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Abstract. Proteins are essential molecules of life in the cell and are
involved in multiple and highly specialized tasks encoded in the amino
acid sequence. In particular, protein function is closely related to fun-
damental units of protein structure called domains. Here, we investigate
the distribution of kinds of domains in human cells. Our findings show
that while the number of domain types shared by k proteins follows a
scale-free distribution, the number of proteins composed of k types of do-
mains decays as an exponential distribution. In contrast, previous data
analyses and mathematical modeling reported a scale-free distribution
for the protein domain distribution because the relation between kinds
of domains and the number of domains in a protein was not considered.
Based on this finding, we have developed an evolutionary model based on
(1) growth process and (2) copy mechanism that explains the emergence
of this mixing of exponential and scale-free distributions.
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1 Introduction

The complexity of a wide variety of systems as the metabolic pathways, protein
interaction networks, social relationships or transportation systems, can be in-
vestigated in terms of networks where the elementary units of the system are
represented by nodes and their interactions as edges. In recent years, empirical
analyses and theoretical modeling of networks have rapidly become a highly-
active research area, uncovering the existence of unexpected organizing princi-
ples and similarities in real systems, with sizes ranging from hundreds to billions
of nodes [TI2I3/4]. Whereas at a global level, real complex networks deviate from
predictions of random graph theory [5] and display a scale-free and hierarchical
organization [6/7], a complementary perspective at a local level reveals a sig-
nificant prevalence and variety of highly characteristic patterns of interactions,
such as motifs, modules, cliques and communities with specific functional tasks
[SU9UTO].

Recent experimental efforts in proteomics have generated a massive amount of
newly sequenced proteins, molecular structures, foldings mechanisms as well as
interacting domains data. Using this information, protein interaction maps have
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been constructed and analyzed. Although these networks are still incomplete,
it allows for the first time the study of the large-scale structure of functional
interactions within a cell for a variety of organisms. These analyses have shown
that cellular networks such as metabolic pathways, protein-protein interaction
networks can be classified as scale-free networks [2[TTIT2].

A protein is a long chain of amino acids encoding important cellular functions.
Each protein can be composed of one or more protein domains that represent
fundamental building blocks with specific structural and functional features.
However, a different classification allows the definition of protein modules con-
sidered as a more compact structural unit in a protein with a length in the range
of 20-40 residues [13/14].

In this work, we will focus on proteins composed of domains as fundamental
building blocks, in particular we have analyzed the empirical data corresponding
to proteins and interacting domains using human proteome information collected
from the UniProt[26] (UniProtKB/Swiss-Prot Release 56.0 of 22-Jul-2008) and
Integr8[27] (Release 84 constructed from UniProt 14.0) databases. We then in-
vestigate the distribution of kinds of domains in human cells. Our findings show
that while the number of a domain type shared by k proteins follows a scale-free
distribution, the number of proteins composed of k types of domains decays as
an exponential distribution. This finding has not been reported before, as previ-
ous analyses [IBIT6/TT] did not study the relation between kinds of domains and
the number of domains in a protein.

This problem can be investigated using a bipartite graph whose nodes can be
classified into two disjoint sets N (proteins) and M (domains) such that each
edge connects a node in N and one in M [I§]. For example, N}, indicates the
number of protein with &k edges if the protein is composed of k domains. Similarly,
M, denotes the number of domains with &k edges if this domain is shared by k
proteins.

Based on our empirical findings on the dissimilar nature of Ny and M), dis-
tributions, we have developed an evolutionary model using the rate equation
approach, first suggested by Krapivsky et al.[I9], that explains the emergence of
this mixing of exponential and scale-free distributions. The model requires (1)
growth process and (2) copy mechanism. We first use the rate equation approach
for constructing the discrete mathematical equations corresponding to bipartite
graphs. We then transform them into differential equations and solve them using
the continuum limit.

2 Theoretical Model and Experimental Results

2.1 Theoretical Model

Let us consider a bipartite graph, whose nodes are divided into two disjoint
sets N (proteins) and M (domains), and only connections between two nodes
in different sets N and M are allowed as shown in Fig. 1. In what follows, Ny
denotes the number of proteins (square) with k edges (domains). Similarly, M},
denotes the number of domains (circle) shared by k proteins. Furthermore, we
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consider that each domain represents a specific kind of domain. Therefore, two
domains corresponding to the same type of domain are not allowed. This is
a crucial point in our analysis. Then, we propose an algorithm that builds a
power-law distribution for M} and an exponential distribution for Nj.

1. The model is initialized with a same small number [ of N-nodes and M-
nodes. Each node from [y and from [, is connected by an edge, then the
degree of all N-nodes and M-nodes is only one, where we have assumed
I=In=lp-

2. At time ¢t = 1, with probability ay, a randomly selected N-node is copied.
Otherwise, with probability 8y, a new N-node is added. We then connect
this new N-node to ng randomly selected M-nodes. In this process, ay +
By = 1.

