Gravity Model for Transportation Network
Based on Optimal Expected Traﬃc
Jiang-Hai Qian and Ding-Ding Han
School of Information Science and Technology, East China Normal University,
Shanghai 200241, China
ddhan@ee.ecnu.edu.cn

Abstract. We propose a spatial network model for transportation system based on the optimal expected traﬃc. The expected traﬃc represents
the prediction of the ﬂow created by two vertices and is calculated by the
Miα Mjα
. The model maximizes the toimproved gravity equation wij = K D
γ
ij

tal expected traﬃc of the network. By changing the two parameters α and
γ which controls the ﬁtness and the geographical constraints, the model
can vary its topology from the star-like network to the decentralized roadlike network. The simulation for the Chinese city airline network reproduced many properties of the real network. In the end of this paper the
relationship of the expected traﬃc and the real traﬃc is discussed.
Keywords: spatial network, expected traﬃc, gravity.

1

Introduction

Since the initial studies on the small-world phenomenon by Watts and Strogatz
[1] and the scale-free property by Barabasi and Albert [2], lots of achievements
on complex network have been gotten. And our research group have studied some
works [3]. Most previous works focus on the topological properties of the network.
However many networks are those embedded in the real space whose nodes
occupy a precise position in Euclidean space and whose links are constrained by
the geographic distance. The typical examples are the transportation systems
ranging from river [4] to airport [5,6,7], street [8], railway and subway [9]. To
model these spatial networks, geographical ingredient is demonstrated to play an
important role on the network’s topology. In the previous studies the large cost
to establish long-distance link is considered to be the main reason that causes
the nodes to connect to their geographical neighbors [10,11,12,13]. In addition
to the spatial preference, the topology preferential attachment, namely nodes
with larger degree have larger probability to be linked, is also important in the
formation of the complex network [14,15,16]. Such mechanism can form hubs,
the well-connected nodes, which usually reduce the diameter of the network.
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Another interesting view of modeling the spatial network is to consider the
intrinsic attributes of nodes [18,17]. The intrinsic attributes represent the ﬁtness of nodes to win edges and are interpreted as, for example, capacity, social
skills, activity levels, information contents and population of cities, etc. Based
on this idea, Naoki Masuda and Hiroyoshi Miwa proposed a non-growing geographical threshold model which generalizes a variety of models such as the
Boolean model and the gravity model [19]. R.Xulvi-Brunet and I.M.Sokolov interpret the nodes’ intrinsic attributes as their diﬀerent interaction range [20].
The nodes with large interaction range have larger probability to cover more
nodes and gain more links. The novel idea combines the intrinsic attribute and
the geographical inﬂuence naturally.
These works provide some guidelines in modeling spatial network. However
they all concentrate on the cost of constructing networks while the eﬀect of
traﬃc on network’s design is paid less attention. Whereas traﬃc may be an even
more important factor because it represents the eﬃciency of the network. If the
traﬃc between nodes can be predicted in some way, it is likely to construct the
network eﬃciently. Inspired by this idea and its signiﬁcance, we propose a simple
spatial network model. The model is to maximize the whole expected traﬃc of
the network, indicating the highest eﬃciency that the network may gain. The
expected traﬃc is measured by the gravity equation. In the end of this paper,
the relationship between the expected traﬃc and real traﬃc is discussed.

2

Expected Traﬃc and Gravity

Traﬃc in the real-world network is demonstrated to be strongly correlated to its
topology. The empirical evidence coming from the studies on metabolic and
airline network has shown that the traﬃc between nodes has the following
form [21,22]:
wij ∼ xij (ki kj )θ .
(1)
where xij is a random number and θ is a positive exponent. ki , kj are the degree
of node i and j respectively and wij is the weight or traﬃc between them. This
result indicates the traﬃc can be measured after the topology has been known.
However if the aim is to predict the traﬃc before the network is constructed, it
seems useless.
Motivated by the studies on the intrinsic attributes of nodes in modeling complex networks [18,17], we consider the eﬀect of node’s ﬁtness on the traﬃc. It
is believed and demonstrated that nodes with better ﬁtness usually gain more
links. For example, in airline network, cities with large population are usually
hubs. To satisfy this basic fact that node’s degree usually has a positive correlation with its ﬁtness, here the correlation of ﬁtness and degree is simply assumed
to be following the form:
(2)
k ∼ Mβ .
where M and k are respectively the ﬁtness and the degree of node while β is a
positive exponent. According to Eq(1) and Eq(2) the relationship of traﬃc and
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the ﬁtness of nodes is easily to be obtained:wij ∼ xij (Mi Mj )α , where Mi , Mj
represent the ﬁtness of node i and j and exponent α = βθ. On the other hand,
for spatial network the traﬃc decreases with the geographical distance since long
distance journey spends more time and cost. So the traﬃc is assumed to follow
wij ∼ D1γ , where Dij is the geographical distance between node i and j. In this
ij
paper, it is deﬁned as the Euclidean distance. Thus the traﬃc between two nodes
can be described by a gravity equation:
wij = K

