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Abstract. In this study, we propose a nonlinear hybrid dynamical sys-
tem to describe the concentrations of extracellular and intracellular sub-
stances in the process of bio-dissimilation of glycerol to 1,3-propanediol.
An invariance principle is established for the hybrid dynamical system.
At the same time, we state and prove new stability criteria for the non-
linear hybrid system. These results provide less conservative stability
conditions for hybrid system as compared to classical results in the liter-
ature and allow us to characterize the invariance of a class of nonlinear
hybrid dynamical systems.
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1 Introduction

1,3-propanediol(1,3-PD) possesses potential applications on a large commercial
scale, especially as a monomer of polyesters or polyurethanes, its microbial pro-
duction is recently paid attention to in the world for its low cost, high production
and no pollution, etc. [1]. Among all kinds of microbial production of 1,3-PD,
dissimilation of glycerol to 1,3-PD by Klebsiella pneumoniae has been widely
investigated since 1980s due to its high productivity [2,3]. The experimental in-
vestigations showed that the fermentation of glycerol by K. pneumoniae is a
complex bioprocess, since the microbial growth is subjected to multiple inhibi-
tions of substrate and products. The researches about the fermentation include
the quantitative description of the cell growth kinetics of multiple-inhibitions,
the metabolic overflow kinetics of substrate consumption and product formation
in continuous cultures, feeding strategy of glycerol in fed-batch culture, and so
on [4]. In these researches on fed-batch culture, all numerical results are based
on the continuous dynamical models and there exist big errors between compu-
tational and experimental results. In fact, there exist impulsive phenomena in
fed-batch culture, so the process characterized by continuous models is not fit
for the actual process any longer. In order to characterize the actual process, the
impulsive differential equations are applied to the fed-batch fermentation [5].
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The parameters in continuous system are not fit for the impulsive system, so
parameter identification is necessary. Usually, ranges of parameters change in
the neighborhood of initial values during the identification process. But we can’t
ensure the system is stable under the given ranges of parameters. Thus, stability
of the system becomes a fundamental issue in system analysis and design, that
is necessary for system identification and optimal control.

This paper is organized as follows. In section 2, we formulate the problem
of impulsive system. In Section 3, an invariance principle is established for the
hybrid dynamical system. At the same time, we state and prove new stability
criteria for the nonlinear hybrid system. These results provide less conservative
stability conditions for hybrid system as compared to classical results in the
literature.

2 Hybrid Nonlinear Dynamical System

In this paper, we consider the effects of some enzymatic catalyses on substrates
and products within cells. In this way, the computational load can be reduced
greatly.

Based on [6], the hybrid nonlinear dynamical system S(I,¢) concerning enzy-
matic catalyses and transports of glycerol and 1,3-PD can be described as

£(t) = f(z(t),1,4,0(1),q(),  tE€ [to,ts], ()
‘T(tO) = Zo, (l,’L) €Lx G7

where z(t) € R is the state variable with k components of the ith dynam-
ical system, f : R¥ x L x G x Dc x Dy(i) — RF is the rate of reactions,
L ={1,2,---,1} is the serial number set of experiments. v(l) = (D(l), cs0(1))T €
D.(I) € R%, D.(1) is the admissible set of dilution rate and initial glycerol con-
centration in lth experiment. G = {1,2, - - -, g} is the serial number set of possible
metabolic pathways, and g is the total number of possible metabolic pathways.
q(i) = (kix, ki, -+, kias(iy)” € Ds(i) is the kinetic parameter vector in the ith
dynamical system, ds(i) is the total number of kinetic parameters. Since each
component of the state variable z(t) represents a certain substance concentra-
tion, there exists a nonempty bounded closed region W, C Ri such that solution
z(t;v(l),q(3)) of S(I,4) is in W,. In addition, D.(I) and Ds(i), (I,7) € L x G, are
nonempty bounded closed sets.

Because the relationships among substrates, intracellular substances and en-
zymes haven’t been fully determined in experiments, the metabolic pathways
have 72 possible cases according to mechanism analysis. That is, in the above
model the total number (g) of metabolic pathways is 72. For simplicity, we only
discuss system S(1,1) corresponding to the first experiment and the first case.
Other models have properties similar to those of S(1,1). S(1,1) is expressed as
follows.
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‘fl = (/1 — D)$1

&y = D(cso — x2) — pa1

.i‘g = k‘l(l‘g - .733)331 — D333

T4 = paw1 — Dy

5 = psz1 — Dws (2)
L6 = k12 (ks ,'Erf—ﬁlm + ks(z2 — x6) — p2) — pwe

T7 = keur,. 575 —kgua,, T ... —UT
7 6 1k7n1(1+k;)+$5 8 2k7n2+$7(1+k;) ,U’ 7

. o 3 T
tg = kgug Katar(1427) kio(xs — x3) — pag

In (2), D and ¢y are the dilution rate and the initial glycerol concentration
of the first experiment. k7, k", are given constants. The specific growth rate
of cells u, specific consumption rate of substrate ps, specific formation rates of
products p;, i = 4,5, and uy, ¢ = 1,2, are expressed as follows.