3. At the same time step, with probability a s, a randomly selected M-node is
copied. Otherwise, with probability Gys, a new M-node is added. We then
connect this new M-node to mg randomly selected N-nodes. As in the above
process, ay + By = 1.

4. Steps (2) and (3) are iterated t times until a desired number of nodes is
generated. At the end, the network will consist of the same number ¢+ of
N-nodes and M-nodes.

Therefore, our model of growing bipartite networks is composed of two main
ingredients: (1) growth process and (2) copy mechanism. Fig. 1 illustrates these
mechanisms for both sets of nodes. From this algorithm, we construct the rate
equation for the bipartite network. The rate equation approach was first intro-
duced in network science by Krapivsky et al., [T9] and applied to the study of
percolation [20], protein evolution networks [21] and citation networks as well as
used in extensive theoretical analyses [22]. Furthermore, it has also been applied
to the computation of the node degree correlations [23]. On the other hand, mod-
els applied to bipartite graphs are much less numerous and only a very few works
have addressed the issue [25]. See also the review on rate equation approach for
further information [24]. By following our algorithm, the rate equation for the
time evolution of the number of nodes with degree k in both sets of nodes N
and M}, can be written as:

de - k—1 k mo mo
ar oM (M(t) Ne=t = ey N‘“) + i (N(t) Ne=1= Nty N‘“)
Ny,

+an

N(b) + OnOkn, (1)

k n, n,
N T N M’“) N (M?t) M= 1y M’“)

+am + BriOkmo  (2)

k
Mi(t)
where N(t) =t + 1 and M(t) = t + [ are the total number of N-nodes and
M-nodes at time ¢, respectively. In these equations, dxp, and dxm, indicate the
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Fig. 1. Description of growth and copy mechanisms in our model for bipartite graphs.
Squares (proteins) (A) and circles (kinds of domains) (B) can be added and copied.
One protein connected to one (two) kind of domains indicates that this protein consists
of one (two) kinds of domains.

contribution of a new node connected to already existing ng and mg nodes. Next,
by introducing the probability distribution ny = Ny /N(t) and my, = My, /M (¢),
we obtain

d((t + U)ng)

dt = apn((k — )ng—1 — kng) + Barmo(ng—1 — nk)

+annk + BnOkn, (3)

d((t + )my)

dt =an((k — 1)mr—1 — mx) + Byno(me—1 — my)

+apmi + Bardim, (4)
In the limit ¢ — oo, we obtain the equation for the stationary distribution:

ng = an((k — Dng—1 — kng) + Barmo(ng—1 — nk)
+anng + BnOkng (5)

mg = an((k — D)mg_1 — kmg) + Bnno(mr—1 — my)
+apmg + ﬁM(Skmo (6)
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In the continuum k limit, these equations take the following form:

ng = —ddk{(aMk + Bayrmo)ni} + anng (7)
my = —di{(aNk—FﬁNno)mk}—kaMmk (8)

Then, from the last equation, we obtain

_l-aprtan

my, o< (ank + Bnno) oN 9)

In the limit for large k (k — 00),

_l-apytan
mp Xk eN (10)
_1+aN
~ kT e (11)

where we have used ajs ~ 0 in the last equation. Therefore, the degree distribu-
tion for M-nodes (number of domains shared by k proteins) obeys a power-law.
On the other hand, from Eq. (7), we can write

_l-antan

ng < (apk + Barmo) oM (12)
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Fig. 2. Theoretical results (red dashed line) of the model and computational simulation
(black circles) with ax = 0.8 and axy = 0.05, (A) Power-law distribution with degree
exponent 2.18. (B) Exponential decay.
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In particular, in the limit ap; — 0,

8
Mg oc € o (13)

Therefore, we obtain that the degree distribution for N-nodes (number of pro-
teins composed of k types of domains) obeys a exponential decay. We highlight
main features of the model as follows:

1. By using a bipartite growing network model composed of copy and random
attachment processes with supression of copy of M-nodes (types of domains)
( apm ~ 0), we reproduce the observed distributions of power-law and ex-
ponential decay of several real networks composed of two types of nodes.

2. apy ~ 0 implies that M-nodes (kinds of domains) are unlikely copied, if com-
pared to N-nodes. This is meaningful because kinds of domains are unique
and cannot be duplicated by definition. This asymmetry in the growing
mechanisms is fundamental to derive the observed mixing distributions.