Miα Mjα
.
γ
Dij

(3)

where K is a constant coeﬃcient, α, γ are two tunable parameters which determine the impact of ﬁtness and geographical distance on the traﬃc.
Eq(3) has been conﬁrmed by a very recent empirical study [23] and the gravity model is considered as a suitable form in describing interaction of particles
in geographical space when the physical gravity or similar mass interaction is
active [19]. The gravity model provides us a way to predict the traﬃc of network, because once the nodes are sited and the ﬁtness is assigned, the traﬃc of
any pair of nodes can be calculated even when no link exists. For this reason,
we call wij described by Eq(3) the expected traﬃc. However we emphasize that
Eq(3) only describes the ﬂow created by vertices i and j, that is, the traﬃc which
origins from i(or j) and ends at the other. It does not include the traﬃc created
by other pair of nodes but travels through link (i,j). Thus the expected traﬃc
could be diﬀerent from the real weight. The relationship of the expected traﬃc
and the real traﬃc will be discussed in the section 5.

3

Gravity Model for Transportation Network

When people prepare to construct a network, what do they care more? Previous studies concentrate on the cost and expenses. However we argue the traﬃc
that the network can carry is even more important. It is because not only high
eﬃciency will bring much beneﬁt but also an ineﬃcient network will cause even
more additional expense or loss. Ineﬃciency of the transportation network will
cause inestimable loss since the infrastructure plays an extremely important role
on the development of a country. Now consider n nodes, every two nodes have
their demand for some information exchange. What we care is that which of
these demands are the most exigent, or in other words, which of the expected
traﬃc among these nodes is the largest. Such information can be obtained in
advance by Eq(3). Thus the network can be constructed eﬃciently by preferentially investing those node pairs with large expected traﬃc. If there is no other
restriction, a fully connected graph is obtained. But the real-world networks are
usually sparse because a fully connected network requires too large cost. Thus
the number of links is limited. In the present paper the number of edges is deﬁned as the budget of constructing the network. One may argue that the budget
should rely more on the spatial distance because the cost of diﬀerent links might

Gravity Model for Transportation Network

517

be diﬀerent and for airline networks very long links might be infeasible. We argue here that this point does not conﬂict with our model because the spatial
ingredient in our work have been considered in the expected traﬃc(see Eq(3))
and the simpliﬁcation of the budget only indicates that compared with the expected traﬃc the cost is a minor ingredient. For a pair of distant nodes, their
wij is not large enough to be connected under the ﬁxed budget. However if the
ﬁtness is large enough to eliminate the eﬀect of long geographical distance, the
two nodes still have chance to link with each other. This can help us understand
the phenomenon observed in the airline networks where small airports usually
connect to the nearby hubs while the large airports can connect with each other
despite of their long spatial distances.
Now suppose there are n nodes distributed on a two-dimension plane. The
ﬁtness and coordinates of each node are known. By Eq(3), the expected traﬃc
wij of any two nodes can be calculated. We connected preferentially those node
pairs with larger wij and complete such process when the links come to the value
we preset. Such process can be described as an optimal model:
M ax Wexp =



wij ηij =

i<j

s.t.


i<j



ηij =  .

K

Miα Mjα
ηij .
γ
Dij

(4)

(5)

i<j

where ηij is the adjacency matrix element of the network.  is the number of edges
we prescribe and Wexp is the whole expectant traﬃc of network. However, the
above-mentioned process may cause some isolated nodes. Two more restrictions
are introduced to ensure each node is connected:


ηij ≥ 1(j = 1, 2, 3, ..., n) .
ηij ≥ 1(i = 1, 2, 3, ..., n) .
(6)
i

j

Following this method, a network of thirty nodes is simulated. Set the budget
=39 and the coeﬃcient K = 1 (actually K makes no diﬀerence to the model).
By varying the value of α, γ, we got four networks with diﬀerent topology as is
seen in Fig. 1.
As to Fig. 1(a), the value of γ = 0 makes the network only rely on the ﬁtness of
nodes, which causes the topology to be dominated by two hubs since the nodes
of good ﬁtness is easy to magnetize others. Whereas with γ increasing, more
eﬀect of the geographic factor makes the node tend to connect to the closer ones
and weaken the hub-and-spoke eﬀect. When α=1,γ=2(Fig. 1(c)),the network
exhibits some features similar to the airline network. When α=0(Fig. 1(d)), the
topology is entirely constrained by the geography, which forms a two-dimensional
network strongly reminiscent of roads.
Our model has simple realistic and physical signiﬁcance. Since high eﬃciency
can bring high proﬁt, from operator’s view, the signiﬁcance of our model is
that it provides a possible way for the operators to gain the highest proﬁt.
Moreover the idea of the expected traﬃc indicates that link between nodes may
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Fig. 1. Four networks with diﬀerent topology are shown which is controlled by the parameters α,γ. (a)α takes any value,γ=0. The network is dominated by two large hubs
when γ=0;(b)α = 1,γ = 1. With γ increasing, the hubs become much smaller than ﬁgure (a); (c)α=1,γ=2;(d)α=0,γtakes any value. The topologies are strongly reminiscent
of airlines and roads respectively.

