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Abstract. In this paper, in order to search the reason of the phenomena of power-
law in the weighted networks, we present a general model for the growth of
weighted networks that couples of new edges and vertices and the weights’ and
intrinsic strengths’ dynamical evolution. This model is based on a simple weight
and intrinsic strength driven dynamics and generates networks exhibiting the
statistical properties observed in several real-world systems. Within this model
we not only yields the scale-free behavior for the weight, strength and degree
distributions, but also we give the analytical computation of the distributions of
the weight, the strength and the degree .Simultaneity, by way of contrasting our
results with those of the random model, we found the preferential attachment is
necessary to the phenomena of scale-free of the strength and degree distributions.
Finally, we found the analytical results are good consistent with those of
numerical simulation. The conclusion from this model is helpful to the
investigation of the topological role of weight and strength.

Keywords: weighted network, scale-free network, degree distribution, intrinsic
strength.

1 Introduction

In the last few years, considerable efforts have been made to understand and
characterize complex networks in the real world including the Internet [1], the World
Wide Web [2], the scientific collaboration networks [3,4], and the world-wide airport
networks (WAN) [5][6]. The empirical results show that these networks generally
exhibit complex topological properties such as small-world phenomenon [7] and
scale-free property [8]. In order to explore the mechanism responsible for these
topological features, a wide array of models aimed at capturing various properties of
real networks have been formulated [9]. But these researches on networks have mainly
focused on unweighted networks. There is a need for a modeling approach to complex
networks that evolving not only by the topology growth. Barrat, Barthélemy, and
Vespignani present a weighted-driven model (BBV model) [6], the novel feature in the

* Corresponding author.

J. Zhou (Ed.): Complex 2009, Part II, LNICST 5, pp. 1575 -{1590f 2009.
© ICST Institute for Computer Sciences, Social Informatics and Telecommunications Engineering 2009



1576 X. Geng, H. Zhou, and G. Wen

model is the weight dynamical evolution occurring when new vertices and edges are
introduced in the system. BBV model yields scale-free properties of the degree, weight,
and strength distributions, controlled by a physical parameter 6. But the weight
dynamical evolution in BBV model is triggered only by the introduction of new
vertices, and the empirical results [10, 11] show that the inner interaction plays an
important role in the networks’ evolution. In addition, in the company the executives
usually adjust their funds’ assignment in the several departments according to their
achievements. Thirdly, in the scientific collaboration networks, the scientists’
reputation will varies according to the grown of the networks. Fourthly, in the wide air
networks, the number of the passengers varies according to the different period of time
according the above matter; we firstly introduce the concept of intrinsic strength, which
is the description of vertices’ intrinsic property. Based on this concept, we present a
general model depended on five dynamical evolutions: node addition, weight’s growth
and decrease, node intrinsic strength’s growth and decrease. We find network
generated by this model exhibits some statistical properties observed in several
real-world systems. Through analytical way, we yield the analytical computations of
the distributions of the weight, strength and degree. They all exhibit the behaviors of
scale-free. At the same time, by way of contrasting our results with those of the random
model, we found the preferential attachment is necessary to the phenomena of
scale-free. Finally, we contrast the results deduced in theory with the results of practical
data analysis, and we find the both results are good consistent. So we believe that
through implementing some of the suggested modifications, the model could be
well-suited to other types of networks.

The rest of the papers are organized as follows: In section 2, we firstly introduce the
concept of intrinsic strength, which is the description of vertices’ intrinsic property.
Then we define a general simple model for weighted networks that consider the basic
evolution of the system as driven by the weight properties of edges and vertices. In
addition, differently from early models proposed in the past [6, 12], we allow the
dynamical evolution of weights and intrinsic strength during the growth of the system.
This mimics the evolution and reinforcements of interactions in natural and
infrastructure networks. In Sec.3, we introduce our algorithm and get the analytical
calculations for the weight, strength and degree distributions with continuum theory
and rate equations method and we yield this model is scale free networks,
.Simultaneity, we contrast our results with those of random model and we found the
preferential attachment is necessary to the phenomena of scale-free. Finally, some
numerical simulations are given in Sec.4.

