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Abstract. In the primitive greedy algorithm for shortest superstring,
if a pair of strings with maximum overlap picked out, they are subse-
quently merged. In this paper, we introduce the concept of optimal set
and generalize the primitive greedy algorithm. The generalized algorithm
can be reduced to the primitive greedy algorithm if the relative optimal
set is empty. Consequently, the new algorithm achieves a better bound
at the expense of cost. But the cost is acceptable in practice.
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1 Introduction

It’s well known that the human DNA can be viewed as a very long string over
a four-letter alphabet. Lots of scientists are attempting to decipher this string.
Since it is very long, several overlapping short segments of this string are first
deciphered. But the locations of these segments on the original DNA are not
known. It is hypothesized that the shortest string which contains these segments
as substrings is a good approximation to the original DNA string [6I7/9]. This
leads to the shortest superstring problem:

Given a finite alphabet ., and a set of n strings, S = {s1,---,sn} C D",
find a shortest string s that contains each s; as a substring.

The shortest superstring problem is NP-hard [§]. There are many algorithms
[1-11] for the problem. Perhaps the following three algorithms are more attractive.

The primitive greedy algorithm. The first algorithm that comes to mind for
finding a short superstring is the following primitive greedy algorithm (GREEDY
for short). Define the overlap of two string s, € >.* as the maximum length of
a suffix of s that is also a prefix of t. The algorithm maintains a set of strings T;
initially T' = S. At each step, the algorithm selects from T' two strings that have
maximum overlap and replaces them with the string obtained by overlapping
them as much as possible. After n — 1 steps, T will contain a single string. This
algorithm is conjectured to have an approximation factor of 2.

The greedy set covering algorithm. To see that the approximation factor of
Greedy algorithm is no better than 2, consider an input consisting of 3 strings:
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ab®, bFc, and bFH1. If the first two strings are selected in the first iteration, the

Greedy algorithm produces the string ab*cb**!. This is almost twice as long

as the shortest superstring, ab*+'c. We will obtain a 2H,, factor approximation

algorithm, using the greedy set cover algorithm [I1], where H, = 1+ % + :13 +
R 711

The greedy cycle covering algorithm. Blum et al. [2] have proposed an im-
provement of Greedy for DNA shortest superstrings. They called it T-Greedy.
It produces a superstring of length at most 3 - OPT(s).

All greedy algorithms mentioned above do repeatedly merge a pair of strings
with maximum overlap until only one string left. Once a pair of strings with
maximum overlap picked out in them, they are directly merged even though there
are some special strings can be merged between them such that the resulting
string is of more shorter length.

In this paper, we introduce the concept of optimal set, and generalize GREEDY
by merging some optimal strings between the early pair of strings with maximum
overlap. If the relative optimal set is empty, the generalized greedy algorithm can
be reduced to GREEDY. This grantees that the new algorithm achieves a bet-
ter bound than GREEDY. The cost of the new algorithm is a little greater than
GREEDY. But it is still less than the greedy set covering algorithm or the greedy
cycle covering algorithm, because the new algorithm need not compute a distance
graph and find a minimum length cycle cover.

This paper is organized as follows. In Section 2, we describe the basic idea
and put forward the concept of optimal set. The description of the generalized
greedy algorithm is presented in Section 3. In Section 4, we provide two examples
to explain the new algorithm in detail. The conclusion is given in Section 5.

2 Basic Idea and Optimal Set

Let M = {mq,---,my} be a set of strings over some alphabet X, | M| be the
cardinal number of M, |m| be the length of string m. Given two strings o and S,
assume that v is the longest string such that « = xy and § = yz. v is called the
maximum overlap between a and £. It is denoted by ov(a, 3). Let « o 8 denote
the new string by merging the maximum overlap between « and (.

The basic idea behind the generalized greedy algorithm (G-GREEDY for
short) is to construct a set O(,,g) related to the pair (a, 3) such that

jaoyof] <min{lacFor,lyoao s}

where v € O(q4,3). After the construction of the set, we choose an optimal string
from the set, denoted by A, and merge A with « or 3, instead of forming the new
string ao Ao 3 directly. This ensures that GREEDY can be reduced to GREEDY
in the trivial case, namely, O, g) = 0.

Definition 2.1. Given a set M of strings and a pair of strings «, 3 € M, we
call

Otap) = {2 : Jaczofl <min{lzoaocf||acfouzl}, z € M\{a,5}}
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the optimal set w.r.t. (o, 3) in M. & € O(,,p) is called optimal string relative to

(@, B).

3 Generalized Greedy Algorithm

3.1 Description

Now we introduce a new algorithm for shortest superstring based on the concept
of optimal set.

— Input: M.
— Step-1. [Deletion] Delete the strings of M such that it is substring-free.
— Step-2. [Global maximum overlap principle] Pick out all pairs with maximum
overlap, denoted by
A= {(alvﬁl)’ ) (aﬂﬂl)}

— Step-3. [Local minimum string principle] Choose a pair («, §) € A such that
la o B =min{[ay o Bi], -, |a; o Bil}

— Step-4. [Computation of optimal set] Compute the optimal set

O(a,,@) = {717 v 77]}

— Step-5. [Local maximum overlap principle] If O, gy # 0, let

U= {(a;'Yk%('WCMB)a k= ]-7"'7j}

Choose the pair (u,v) € ¥ such that

|O’U(,U’7V)‘ = max{\ov(a,fyk)\, ‘OU(’Wﬁﬂ)L k = 17 e v.j}

Add pov to M and update it by Deletion. If [ M| > 1, goto step-2. Otherwise
output the single string.