depend on their potential dynamical strength. If there is no traﬃc or information
exchange demand between two nodes, the link is unwanted even though the
cost establishing the link is small. In a circuit, for example, a lead equals to
disconnection if its current is zero. On the other hand if the potential traﬃc is
large enough, link will be constructed even though it costs much because large
traﬃc can bring high proﬁt.

4

Simulation for the Chinese City Airline Network

To take the idea of maximizing expected traﬃc into application, we use our
gravity model to simulate the Chinese airline network and make comparison
with the real data [24]. In the following simulation, the nodes represent cities
and the edges represent the airlines. We set the number of nodes n = 121 and
number of links  = 689. The ﬁtness M and the distance Dij are respectively
deﬁned as the population of the city and the Euclidean distance of city i and j.
Selecting α=1,γ ∈[1,2] [25], they are to describe the interactions of cities. Here
we set γ = 1.5.
Fig. 2 shows the simulated network. Obviously, the hubs in the real network such as Beijing, Shanghai, Guangzhou, Harbin, Urumchi exhibit the similar
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Fig. 2. The simulation for the Chinese airline network. Each link of two nodes reﬂects
an airline between them. There is totally 689 links. The cities, such as Beijing, Shanghai,
Guangzhou, Harbin, Urumchi, exhibit hub-and-spoke phenomenon in our simulation
just as they do in the real network.

hub-and-spoke phenomenon in our simulation. In real condition, Beijing, Shanghai and Guangzhou are the three cities with the highest degree while in our model
they are respectively Shanghai, Beijing, Wuhan (Guangzhou is the fourth). The
reason for this diﬀerence may be that using the population to denote the ﬁtness
of city is intuitive but not exact because the economy and the administration
factors are also important indexes for the grade of city. In spite of this diﬀerence, we still succeed in reproducing the every hub and their hub-and-spoke
phenomenon existing in the real network.
We calculate the average shortest-path length L[1] and the Pearson correlation coeﬃcient r[26] of the model network. The average shortest-path length of a
network with N nodes is the average number of edges that has to be crossed on
the shortest path from any one node to another. The Pearson correlation coeﬃcient describe that a network is assortative or disassortative. In our simulation
L = 2.302, r = −0.401 while in the real network L = 2.263, r = −0.408. Fig. 3
shows the clustering-degree distribution. The clustering-degree distribution is
the correlation of the degree k and the average clustering coeﬃcient of all nodes
with degree k. It meets C(k) ∼ k −1 which indicates the model network exhibits
the same hierarchy [27] as the real network does.
Fig. 4 is the degree distribution of the model network.It satisﬁes the tworegime power-law distribution. It satisﬁes the two-regime power-law distribution
with the exponent γ1 = −0.46 for the ﬁrst power laws and γ2 = −2.3 for the
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Fig. 3. The clustering-degree distribution of the simulation. The distribution satisﬁes
a linear decreasing feature with slope -1 in log-log coordinate, which indicates that the
result of simulation reproduces the hierarchy.

Fig. 4. The degree distribution of the simulation. The rank of the node is the sequence
according to its degree. The node with the maximum degree has the rank number one
and the second has rank number two, the rest may be deduced by analogy. The result
presents a behavior of two-regime power-law degree distribution with the exponentγ1 =0.46 for the ﬁrst power laws and γ2 =-2.3 for the second. The turning point happens at
degree k=22. In comparison, γ1 =-0.53,γ2 =-2.05 and the turning point at degree k=20
in the Chinese City Airline network.
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second. The turning point happens at degree k = 22. Both the exponents and
the turning point ﬁt the real network well.