2 Modeling Weighted Networks
2.1 The Definition of the Intrinsic Strength of the Node

From the [5, 12], we define the strength s; of the vertex i as:

s= Y. Wy 2.1)
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Where the sum runs over the set I' (i) of the neighbors of i. Under this definition, the
strength of a node just integrates the information of its connectivity and the weights of
its links, but we can’t see the difference of intrinsic characterization between vertices.

In order to proceed to general analysis of weighted networks, we introduce the
concept of the intrinsic strength, and we use s;” represent the intrinsic strength of the
node i. For example, in the citation networks [13], the intrinsic strength s;” represents
the impact factor of the journal in which the paper i published. In our model, the
strength s;” of the vertex i defined as:

Si =8 ZWU 2.2)

Where the sum runs over the set I" (i ) of neighbors of i, the strength of a vertex not only
integrates the information about its connectivity and the weights of its links, but also
reflects the vertices’ intrinsic property.

2.2 Modeling the Evolution of Weighted Networks

Let [;; denote the edge between the node i and j, w;; denote the weights of the line /;;. The
model starts from an initial configuration of N isolated vertices whose intrinsic
strengths are fixed to the value sy. Each time step, we only perform one of the following
five operations:

(1) We add a new node n with my (my<Nj) edges to the network: the new node n is
connected to node i already presented in the system with the preferential probability:

Im_. =

S;
n—i z
S
J

And the weight of each new edge is fixed to w, and the intrinsic strength of the new
node is fixed to s,.

We perform this operation with probability X .

(2) Weights’ growth : Select a link /; existing from the system; where the vertex i is

selected according to probability ZA_ and the vertex j(j£i) is selected randomly. Next

“n

n

we update weight w; according to the mechanism: wi—w;+w,. This operation is
repeated [/ times.
We perform this operation with probability p;.

(3) Weights’ decrease: Select a link /;; existing from the system; where the vertex i is

sll

selected according to the anti-preferential probability (N(t)-1 yl(1- z‘—) and the vertex

n
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J (j#i) is selected randomly. Next we update weight w;; according to the mechanism:
w;ij—Ww;i-Wo. This operation is repeated q times. Where N(t) is the size of the network at
the time t. In addition, we hold the line /; if the weight of it is decreased to w,, which
can keep the grown of this network.

We perform this operation with probability p,.

(4) Intrinsic strengths’ growth: select m; (m;< Nj) vertices from the network, where

Si
S’l

every vertex i is selected according to the probabilityz—. Each selected vertex is

supposed to update its intrinsic strength according to the mechanism: s;"—s;"+s i

We perform this operation with probability p;.
(5) Intrinsic strengths’ decrease: select m, (m,<Nj) vertices from the network, where
every vertex j is selected according to the anti-preferential probability

.Xj

(N(t)-l)'l(l- 3 ). Each selected vertex is supposed to update its intrinsic strength

n

according to the mechanism: s;"—s;’-s i

We perform this operation with probability p;.

3 Analytical Results

We denote by k;(t) the number of links node i at time t; N(t) denotes the total number of
nodes at time t and t; denote the time of adding of the node i. For simplicity, we set q=1,
S, =S j, =50, i, j=1,2,...,t. For t —oo, we can get:

ly J
N@®=Ny+At=At; A+ p+p,+py+p, =1 w,(t,)=wy;

s(t)=s"+Amow, = 5,+mw, ;

Z s ’j = N(t)s,+ pymsyt — p,m,syt;
j

Z sj(t) H2Amw, +2piw, —2p,w, + As, + s,(pyn, — p,m,)] -t
J

k(t)=m,;
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3.1 Distribution of the Strength

We assume that the strength s;, the degree k;, and the weight w;; change continuously

and we can get:

ds; _ i 1
@t~ s [ w0 R zs Yo
7
4| =+ (- b (=) () +mpysyi) G
2 N(t) N(t) N(t) 1 Zsj 0 Zsj
J J

S.
P ) =T -5k

Indeed, the quantity w, sets the scale of the weights for intrinsic edge, and s, sets the
scale of the intrinsic strength, without loss generality, we can let wo=1, sp=1, and then
we get the initial condition:

sit) = s, +myw, =1+m (3.2)
We let Zsj =At, where A=2 A m¢t2p, /-2p.+ A +psmi—p.mz, then we rewrite the
J
equation (3.1):

dsl. Am otmpstpl s p]l—2p2—m2p4_1+p2+m2p4—pll'sl.