2.2 Model Simulation

When both parameters ay, apr take values close to one simultaneously, a so-
called “giant fluctuation” occurs [20]. It indicates that a model that only includes
the copy mechanism (i.e., a model configuration with ay, aps close to one) does
not behave well and the resulting distribution is singular and resembles the sum
of delta functions in the large k region. Therefore, the contribution of a “noise”
term is needed. While in Krapivsky et al. [20], the noise effect is introduced
through a mutation-like mechanism, in our model the noise contribution comes
from the random attachment mechanism when at least one of the parameters
0OnN, Bar is non zero.

Thus, with the exception of the case ay, aps close to one, we show the com-
putational simulation of our model in the following three figures. Fig. 2 shows
the degree distribution when the copy mechanism of M-nodes is supressed and
copies of N-nodes are allowed. The simulated distribution M}, obeys a power-law,
while the other distribution Nj obeys an exponential decay. This copy mecha-
nism supression of M-nodes (domains) is meaningful because we are considering
kinds of domains in our problem, and a kind of domain should be unique by defi-
nition. Next, Fig. 3 shows the case when both N-nodes and M-nodes are allowed
to be copied. Then, both simulated distribution Ny and M} obey a power-law.
Finally, we consider the case when N-nodes and M-nodes have the copy mech-
anism supressed. As shown in Fig. 4, both simulated distribution N and My
follow an exponential decay. Here we note that simulation results show the degree
distribution Ny and My, instead of probability distribution ng and my.

2.3 Experimental Results

We have performed an empirical analysis using human proteins collected from the
UniProt[26] (UniProtKB/Swiss-Prot Release 56.0 of 22-Jul-2008) and Integr8[27]
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Fig. 3. Theoretical results (red dashed line) of the model and computational simulation
(black circles) with anxy = 0.5,anm = 0.5 Both figures (A) and (B) show a power-law
distribution with degree exponent 2

(Release 84 constructed from UniProt 14.0) databases. Integr8 database provides
non-redundant set of UniProt entries representing each complete proteome. We
have obtained Pfam[28] domains for each protein from the DR line of UniProt
format.

Fig. 5 shows an exponential distribution for the number of kinds of domains
in a protein. Human proteins were downloaded from the UniProt and Integr8
databases. Next, Fig.6 shows the distribution of the number of domain types
shared by k£ human proteins in the UniProt and Integr8 databases. In this case,
we can observed that the distribution follows a scale-free distribution. These
results are in agreement with the predictions of our evolutionary model shown
in Fig. 2. It is worth noticing that our model generates the same number of do-
mains as proteins because the number of M-nodes and N-nodes is the same by
construction. However, we have also analyzed and computed this case of asym-
metric growth in the number of nodes. Although we omit the main derivation
for space reasons, our results show that not only the mixing of scale-free and
exponential distributions is conserved but also the exponent degree of power-law
is kept invariant under the asymmetric growth. To be precise, only the exponent
of the exponential decay distribution depends on the asymmetric growth.
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Fig. 4. Theoretical results of the model (red dashed line) and computational simulation
(black circles) with anxy = 0.05,an = 0.05 Both (A) and (B) distributions show an
exponential decay
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Fig.5. The distribution of the number of kinds of domains in a protein for human
proteome space. Data collected from UniProt and Integr8 databases.
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Fig. 6. The distribution of the number of domain types shared by k proteins for human
proteome space. Data collected from UniProt and Integr8 databases.

3 Conclusion

In summary, we have investigated the distribution of protein and kinds of do-
mains in human cells. Our results indicate that while the number of a domain
type shared by k proteins follows a scale-free distribution, the number of pro-
teins composed of k types of domains decays as an exponential distribution. It
is worth noticing that previous data analyses and mathematical modeling re-
ported a scale-free distribution for the protein domain distribution because the
relation between kinds of domains and the number of domains in a protein was
not considered.

Based on this finding, we have developed a simple evolutionary model based
on (1) growth process and (2) copy mechanism. This model based on the rate
equation approach for computing bipartite graphs does not only predict the ob-
served asymmetry in the distribution of protein composed of k unique domains
and number of domains shared by k proteins but also predicts the degree expo-
nent for the power-law in the vicinity of value 2.

Furthermore, the model elucidates that the supression of copy mechanisms in
one set of nodes is enough to create the mixture distribution and the symmetry
breaking. This copy mechanism supression of M-nodes (domains) is reasonable
because we are considering kinds of domains in this problem, and a kind of
domain can be considered unique by definition.

Of particular interest for future work will be to extend the current model
of bipartite graphs to be applied to other biological systems like gene regu-
latory networks where nodes represent operons encoding transcriptional factors
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(TFs) and the target genes [29]. As this transcriptional network also exhibits an
assymetric distribution for outgoing and incoming degrees, similar ideas shown
in the current model could be helpful for its investigation.
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