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Abstract. In this paper, we briefly present a classification scheme of
information-based network complexity measures. We will see that ex-
isting as well as novel measures can be divided into four major cate-
gories: (i) partition-based measures, (ii) non partition-based measures,
(iii) non-parametric local measures and (iv) parametric local measures.
In particular, it turns out that (ii)-(iv) can be obtained in polynomial
time complexity because we use simple graph invariants, e.g., metrical
properties of graphs. Finally, we present a generalization of existing local
graph complexity measures to obtain parametric complexity measures.
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1 Introduction

To find quantitative measures for detecting the complexity of graph-based sys-
tems is a research topic with ongoing interest. Here, we are interested in such
systems which can be described as complex networks. For example, quantitative
approaches to measure network complexity have been developed by [B/I3]. In
[5], the complexity of a network was defined to be the number of its contain-
ing spanning trees. MINOLI [13] defined the so-called combinatorial complexity
of a network. The key feature of this complexity measure is that it increases
with the number of each factor which contributes to the complexity of a net-
work structure. Further approaches to measure complexity of networks can be
found in [I5]. In this paper, we deal with information-based complexity mea-
sures [2I3UT4UT6]. Classical measures are based on inducing vertex partitions of
a network to infer a finite probability distribution. Then, by using SHANNON’s
entropy [17], information-based complexity measures for networks are obtained
[12/14116).

The contribution of the paper is twofold: First, we present a classification
scheme for information-based network complexity measures. By briefly review-
ing existing measures and defining a class of parameterized local complexity
measures, we divide the measures into four major categories (see Figure (). In
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particular, we present general definitions to obtain so-called information func-
tionals which are based on using efficiently computable graph invariants. We will
see that those information functionals [6] can be used for defining both global
and local network complexity measures. Further, by applying this principle pre-
sented in [6], we obtain straightforward a generalization of existing local graph
complexity measures. Local complexity measures are here understood as mea-
sures for assigning a complexity score to each vertex of a network. As a final
remark, we emphasize that for each category (see Figure (II)) we only give ex-
amples for such measures, especially in terms of the partition-based measures
[23IT6/14].

The paper is organized as follows: In Section (2)), we begin with introducing
basic mathematical preliminaries. Then, we present the classification scheme
by starting with Section (@) that deals with classical partition-based network
complexity measures. In contrast, Section (@) outlines complexity measures for
networks which are not based on inducing vertex partitions. A generalization
of existing local complexity measures is introduced in Section (). The paper
finishes with a summary and conclusion in Section (@).

2 Mathematical Preliminaries

We first state some mathematical preliminaries. Especially, we repeat the def-
initions of some known metrical properties of graphs [QTO/I8]. We define an
undirected, finite and connected network represented by G = (V, E), |V| < oo,
E C (‘2/) G is called connected if for arbitrary vertices v; and v; there exists
an undirected path from v; to v;. Otherwise, we call G unconnected. Gyc de-
notes the set of finite, undirected and connected graphs. The degree of a vertex
v € V is denoted by 0(v) and equals the number of edges e € E which are
incident with v. In order to measure distances between vertices in a graph, we
denote d(u,v) as distance between u € V and v € V expressed as the mini-
mum length of a path between u,v. d(u,v) is a metric. We call the quantity
o(v) = maxyev d(u,v) the eccentricity of v € V. Further, p(G) = max,cv o(v)
is called the diameter of G. The j-sphere of a vertex v; regarding G € Gy¢ is
defined as S;(vi, G) := {v € V|d(v;,v) = j, j > 1}. Further metrical properties
of graphs can be found in [I§].