= -L (33
dr A t A t AL 2 3-3)
For enough large t; we can get the following expression:
ds, S, 1
—t=a-+t+a, 34
dt 't T2t

Where a = A" (Amgtpsm+pi /) , a@,=A "(pi/-2p:—pam.);
The differential equation (3.4) has the following solution:

- vty _ 9 . (3.5)
5,(t) (/1+/1m0+a1)(ti) 2
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We may get:

A+ Am,+ % a 1
P(s(t) < s)=P(t, > ( - Ly 4. p) (3.6)

Assuming that we add the nodes at equal time intervals to the system, i.e., t; denote
the time adding of node i and follow the uniform distribution over interval (0, A t).

Hence, when s> A + A my,

A+ Amy +
P(s,(H)<s)=1-( % )"' 3.7)
s+2
a
So
P(s)= dP(s (1) <s) =(La )" O+im+ ‘;—2)‘7]‘ (s+2)7 (3.8)
ds 1 1
Where

yoted oy AP Py Z20,
a, /1m0 +mp,+pl

This indicates that the probability distribution P(s) has behavior P(s)~s”.

Additional, we consider the random model, that is, the five operations, node
addition, weight’s growth and decrease, node intrinsic strength’s growth and decrease
are all uniformly at random. For simplicity, we call the above model random model.

In random model, we get
ﬂ”bN_(t)“Lpll NG Wt P, N(t)( Wo) TIPS, N(t) ~N TIPSO N N(t) (3.9)

According to N(t)=N_ +At=At, we set

_ Amy+2p —p)+mp,—myp,
- A
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then
dS. M
—L =22 3.10
dar t (3.10)
The differential equation (3.10) has the following solution:
s.(t) = (1+m )L (3.11)
i 0" In I

We may get:

1+m0

P(s, ()< s)= P(t;>1 ° )

Assuming that we add the nodes at equal time intervals to the system, i.e., ¢, denote
the time adding of node i and follow the uniform distribution over interval (0, A t).
Hence

motl

P(s(t)<s)=1- 1

1

So

1+m,
dP(5;(t)<s) _ 1+m0 ITO (3.12)

P(s)= -
® a Ats*Int

The above expression indicates that P(s) isn’t power-law. That is the preferential

attachment is necessary to the phenomena of scale-free of the strength distribution.

3.2 The Distribution of the Node’s Degree

Similarly, the rate equation for the degree evolution reads:

dk, 50
ar "S5 0 0] (3.13)
j

b
a

According to the condition: s(t)= (A +A mo+z—f) (L -2 ZS (D) =At; We
J

may get:



1582 X. Geng, H. Zhou, and G. Wen

dk; _ /1m (At Amyoa,
di (l+lm al)._t.al A a_l; (3.14)
]
For enough large t, we can get:
dk. A a1
= 1’:0 .(/1+/1m0+%).f_lal (3.15)
1t
l

Where we seemly choose the parameter to make A (m +1)+p /< 2p,+p,m,. And we
using the initial condition k(t)=m, then the equation (3.15) has the following
solution:

a a
Amy + Amy(Amy +-2) , \a Amy + Amy (Am, + %)
a [t a,
k,‘ (t) = — +m, —
Aaq, t Aa,
Ay +Amy (Amy +2)
We let B=A m- * then we can get:
)"
k.(t)=(Am, — B)[I—J +B (3.16)
We may get:

1

Amgy — B \a
P(k,(t)<k)=P(t, >[Wj -1)

