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Abstract. In this paper we present an algorithm that allows to select
the input variables of Boolean networks from incomplete data. More pre-
cisely, sets of input variables, instead of single variables, are evaluated
using mutual information to find the combination that maximizes the
mutual information of input and output variables. To account for the
incompleteness of the data bootstrap aggregation is used to find a stable
solution that is numerically demonstrated to be superior in many cases
to the solution found by using the complete data set all at once.

Keywords: Bootstrap aggregation, Mutual Information, Boolean net-
works, Causality.

1 Introduction

The analysis of networks and their inference has gained much attention during
the last years. This interest is at least twofold. First, networks are very inter-
esting objects from a mathematical point of view that possess a multitude of
properties that are still to be investigated [IUBJGIT6I22/21]. Second, networks can
serve as representation of phenomena, e.g., from physics, chemistry or biology
[11] to allow their systematic investigation. Especially, in molecular biology net-
works are nowadays found omnipresently representing, e.g., signaling, metabolic
or protein networks [2IBIT2J17]. It is important to emphasize that in many of the
cases mentioned above networks represent some form of ‘interaction’ occurring
within the system. That means the network structure represents causal depen-
dencies or independencies among the variables in the system [919]. For this
reason, the inference of, e.g., gene networks from experimental data represents
one of the major goals in molecular biology because the inferred networks allow
to gain insights in the causal working mechanism of living cells.

In this paper, we present an information-theoretic method that allows to iden-
tify a set of input variables of a Boolean network. That means, we are aiming to
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identify a set of variables that effects, potentially causally, the outcome of an-
other variable. We use Boolean networks because gene networks are frequently
modeled as Boolean networks [13] and the inference of gene networks is an appli-
cation we have in mind when designing our method. The algorithm we suggest
is based on a recent method by LIANG et al. [14] which they called REVEAL
(Reverse Engineering Algorithm). We extend this algorithm regarding two im-
portant points. First, we modify the algorithm that it can also deal with incom-
plete data. Second, we use bagging (bootstrap aggregation) to find the optimal
input set that is more robust against noise or outliers in the data [7]. We want to
emphasize that such a selection mechanism is useful with respect to the partiti
oning of the input space of Boolean networks because it may allows to reduce the
complexity of post-processing steps. Further, the obtained sets of variables can
be seen as larger components (larger than single variables) that might be used to
construct the overall network implying approaches that are beyond node-to-node
based tests like d-separation [I0/I8/20] or ARACNE [415].

This paper is organized as follows. In the next two sections, we present our
method and in section [3] we present numerical results. This paper finishes in
section Ml with conclusions.

2 Methods

For our study we assume that we have a given Boolean network that is defined
via its lookup table (LUT). The LUT provide a mapping from the binary in-
put variables to the binary output variables. For a Boolean gate with n input
variables there is a total of 2™ different combinations that can be realized by n
binary variables. Hence, a complete LUT consists of 2" entries. The method we
propose is intended to be used for an incomplete LUT. That means, only a cer-
tain fraction of all possible input combinations is observed and used as training
set to identify the set of input variables.

Our method consists of a modified version of the REVEAL algorithm. The
principle idea of the REVEAL algorithm [14] is that under ideal conditions
the entropy of an output is completely determined by the mutual information
between the output and its input I, i.e.,

H(0) = I(O; I,). (1)
Because the mutual information can be written as
1(0; 1) = H(O) = H(O|Is) = H(O) + H(Is) — H(O, I) ()
this implies that under ideal conditions
H(I) = H(O, I) ®3)

holds. The REVEAL algorithm is an iterative algorithm starting with an input
I, consisting of just one variable. If condition [l does not hold combinations of
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Algorithm 1. Maximization of mutual information

1: d* =0

2: IT ={}

3: for all allowed input sets do
4:  update I

5. calculate H(O)

6:  calculate I(O; Is)
7. d=1(0;1)/H(O)
8: if d > d” then

9: d=d"
10: Ir =1,
11:  end if
12: end for

variables are used as input I until the perfect configuration is found. If no perfect
solution is found the algorithm does not make any suggestion for a candidate set.

In this paper we extend the algorithm above by allowing data that are not
sufficient for a perfect recovery of input variables, e.g., due to noise. This corre-
sponds to more realistic situations because, e.g., experimental data will always
contain noise to some extend that counteracts our goal to identify the perfect
input set of an output variable. For this reason we need to modify the optimality
criteria in Eq. [[lto account for experimental data in general. This can be accom-
plished by two modifications. First, note that entropies are always non-negative
[8]. This implies that (from Eq. )

1(0:15) < H(O), (4)

holds. Hence, we are searching an input set that maximizes the fraction, i.e.,

I} = sugmax { 1;{0(;(5;) } . (5)

Here I} corresponds to the optimal input set that can be found for given data
from which all entropies are estimated. The second modification consists in the
stopping criteria. Because we do no longer expect to find a perfect solution we
calculate I(O; 1) for all input sets we want to consider. It is clear that the
number of possible input sets I increases rapidly with the number of available
inputs for this reason we restrict this complexity by selecting only a subset
thereof. More precisely, in this study we allowed only input sets of size up to
3 =|I|. Here |.| measures the cardinality of the set ;. Algorithm[I] gives pseudo
code of the principle mechanism of our approach.