3 Partition-Based Complexity Measures

In this section, we give a short overview on classical partition-based information
measures for determining complexity of networks [2J3JI6/14]. These measures
which are based on SHANNON’s entropy formulas are graph entropy measures
which can be interpreted as so-called structural information contents. To under-
stand how to apply SHANNON’s entropy to networks, we start with a network
G = (V,E), an equivalence criterion «, and X denotes an arbitrary graph in-
variant. By applying «, we get the following scheme:
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The first row represents the obtained equivalence classes whereas the second row
represents the cardinalities of the induced vertex partitions. Now, by defining
the quantities p; = II))?II’ one obtains directly a finite probability distribution
Pc = (p1,---,pk) indicated by the third row. If we now apply the well know
formulas for expressing the total and mean information content [34], we yield [3]

I(G, a) = [X]log(|X]) ZIX | log (| Xil), (2)

| X | X
Zp”‘)g“ } Z\X| (%)) @

According to «, Equation (2)) denotes the total structural information content of
G = (V, E) and Equation (@) denotes the mean structural information content
of G, respectively. As examples for such measures, we express, e.g.,

k
1 (6) = Witog(v) - 3= | e (121 (1)

i=1

k

]C(G):m‘;n{—z |‘</|)log< ‘</)>}7

i=1

V = {Vi|t <i <h}; Vil = ns(V); h = X(G). (6)

The first equation (see Equation () is often called the total topological in-
formation content [16] of G. Here, the equivalence criterion a corresponds to
determine the automorphism group (vertex orbits) of G. The second equation
(see Equation ({l)) represents the mean topological information content [16] of G
by using the same equivalence criterion. |N;| stands for the cardinality of the i-
th vertex orbit. The third equation (see Equation (@) representing the so-called
chromatic information content was originally developed by MowsnowITZ [14].
h = x(G) denotes the chromatic number whereas n;(V) are the cardinalities of
the vertex partitions induced by the underlying chromatic decomposition. As an
important remark, we note that the time complexity of an algorithm to compute
those vertex partitions can be very costly. For example, the problem to calculate
the automorphism group of a graph is equivalent to decide wether to graphs are
isomorphic. But for arbitrary graphs, there is no efficient algorithm to check if
there exists an isomorphism for two given graphs [I2]. Similarly, the problem of
determining the chromatic number of an undirected graph is NP-complete [10].
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4 Non Partition-Based Complexity Measures

To avoid applying algorithms for inducing vertex partitions which are based on
algebraic principles (see Section (@])), we outline a method that results in non
partition-based complexity measures for networks [6]. We start with arbitrary
G = (V,E). If S represents a certain set, e.g., a set of vertices or paths etc.,
the monotonous and positive mapping f : S — IR is called an information
functional of G. f captures structural information of a network. If we now define
the quantities pf(v;) := Z"J;‘(v})(v X we infer a probability distribution ’Pé =
=17
(pf (v1),...,p" (vjv))). Instead of determining a probability value for induced
vertex partitions, we now assign a probability to each vertex v € V. As a result,

we obtain the complexity measure

VI

= f(vi) f(vi)
I:(G) := — I . 7
(6= SV fy) (z'ﬂ f(vj)> @

Equation () represents a family of information-based network complexity mea-
sures. We now state a definition for expressing two possible types of novel infor-
mation functionals.

Definition 1. We define two types of information functionals as
f:f(vileﬂ"'7XM7017"'7C/,L)7 (8)
fzf(Ui7X1,...,Xﬂ). (9)

X; represents a graph-theoretical quantity (generally speaking a graph invariant)
and ¢ positive coefficients, respectively.

Example 1. We exemplary consider the information functionals

fi(vi) :=¢id(vi), ¢ > 0,1 <i<|V]|, (10)
falvy) :== a0 o >0,1<i< V], « >0, (11)
Fa(vs) 1= o181 00C)Feal 20D+ epn Sy (01O,

. >0,1<i<|V],a>0, (12)
Ja(vi) == d(vi,v1) +d(vi, v2) + - - - + d(vi, vpyy), (13)
f5(v;) == a(vy). (14)

The shown information functionals are defined for G € Gyc. To simplify the
notation, we write, e.g., fi(v;) instead of f1(v;,d(v;),¢;). Especially, it holds
@ = 1. Equation (), Equation (IIl) and Equation (I2) are parametric infor-
mation functionals which lead to parametric graph complexity measures (using
Equation ([@)). f1(v;) is a linear information functional whereas fa2(v;), f3(v;)
are exponential functionals. f3(v;) was originally defined in [8] where here the
functional can be derived as special case (by setting certain parameters in Def-
inition (). Equation (I3)) and Equation (I4)) are non-parametric information
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Fig. 1. Classification scheme for information-based network complexity measures

functionals based on metrical properties of graphs. As an important result, we
note that especially by using Equation (I2]) as information functional, the cal-
culation of the resulting graph complexity measure requires polynomial time
complexity [7]. For the remaining information functionals, this result can be
similarly proven.