5

Expected Traﬃc and Real Traﬃc

Since the expected traﬃc plays an important role in our network design, it
is meaningful to study its relationship with the real traﬃc. As is deﬁned in
section 2, expected traﬃc wij , calculated by Eq(3), is a good prediction of the
traﬃc produced by the corresponding nodes. It does well in describing the direct
interaction of two nodes. However in the transportation networks a so-called
transfer mechanism may causes the diﬀerence between expected traﬃc and real
weight. Transfer mechanism widely exists in the technical network. Most commonly the basic role of the routers in Internet is to transfer the packet from
the original to the destination. By the transfer mechanism link carries not only
the traﬃc produced by the directly connected nodes but also the traﬃc of other
pairs that travel through it. Thus the real traﬃc of a link is the sum of the
expected traﬃc of the directly connected nodes and other additional transferred
traﬃc. To make clear this phenomenon the process is visualized in Fig. 5.
Fig. 5 shows that the expected can be diﬀerent from the real one in a network
with transfer mechanism, but it doesn’t mean our model based on the prediction
of the traﬃc is uncorrect. Because when a link is to be established, what we care
more is the direct interaction between two nodes. As long as the expected traﬃc
is large enough, it is necessary and proﬁtable to construct the link. Besides it is
well-known that a self-organized system usually evolves by the local information,
BC

C

B
C A+ ( C O )

CD

D

AB+ ( BD +B O)
AD+ ( B D+ D O)

A

AO+ ( B O+ C O+D O )

O

Fig. 5. Relationship of the expectant traﬃc and the real traﬃc. As an example, we
only focus on the link(A,O). AO,BO,CO,DO in the ﬁgure represents the expectant
traﬃc between the node O and the others respectively. However since there is no direct
link to node B,C,D, the traﬃc to these nodes have to be distributed to the link (A,O).
In the ﬁgure, traﬃc in the bracket are the transferred ones and out of the bracket are
the expectant traﬃc of the directly connected nodes. The sum of the both represents
the real traﬃc.

522

J.-H. Qian and D.-D. Han

Fig. 6. The correlation of the degree and node strength. The correlation follows S(k) ∼
k1.45 . Compared with S(k) ∼ k1.37 for real network, our simulation was succeeded in
reproducing the non-linearly correlation of degree and node strength.

but the traﬃc distribution caused by the transfer mechanism depends on the
global topology information. So it is diﬃcult and impossible to consider the
corresponding eﬀect in the self-organized network design.
The transfer mechanism indicates that although the expected traﬃc can be
predicted in some way and play a role on network construction, once the topology
is determined, the real traﬃc relies greatly on the topology information. And
when a new-born node is connected to the network, it aﬀects the weight not
only on the nodes it connects directly but also others. In other words traﬃc
within many old links may be modiﬁed. Similar idea has been proposed by BBV
model [28] which considers the weight update process happening only among
the neighbors of the node that the new one connects to. However gravity model
provides us a better understanding to this process and the real traﬃc within
each link can be calculated.
First we suppose that the traﬃc transmitting from the original to the destination always go through the shortest path. If there is more than one such choice,
the actual path is randomly chosen among them. Now we deﬁne matrix Amn
N to
describe one of the shortest path from node m to n. Amn
is
a
matrix
with
N
×N
N
,
denoted
by
elements, where N is the number of the nodes. The element of Amn
N
amn
,
takes
one
if
the
shortest
path
from
node
m
to
n
goes
through
the
link(i,
j),
ij
otherwise it takes zero. Then the real traﬃc of each link can be written as:

Ωreal =
wmn Amn
(7)
N .
(m,n)
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where wmn is the expected traﬃc between node m and n. Ωreal is a matrix with
N × N elements and its element denoted by ωij represents the real traﬃc within
link(i, j). The node strength reads as

ωij .
(8)
si =
i

Following the above method, we calculate the strength-degree correlation of the
simulated Chinese airline network(see Fig. 6). As is shown in Fig. 6, the node
strength increases with the degree, but does quicker than linearly, as 1.45 power,
namely satisﬁes S(k) ∼ k 1.45 while in the real airline network the correlation
follows S(k) ∼ k 1.37 .

6

Conclusion

In contrast to the previous studied spatial graph, we consider the traﬃc is the
most important factor in network design and the traﬃc can be predicted by the
gravity equation. Based on this idea a simple model for transportation network
is proposed whose aim is to maximize the expected traﬃc of networks. Our
model has its realistic signiﬁcance that it provides a possible way to construct
network eﬃciently. The gravity model can generate diﬀerent kinds of topology by
controlling two parameters such as α and γ . With α decreasing and γ increasing
the topology changes from a star-like network to a decentralized road network.
The agreement of our simulation with the properties found in real airline network
suggest the idea proposed may play a key role in the network topology.
The expected traﬃc may be diﬀerent from the real one in networks with transfer mechanism since it only contributes to the direct interaction of two nodes.
The relationship between expected and real traﬃc is obtained by Eq(7) which
indicates how the topology information inﬂuences the traﬃc in the network.
More studies and demonstration to this question is essential to be done in future. Besides it is interesting to note that transfer mechanism is uncommon in
social networks such as citation network and movie actor collaboration network.
This essential diﬀerence may be a key factor resulting in the diﬀerence behavior
of weight in all kinds of networks.
This work was partially supported by Shanghai Development Foundation for
Science and Technology under Grant Numbers 06JC14082 and 05XD14021.
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