— Step-6. If O(o,3) = 0, then add oo § to M. Update M by Deletion. If
M| > 1, goto step-2. Otherwise output the single string.

3.2 Complexity

Compared with GREEDY, the extra cost of G-GREEDY is mainly dominated
by the computation of optimal set. Concretely, suppose that the original set
(substring-free) is of n strings, to pick out a pair of strings with maximum
overlap, both GREEDY and G-GREEDY should generate n(n — 1) new strings
and compute their lengths. In step-4, G-GREEDY has to generate extra 3(n—2)
strings and compute their lengths. Therefore, the cost of G-GREEDY is linear
with respect to n. It’s acceptable in practice. Clearly, the cost of G-GREEDY
is still less than the greedy cycle cover algorithm, because the latter has to
build a distance graph and search for the minimum length cycle cover of the
corresponding graph.
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4 Examples for G-GREEDY

We now provide some examples to explain G-Greedy in detail.

Example 1. M = {cFab”*, ab*ab¥a,bFdab’ =1, abFcF+1}
Phase 4= 3.
[Global maximum overlap principle] Pick out all pairs with maximum overlap,

we have
{(cFab®, ab*ab*a), (Fab®, ab® 1)}

[Local minimum string principle] Since
|cFabk oab®abka| = |cFabtabFa| = 3k+3, |cFabtoab® | = |cFabb T = 3k 4-2

we pick the pair (cFab®, abPcF+1).
[Computation of optimal set] Since

|cFab® o ab*ab¥a o ab® | = 5k + 4
lab*ab*a o Fab® o ab®cF | = 5k 45
|cFabk o abk k1 o abtabta| = 5k + 5;
|cFab® o bFdab®~1 o abcF T = 4k + 4
|bFdab® 1 o Fab® o ab®F | =5k 4+ 3
|cFabk o ab® k1 o bEdab® 1| = 5k 4 3

we have
O(Ckabk’abkck+l) = {abkabkm bkdabk_l}

[Local maximum overlap principle] Since

lov(cFab®, abkab®a)| = |ab®| = k + 1, |ov(ab*abPa, ab®cF )| = |a| =1
lov(cFab®, b dabt )| = |b*| = K, |ov(bFdab®~L, ab* )| = |abF T =k

we choose the pair (cFab¥, ab*ab¥a). Merge the pair and add the string c*ab*ab*a
to M. Hence, we have

{cFabFabba, bFdab 1, abkcF 1}
Phase 3—-2. Pick out all pairs with maximum overlap, we have
{(abkck*L, cFabkabka), (B*dab® 1, ab®cF 1)}
Since
lab*c* 1 o ckabFabta| = 4k + 5, [VFdab ! o ab® T = 3k + 3
we choose the pair (b*dab*~1, abFcF*1). Since

[b*dab™ toctabr abfacabt Y| = k45, [bFdab " oab®F T ockabr abbal = 5k+6
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we have Ok gapr—1 gprcr+1y = 0. Merge the pair (b*dab*~1, ab*c* 1) and add the
string b*dab®c* ! to M. Hence, we have
{bFdab® T, FabFabta}
Thus, the resulting string is b*dab*c*t1ab*abFa, of length 5k + 6.

Example 2. M = {ate, half,lethal,alpha,alfalfa}.
Phase 5 = 4. Pick out all pairs with maximum overlap, we have

{(half,alfalfa),(lethal, half)}
Since |halfoalfalfa| =8, |lethal o hal f| = 7, we choose the pair (lethal, hal f).

Since

|lethal o ate o hal f| = 13, |ate o lethal o hal f| = 10

|lethal o alfalfa o half| = 15, |alfalfa o lethal o hal f| = 14

|lethal o alpha o hal f| = 11, |alpha o lethal o hal f| = 12, |lethal o hal f o alpha| = 12

Thus O(ethal,haty) = {alpha}. Since
lov(lethal, alpha)| = |al] = 2, |ov(alpha, half)| = |ha| = 2

we randomly choose a pair, (lethal,alpha). Merge the pair and add the new
string lethalpha to M. Hence, we have

{ate, half,lethalpha,al fal fa}

Phase 4 =— 3. Pick out all pairs with maximum overlap, we have
{(half,alfalfa)}. Since

|half o ate o alfalfa| = 14, |half o alfalfa o ate] = 10
|hal f o lethalpha o alfalfa| = 19, |lethalpha o half o alfalfa| = 15

Thus Ohaif,aifaifa) = 0. Merge the pair and add the new string hal fal fa to M.
Hence, we have
{ate, hal fal fa,lethalpha}

Phase 3 = 2. Pick out all pairs with maximum overlap, we have
{(halfalfa,ate), (lethalpha, ate)}

Since |halfalfa o ate] = 10, |lethalpha o ate] = 11, we chose the pair
(halfalfa,ate) and compute the optimal set. Since

|halfalfa o lethalpha o ate| > |lethalpha o hal falfa o ate|

Thus Ohaifaifa,ate) = (). Merge the pair and add the new string hal fal fate to
M. Hence, we have
{halfal fate,lethalpha}

Thus, the resulting string is lethalphal fal fate, of length 17.
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Remark 1. In the Example 2, if we choose the pair (alpha, half) in the phase
5 = 4, we also obtain the same resulting string lethalphal falfate. But
lethal fal falphate is a shortest supersting, too. This shows G-GREEDY can
not find some specific shortest superstrings.

5 Conclusion

Lots of experiments on G-GREEDY show that it always achieves a better bound
than GREEDY. But it is hard to prove a theoretical bound for it at present.
More interestingly, it remains open to disprove that G-GREEDY can reach a
shortest superstring.
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