5 Local Complexity Measures

In Section ([B) and Section (@), we discussed (global) information-based com-
plexity measures for networks. These measures can be used for determining the
structural complexity of networks globally. In the following, we sketch a method
to obtain local complexity measures. This relates to measure the complexity on
local features or substructures of a graph. In particular, we now state a definition
to determine information-based complexity for the vertices in a network.

Definition 2. We define two types of information functionals as
g:gj(thjacj)? (15)
g9 =g’ (vi, X;). (16)

X; represents a graph-theoretical quantity (generally speaking a graph invariant)
and c; positive coefficients, respectively.
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Definition 3. Let G be an arbitrary network. In general, we define the mean
local complexity of vertex v; by

V]

T S L L R
. ;ZLK'lgm) N ) "

Here, we also use the simplified notation for the local information functionals.
The index j (1 < j < |V|) indicates that starting from v;, a local information
functional g’ (v;) is calculated.

Ezxample 2. We exemplarily consider the information functionals

gl(vi) = d(vi,v;), 1< i < |V, (18)
g%(vi) = cid(vi,vy), 1 <i<|V], ¢ >0, (19)
gh(vg) = @div) 1 < < |V, ¢ > 0,0 > 0. (20)

The shown information functionals are defined for G € Gy¢. Again, we use the
simplified notation. Here, we see that the ¢ are based on metrical properties
of graphs. Applying Equation ([7l) and Equation (I8) leads to an existing lo-
cal information complexity measure [I1]. Equation (I9) and Equation (20) are
(possible) generalized versions which finally lead to parametric local complexity
measures. The proof to show that the final local graph complexity measure can
be computed in polynomial time is very similar to the proof presented in [7].

The overall classification scheme for the presented approaches is depicted in
Figure ().

6 Summary and Conclusion

In this paper, we presented a classification scheme of information-based network
complexity measures. We began with classical partition-based complexity mea-
sures which are mostly based on inducing vertex partitions of the graph in ques-
tion. By using pure algebraic principles, this can be a difficult problem. Then,
for obtaining measures with better time complexity, we outlined a recently con-
tributed method that leads to families of information-based network complexity
measures. Based on Definition (IJ), we saw that novel information functionals
can be easily inferred (see, e.g., Equation (I0), (I1I), (I4))). Finally, we expressed
Definition (Z)) for obtaining local complexity measures (for vertices). By stating
this definition, we generalized existing local complexity measures to measure the
information distance for vertices of a graph. As result, local parametric measures
can be easily obtained. In general, these information measures can be used to de-
tect structural complexity of graph-based systems, e.g., in biology and chemistry.
Especially in QSPR (quantitative structure property relationship) that is branch
of mathematical chemistry, a main problem is to characterize molecules by using
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information-theoretic complexity measures. The complexity measures presented
in Section [@]) and Section () are suitable to characterize graphs (e.g., chemi-
cal structures) globally. That means starting from a graph, inferred structural
features and using SHANNON’s entropy, we obtain a value for its information
content. In contrast, the measures given in Section (B]) address the problem of
calculating entropies of local graph elements, e.g., vertices. In principle, this gives
us the possibility to study the importance of such graph elements among each
other or between different graphs.

As future work, we will apply these measures (local and global) for analyzing
biological networks and combine them with statistical techniques. Moreover, we
are interested in comparing the measures presented in this paper numerically
(measures of the four major categories). From this, one can gain novel insights
regarding the problem of studying the interplay between the measures.
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