5
i) €T;
= L, 1-— , 3
= i|:|2( xf) (3)
1% T2
= mo + + A , 4
D2 2 Y, 2x2+k§ (4)

x2
= Yi+ A
P4 =my+ ¥y + 4x2+k2’

C1 C2
6
51+D$2+52+D$2)’ ©)

ur = ki1 + kiop + ks

ps = paf

2
)
xo + kia

2
ug = k15 + kiep + kiz oyt ks’
In @)-@), wm, ki, k3, ki, Ag, Ay, ma,my,c;,b;(i = 1,2) are given constants,
respectively. Moreover, z(i = 1,2,---,5) are given critical concentrations. ¢ =
(k1,ka,- -+, kig) € Ds(1) C R'® is the parameter vector in the first case.
According to the transport mechanisms of glycerol and 1,3-PD across cell
membrane, we assume that

(A1) The absolute values of differences between intracellular and extracellular
concentrations of glycerol and 1,3-PD have upper bounds M; and M, respec-
tively.

Under assumption (A1), we can easily obtain the following properties of sys-

tem ().

Property 1. For any pair (I,3) € L x G, v(l) € D.(l) and ¢(i) € D4(7), function
f(x(t),1,i,0(1),q(i)) satisfies that f € C([to,ts]; R¥) and f is locally Lipschitz
continuous in = on Ri.

Property 2. For any pair (I,3) € L x G, v(l) € D.(l) and ¢(i) € D4(i), function
fz(t),1,4,v(1),q(7)) satisfies linear growth condition, i.e., there exist positive
constants «, 8 > 0 such that
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1f (@), 1,2, 0(D), q(D)|| < o+ Blla(®)]], VT € [to, L7,

where || - || is Eulcidean norm.

Proof. For f(z(t),1,1,v(1),¢(1)) the linear growth condition is satisfied as the
following proof. For any z(t) € R*,v(1) € D.(1) and ¢(1) € Ds(1), we know
that

[f1(2(®),1,1,0(1),q(D))] < (lum| + [DA)])]21].

Letting L1 = |um| + | D|, we obtain that |fi(x(t),1,1,v(1),q(1))| < L1z
Furthermore, let Ly = max{|D|, |ma| + |tm||Y2| + |A2]}. Since

[f2(2(8),1, 1, 0(1), g(1))| < [Dlleso| + [Dl|wz] + (Ima| + |pm|[Ya] + |As])]21],

we must conclude that |f2(z(t),1,1,v(1),¢(1))| <|D||Cso| + L2||x]|-
Let Ly = max{ |k1||Mz], |D|}. Then

‘fS(‘r(t)a 1, 1,v(1),q)| < |/€1’1HM2H$1‘ + ‘D(l)‘|$3|,

and we have that |f5(z(t),1,1,v(1),q(1))] < Ls||z]|.
Set Ly = max{|ma| + |pm||Y3| + |As],|D(1)|}. Since

£, 11,000, 0)] < (mal + Y] + [ As]) | + |Dllza),
we obtain that |f4(z(t),1,1,v(1),q(1))] < Lalz||.
Let Ls = max{(|ma| + m|[Y2] + |42 (|51 + 52, [D(1)]}. Since
c C
[F((®), 1,1, 000, aO)] < (laal(l 41, Dlaa] + D)),

we obtain that |f5(z(t),1,1,v(1),q(1))] < Lslz||.
Let Lg = |Zz| + |ftm . Since

. k q k
| fo(z(t),1,1,0(1),q()] < | ||lzal + (|77 [+ | Dlzsl + (| 141,01,
k‘g k‘g k'2 k'2

we obtain that |fs(x(1), 1, 1,v(1),q(1))| < Ll + (12| + [}2]).
Let Ly = |pm]- So

[fr(2(®),1,1,0(1), g(V)] < |ke|lus| + |ks|luz] + |pm]l7],

and we see that |f7(z(t),1,1,v(1),q(1))| < Lr|lz|| + |ke|lu1| + |ks]||uz].
Let Lg = |ko| + |fim]. Then

[fs((t),1,1,0(1),q(1))] < Lgllz|| + [s||uzl.

Let 8 = Y?max{Ly,--,Ls} and o = Y2 max{|D(1)||cso(1)], |ks|(|k15| +
ool |+ [krzl) + [kol (Faal + el ] + [Raal), 172 il Vael ks )y gy
view of the boundedness of D.(1) and D4(1), we must conclude that

1f (), 1,1,0(1), ()| < a+ Bllz(b)l], V¢ € [to,t].
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In the same way, it can be proved that for any (I,7) € L X G and g € Dg(i) the
function f(x(¢),1,7,v(1), q(i)) defined in (1) satisfies linear growth condition.

Property 3. For any pair (I,i) € L x G, v(l) € D.(I) and ¢(i) € Ds(i), system
(@) has a unique solution, denoted by x(¢; v(1), ¢(%)). Furthermore, z(¢; v(1), g())
is continuous with respect to ¢(7).

