboring site of the perturbed position. That is, a perturbation has four 
different paths in changing the system. In 3D case, there will be 6 paths. In 4D, we have 
8, etc. Thus when we simulate the dynamics of the sand pile in higher dimension, we 
have higher value of M. With these understandings, we can have a qualitative expla-
nation for frequency distributions shown in Figs. 1, 2, and 3: 

(i) For a given rule and a fixed dimension, say 2D, the value of M is fixed. 
When one increases system size L, e.g. increasing from 20´20 to 
400´400, we obtain a better approximation to a power law. 

(ii) For a fixed dimension and system size, say 2D with 50´50 sites, the value 
of L is fixed. Changing the adding rule from Eq. (5) to Eq. (3) will in-
crease the value of M. Thus the frequency distribution changes from a 
power law to a power law plus an exponential cutoff. 

(iii) For a fixed system size, say L=400´400=160000, increasing the under-
lying dimension, say from 2D to 4D as shown in Fig. 3, the curve will 
bent further away from a power law because M has increased. 

(iv) Increasing both dimension and system size as the case shown in Fig. 1, 
although the value M increases when underlying dimension increases, the 
system size L has also increased in much larger amount (20 times larger 
when one goes from 2D 20´20 to 3D 20´20´20). Thus the frequency 
distribution is more close to a power law in higher dimension. 

4   Conclusion 

We have calculated the frequency distribution of the cluster sizes in two dynamic sand 
pile models situated at various spatial dimensions. We found that the distribution fol-
lows a power law when the perturbation to the sand pile is local at one site only. In a 
more realistic model the perturbation is not pure local so that the system is connected in 
a more complicated way (i.e., the system has a higher level of complexity), the distri-
bution changes to a power law plus an exponential cutoff. This result is consistent with 
the previous finding in another complex system dealing with a complete different 
phenomenon related to the minority game. We have also simulated the sand pile models 
in higher spatial dimensions than two. In higher dimension a sand particle has more 
number of paths to fall so that the system is connected in a more complex way. We 
found, while keeping the system size fixed, the frequency distribution differs from a 
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power law more for a sand pile situated at higher dimension. This result again supports 
the general property for the frequency distributions of complex systems: the distribu-
tion follows a power law when the system size is large enough, but changes to a power 
law with an exponential cutoff when the system size decreases or the level of com-
plexity increases. 
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