In addition to these two modification we use bagging (bootstrap aggregation)
[7] to produce a more stable result. Briefly, we sample B bootstrap samples from
the original data of the same size (with replacement) and obtain this way B
solution sets I?, b € {1,..., B}. Hereby we consider each possible input set I, as
a model m. For these models we calculate the probability p,, that model m has
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Fig. 1. Results for node 8. Top: Ns = 77 (30%) with Vg = {6, 7}, Vr = {1,5}. Middle:
N, = 51 (20%) with Vs = {6,7}, Vr = {5}. Bottom: N, = 25 (10%) with Vs = {6,7},
Vr = {3}.

been chosen by all B bootstrap samples. This give us finally the model, input
set, that gives the most stable result,

Vg = m™ = argmax{p., }. (6)
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We apply bagging to obtain a probability distribution over all possible models.
This allows us in addition to obtain an optimal solution for given data to see
how probable other models are for the same data.

3 Results

In this paper we study a Boolean network consisting of 8 variables. The network
is defined by the following equations corresponding to a synchronous updating
(as in [14])

O,=1 (7)
Oy =1, (8)
Os=15 9)
Oy=14 (10)
Os = I (11)

Fig. 2. Results for node 8. Top: Ns = 13 (5%) with Vs = {1,2,3}, Vo = {1, 3,8}.
Bottom: N, = 3 (1%) with Vi = {2}, Vr = {1}.
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Fig. 3. Results for node 7. Top: N, = 25 (10%) with Vs = {3,4,5}, Vo = {3,7,8}.
Bottom: N, =13 (5%) with Vp = {3,4}, Vr = {4, 6}.

06 = Il or IQ (12)
07 = D(137I4,I5) = (Ig and 14) or (13 and 15) or (14 and 15) (13)
Og = I6 or .[7 (14)

Here ‘and’ and ‘or’ correspond to logical gates and ‘D’ is defined by the right
hand side of Eqn. Each input (I) or output (O) variable can assume values
in {0,1}.

The purpose of our algorithm introduced in section [2] consists in finding input
sets for the output variables of a Boolean network that form at least candidates
for a causal dependence among these variables.

For our analysis we use always B = 1000 bootstrap samples from given data.
This implies that there are 256 = 2% state transitions. Because we are aiming to
realistic situations we use just a fraction of all possible states. In Figure [ we
show results for Og. p,, gives the probability that model m has been selected
by the bootstrap samples. For example, for the top figure Ny, = 77 state transi-
tions (randomly sampled from all 256) have been used as data. All of these results
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Fig. 4. Results for node 1. Top: N, = 25 (10%) with Vs = {1}, Vr = {1}. Bottom:
N, = 13 (5%) with Vi = {1}, Vi = {1}.

Vp find the correct input set {Is, I7}. Even if we use only Ny = 25 samples
(bottom figure), corresponding to 10% of all state transitions, gives the correct
result. Instead, when we use all data, not applying bagging, we find in all three
cases suboptimal input sets Vp. Further reducing the amount of data finally
results also in suboptimal input sets as can be seen in Fig. Pl An interesting
observation from Fig.[Iland 2lis that the probability distribution over all possible
models involving three or less variables is shifted from the right to the left [. The
interpretation for this shift is that the less data are available (low Ny values) the
less complex (lower number of variables) is the input set our algorithm suggests.
This behavior is reasonable because less data allow only simpler models without
risking over-fitting the data. FigureBland M also show this behavior. We repeated
our analysis 100 times drawing new test data of size Ny = 25 (10% of the data)
to study the behavior of the population. We found that in 70% of the cases our
algorithm identifies the correct input set.

! The models are enumerated from simple (left) to more complex sets (right) compris-
ing more variables.
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In figureBland [ we show two further results for O; and O;. Also for these two
cases 10% of the data seem to be sufficient to identify the correct input set. Again,
using all data without bagging gives worse results, only the simple case O = I
can be identified correctly. This demonstrates the usefulness of bagging and
justifies its use in our algorithm. Simulation results of further Boolean networks
containing different logical gates for varying parameters of our algorithm and the
number of data points confirm our results demonstrating that the exemplary
results presented in this section that visualize the working mechanism of our
algorithm hold in general. Also for node 7 we studied the population behavior
by drawing 100 times new data of size Ny = 25 (10% of the data). Here we found
that in 62% of the cases the correct input set could be found.

4 Conclusions

In this paper we presented an extension of the REVEAL algorithm [I4]. The
extended algorithm provides a probability for each allowed input set (model)
of a Boolean network by using bagging. We demonstrated that for incomplete
lookup tables bagging gives better results than by using all data at once. In
general, the probabilistic evaluation of all allowed models could be exploited by
ranking all models to identify the candidate models that explain the entropy of
the output variable sufficiently well. Here ‘sufficiently well’ could be quantified
by significance tests based on, e.g., the randomization of the data. Our approach
represents a first step towards such a realization containing important ingredients
that would allow to partition the input space of Boolean networks according to
the significance of input sets rather than single variables. In this article we just
focused on the most probable set. In future work we will study the more general
problem.
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