Assuming that we add the nodes at equal time intervals to the system, i.e., t, denote
the time adding of node i follow the uniform distribution over interval (0, A t). So,

when k> A m,

1
Am, — B \a 1
Pk-(t)<k)=1- 70 & -
k< ( N
We choose parameters properly to make 0<( )“‘ <1; So when k> A m,,
dP(k, <k) o1
P(k)y=—"'—==(Am,—B)a -—(k—B)"
(k) =——— == (m, - B) 70, K B)

Where y=1+a,". This result indicates that the model self-organizes into a scale-free

network with scaling exponent y.
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Additional, we consider the random model, we get
dk,
=Am
dt 0N (t)
According to N(t)=N+ A t =X t; we may get
k() = l—f (3.17)

Hence, we may get

my

P(k.(1)<k)=P(t, >1 %)

Assuming that we add the nodes at equal time intervals to the system, i.e., t. denote

the time adding of node i follow the uniform distribution over interval (0, A t). So,
when k>m,

Pty <ky=1—1 % .2

A

So we can get

dP(k, < k o™
piy=Ph<b _ T
dk k~Atnt

From the above result, we know that P(k) is not power-law. That is the preferential
attachment is necessary to the phenomena of scale-free of the degree distribution

3.3 The Distribution of the Weight

Similarly, the rate equation for the weights evolution reads

w..
/-

1 1
ar 2Pl z N(t) —2hNo=1 1~ zs) NG (3.18)

J

Where s=5,..; ;- then we rewrite the above expression:

dWlJ_2 Si 1 _2p, 2Py

4 P AI.Z_,FIZ—FA,#R

(3.19)



1584 X. Geng, H. Zhou, and G. Wen
For enough large t, we may get the following expression:

a
dw. 2P+ Amy+ ) 11;?/1+2p2A

y a —2 1
o O 1 Ve 5 (3.20)
i

Where t;=t . ;. the equation (3.20) has the following solution:

2+ Amy+ ) 2pl 2A+2p,A
w0 =CT —L 7+ L ik
Ad(a, =1y AL t

For the initial condition: w (t,)=1, we can get

C=M:.
y

AA(a, - 1)

Where M = o A+ Am, +ay) + 2p,A@ =) "

2p A4+ Aim, +@)

4 a1
w0 = 2plAMA+ Am, +a,) +2p,Alq, _D( i

Q2p/l 2/1+2p2A)(a ) ‘)
i
l/l(/1+/1m +a,)+2p,Ala,—1) t

For enough large t, we may get:

1
P(Wij <w) = p(S(%)al—l <w)= P(tl'j S (%)al—l 1)
ij
2plUA+ Am, + %)

_ 1
Where 5 = b IAGA+ Amy + @) + 2p,Aa —1)
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Assuming that t; follows the uniform distribution over interval (0, At)
1_
andw>SA “+ 1. Hence,

1

Sy 1
POwy <w)=1-(H)"" . 3.21)
» dP(w; <w) 1 Sﬁ 2
(w) = v A@ =D : ‘W (3.22)
That is P(w)~ w'. Where 8 =1+ 1 )
a, -1

Additional, we consider the random model, we get

Y opp L1 _py 11 (3.23)
dt U'N@) N@) 2N@) N@) ’

According to N(t)= A t, we rewrite the equation (3.23)

dWl-j _2pl-2p,
= (3.24)
dl /12t2
. . . _ 21?11_ 1% S .-

For simplicity, we set N = - For the initial condition w.(t.)=1, we

l PN}
_ i _
can get Wij(t) = where t;=t, . ;. So we may get

P(wl.j <w)= P(tl.j <t)
Assuming that t; follows the uniform distribution over interval (0, A t). Hence

P(wl.j <w)= %

dP(w.. <w)
e

This indicate P(w) is a constant and is independent of w.
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4 Numerical Simulation

4.1 Comparison the Distribution of the Strengths between the Exact Analytical
Solution and the Numerical Simulation

Figurel display the fact that the probability distribution of the strengths obtained from
the analytical solution well-suited to that of the numerical simulation. We start with an
initial network Ny=50, and we let my=10, m;=10, m,=1, =10, A=0.3, p,=0.3, p,=0.05,
p3=0.3, p4=0.05, t=50000. From the analytical expression (3.8), we get the scale
exponenty=2.6916. With the compute simulation, we get the probability distribution of
the degree exhibit the behavior of scale-free. That is P(s)~s™, and we get the scale
exponenty=2.6848 by linear data fitting.