Proof. Since f is continuous with respect to g(i) € Ds(i), it follows from Prop-
erty 1 and Property 2 that system (2) has a unique solution z(¢;v(1), ¢(%)). In
addition, x(t;v(l),q(i)) is continuous in ¢ on Dg(4) in term of the theory of
continuous dependence of solution to differential equations on parameters.

3 Stability Criteria

In this section, an invariance principle is established for the hybrid dynamical
system. At the same time, we state and prove new stability criteria for the non-
linear hybrid system. These results provide less conservative stability conditions
for hybrid system as compared to classical results in the literature.

Definition 1. A function V(t,z) is said to be
(i) decrescent if there exists a function a : Ry — Ry such that

V(t,z) < a(llz])), (t2) € Ry < s(p).

(ii) positive definite if there exists a continuous function b : Ry — Ry such
that

b(llzl)) < V(t,z), (t,x) € Ry x s(p)
V(t,0) =0, teR,.

Lemma 1. [7] Assume that
(i) V € >, there exist A\, € R and a continuous function ¢, : Ry — Ry such

that
A
DV (ta) < (¥ (VL) (tx) € (e, ti) X 5(p);
k

(ii) there exist vi, € R and a continuous function dy, : Ry — Ry such that
V(t27x + Ik(x)) < V(tk,f) + ’dek(V(tk,x)), T e S(p)a

(iil) A\ +vr <0, for s € (0,p), cx(s) < di(s) if vii <0 and cx(s) > di(s) if
ugp < 0.
Then system (1) is stable. Suppose further that

(iv) V(t,x) is decrescent and for any n > 0, there exists a o > 0 such that

s+ |vkldi(s) <n, Vse(0,0), k=1,2,---

Then system (1) is uniformly stable.
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Theorem 1. The dynamical system (2) is impulsive stable if parameters in sys-

by b 1
tem (2) satisfy that "+ P <land1+ (a+1)+Ys+Yy>0.
C1 C2 Y2

Proof. Define Lyapunov function

Viz) = !

Q(ml — 22)° + 123 + 2124 + 2175, (9)

Then V(z) is positive definite, decrescent. Along solutions of (4), we have

0

DYV (z) = P

V(z) - f(x) = (v1 — 22 + 23 + T4 + T5) 71

—gox1 (22 — 21) + @327 + ua} + g577

b b 1
Leta= '+ °in expressing ¢5. Since a < 1,1+ _ (a+ 1)+ Y3+ Y, > 0, and

c1 o C2 Yo
A; . . .
2 , ©=2,3,4, is increasing about xo, we have
ro + k;
1
DV (z) <[(a+1)mg +m3+my+ (1+ v (@+1)+ Y3+ Yy)pim
2
A2$§ Ag.%‘; A4$§

+(a+1 x>

( )m§+-k2 w3 + ks x§—kk4]1
FUmT122 + L1223 + UmX1T4 + mT1X5
A3$§ A4$§

1
Let A\g = (a+1)mo+ms+ms+ (1+ a+1)+Y3+Y) o +
o= (@t Umetmstmat Ity (@FDHYst¥ahumt g b o v,

and \* = max{2\g, 4m }, thus by (6)
DV (z) < \*V(z) (10)
This implies, by the definition of I;(z(t;)), that
V(e + L(x)) = V(e1(1 — wy), cus + z2(1 — ug), x3(1 — uy),
24(1 —uy),w5(1 — wy))
) (11)
Hence V € >, let A\; = At; N\, ¢x(s) = s, the Condition (i) of Lemma 1 are

satisfied from (7).

There are two cases to consider for Condition (ii) of Lemma 1.

21— 2x2 — ¢
Case 1. 1 < xo. Choose u; that satisfies u; < ! 2 , which implies,

2.7,‘1 — 2.732
in view of (8), that

1
= (1 —u)*V(x) — cui(1 — uy)zy + 202ui + cujza(l — u;

V(e + Li(z) < V(z) —ui(2 —u;)V(x) (12)

Case 2. For 1 > xo, we can also choose the controllable variable u; such that
(9) is satisfied.
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Let v; = —u;(2 — w;), di(s) = s, the Condition (ii) of Lemma 1 is satisfied
from (9).

We can also choose the controllable variable u; such that w; > 1—+/1 — A* At;,
when \; + v; = AN — w;(2 — ;) < 0, we get ¢;(s) = di(s) if v; < 0. Thus
Condition (iii) of Lemma 1 is satisfied. Hence system (5) is impulsive stable by
Lemma 1.

Theorem 2. Under the conditions of Theorem 1, system (2) is uniformly sta-
ble.

Proof.  From Definition 1, the function V'(x) of Theorem 1 is decrescent and
s+ |vildi(s) = s + ui(2 — u;)s. Let o = n/2, we have

s+ |vi|di(s) < 2s <.

This implies that the condition (iv) of Lemma 1 is satisfied, and the system (5)
is uniformly stable.

4 Conclusion

The conditions of parameters are given by Theorem 1 in the paper. Under these
conditions, the parameter identification is realized for the fermentation process.
Numerical simulation shows that the impulsive dynamical system presented in
this paper can characterize the process of 1,3-propanediol production by fer-
mentation. We conclude that the impulsive system is more fit for formulating
fed-batch fermentations.
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