10
2 *  numerical result
107 gy prediction curve | 3
107}
= 4
oo ]
10°}
107}
10° 10°
=1

Fig. 1. Probability distribution of the strengths P(s)

Remark 1. Probability distribution of the strengths P(s)~s™. The data are averaged over
100 networks with parameters Ny=50, my=10, m;=10, m,=1, /=10, A=0.3, p;=0.3,
p>=0.05, p5=0.3, p4=0.05, t=5000.

Remark 2. We found the existing of the phenomenon of the scale-free about the
probability distribution of the strength P(s) when we only vary the parameters p; and py.
In the figure 2, the blue data is obtained when p;= p,=0.03, and the green data is
obtained when p;= p4,=0.05, and the red data is gained when p;= p,=0.01. We found the
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10 . .
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Fig. 2. Probability distribution of the strengths P(s) when we only change the Parameters p; and

P4.

changes of parameters p; and p4 are very little to the probability distribution of the

degree P(s).

4.2 Comparison the Distribution of the Degree between the Exact Analytical
Solution and the Numerical Simulation

Figure3 display the fact the probability distribution of the degree obtained from the
extra analytical solution well-suited to that of the numerical simulation. We start with
an initial network of Ny=50, and we let my=10, m;=10, my=1, /=10, A=0.3, p;=0.3,

1
—(1+;1)

p>=0.05, p5=0.3, p4=0.05, t=50000. From the analytical expression P(k) ~ k ,

we get the scale exponenty=2.6916. Then we get he probability distribution of the
degree exhibit the behavior of scale-free. That is P(k)~k”, and we get the scale

exponent y=2.6818 by linear data fitting.

Additional, we found the existing of the phenomenon of the scale-free about the
probability distribution of the degree P(k) when we only varies the parameters p; and
ps- In the following figure, the blue data is obtained when p;= p,=0.05 and the red data
is gained when p3;=0.1, p,=0.05. We found the changes of parameters p; and p, are very
little to the probability distribution of the degree P(k).
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107 -

*""\ +  numerical result |
107 F o W prediction curva |

10° 10

Fig. 3. Probability distribution of the degree P(k)~k™. The data are averaged over 100 networks
with parameters Ny=50, my=10, m;=10, my=1, /=10, p,=0.3, p,=0.05, p3=0.3, p,=0.05, t=5000.

1° : :
. * pa=01pa=005
% pI=pd=0.05
'k
= gl
= 10
1L

Fig. 4. Probability distribution of the strengths P(k) when we only change the parameters p; and p,
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5 Summary

The previous models of complex networks always incorporate the growth and the
preferential attachment mechanism, which may result in scale-free properties. And the
growths of the node and weigh are only being considered in the previous models. But
the decrease of weight of a line and the strength of a node are usual in the real networks
actually. In order to proceed to the general exact analysis of real networks, in this paper,
we firstly introduce a concept of node intrinsic strength. Based on this concept, we
present a general model depended on five dynamical evolutions: node addition,
weight’s growth and decrease, node intrinsic strength’s growth and decrease. Through
analysis and numerical simulation, we find network generated by this model exhibits
some statistical properties observed in several real-world systems. Figurel and figure2
show that the distributions of the weight, strength and degree from the analytical
solution are well suited to those of the numerical simulation. Furthermore, we give the
analytical computation of the distributions of the weight, the strength and the degree
Simultaneity, by way of contrasting our results with those of the random model; we
found the preferential attachment is necessary to the phenomena of scale-free of the
strength and degree distributions. Finally, we found the analytical results are good
consistent with those of numerical simulation. they display the distributions of the
weight, strength and degree all exhibit the behavior of scale-free., which further proved
growth and preferential attachment existed not only in the unweighted networks but in
the variations of the strength of the networks. We hope the conclusion from this general
simple model is helpful to the further investigation of the topological role of weight and
strength.
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