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Abstract. Multi-user MIMO precoding is crucial in modern and next genera-
tion wireless communication systems. In this paper the equivalence between two
linear precoding methods using closed form solutions is investigated. The first
one is the regularized zero forcing (RZF) algorithm and the second one is signal
to leakage and noise ratio (SLNR). Three studies are presented: (1) comparison
between the regularized and non-regularized versions; (2) finding a good reg-
ularization factor that can fit with all methods; (3) to present the equivalence of
the methods in certain cases and the superiority of SLNR over RZF for user
cases with more than a single antenna. A simple mathematical proof of the
equivalence between RZF and SLNR beamformer implementations for the
single antenna user case in a multi-user transmission scenario is presented: this
matches simulation results.
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1 Introduction

To enhance the capacity of a communication system, various approaches have been
applied, such as the use of multiple antennas or the smart antenna, where spatial
diversity is used to mitigate the channel condition without increasing the transmitted
power or bandwidth [1]. Increasing the capacity and reliability of wireless communi-
cations systems through the use of multiple antennas has been an active area of research
for over 20 years [2] and modern multi-antenna systems can take several configurations
[3]: multi-input single output (MISO), single-input multi-output (SIMO) and multi-
input multi-output (MIMO). The MIMO configuration can operate in two modes,
spatial diversity and spatial multiplexing. The first mode enhances the performance of
the bit error rate (BER) while the latter mode is used to increase the capacity. A more
advanced configuration is multi-user MIMO [4–6] (MU-MIMO). This configuration
works in a spatial multiplexing mode. It differs from single user MIMO (SU-MIMO) or
what is also called point-to-point MIMO in that it does not allow user co-operation in
decoding, whereas cooperation between antennas is essential in detection with
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SU-MIMO. MU-MIMO has several advantages over SU-MIMO [7]: it allows for a
direct gain in multiple access capacity, better immunity performance against system
and environment impairments, and it can achieve high capacity with a single antenna at
the users’ terminals, meaning smaller, cheaper handsets. In the analysis of MU-MIMO
there are two main scenarios studied in the literature [8]: the multiple-access channel
(MAC) or the reverse link, where signals are transmitted from users’ terminals
simultaneously to the base station, and the broadcast channel (BC) where the base
station transmits signals to the users using the same time-frequency resource.

The precoders that are used in MU-MIMO are divided into two categories, non-
linear and linear. Although the non-linear category achieves higher data rates, it has a
higher complexity in comparison with linear ones. This becomes a significant
restriction in next generation networks. In these networks some large scale regimes
(massive MIMO and dense small cells) are proposed to deliver the required capacity
[9]. The lower complexity linear precoder categories include maximum ratio trans-
mission (MRT) [10], channel inversion or zero forcing (ZF) [10, 11], regularized zero
forcing (RZF) [11], which is also known as minimum mean square error (MMSE) [10],
and signal to leakage ratio (SLR) [12] or its regularized form, the signal to leakage and
noise ratio (SLNR) [13] which has also been adopted recently to support multiple
streams per user [14].

The ZF/RZF category has simpler equations and is easier to implement, but it has a
dimension restriction in that the number of antennas at the base station should be larger
than the total number of active users’ antennas. Tomitigate this condition, optimization of
criteria such as the signal to interference per user is desirable: however this is constrained
by a problem with coupling of variables and gives no closed form. On the other hand, the
SLR/SLNR category gives an optimized precoder with a closed-form solution.

The authors of [15] and [16] show, in two different approaches, the equivalence
between the RZF (or MMSE) and the SLNR precoders. In the present work, a hybrid
approach between the methods used in these two references was utilized to achieve the
same result with simpler mathematics.

2 System Mathematical Model

Consider a communication system with K active users served by a base station with M
antennas, as shown in Fig. 1.

Fig. 1. The system model for MU-MIMO.
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A time-frequency resource block is utilized to serve the active users simultane-
ously. The channel from the base station to user i is given by [4]:

Hi ¼
h1;1;i � � � h1;M;i

..

. . .
. ..

.

hN;1;i � � � hN;M;i

2
64

3
75 ð1Þ

Where hn,m,i is the channel from the mth transmitter antenna at the base station to
the nth antenna at the ith user. The elements of Hi are assumed to be Rayleigh channels
(i.e. unity variance with zero mean independently identically distributed (i.i.d.) com-
plex Gaussian random variables), hence slow-flat fading channels. The aggregated
channel for all users is given by [7]:

H ¼ HT
1H

T
2 � � �HT

K

� �T ð2Þ

where Hi is the total channel matrix between the base station and the ith user. The
leakage channel for user i (the channel from the base station to all other users except the
intended user) is given by [13]:

Ĥ ¼ HT
1 � � �HT

i�1H
T
iþ 1 � � �HT

K

� �T ð3Þ

The received signal by user i is

yi ¼ HiXþ ni ð4Þ

Where ni is the noise vector at user i with variance equal to r2, X is the transmitted
vector from the base station and equals the sum of the transmitted vectors for all of the
users:

X ¼
XK
i¼1

wisi ð5Þ

Where wi 2 C
M�1 is the precoder vector for user i and si is the data symbol for the

same user.

3 Proposed Proof of Equivalence

For simplification of the mathematics, some definitions need to be established first. a is
the user channel and b is the leakage channel. Now define A and B as follows:

A ¼ aHa ð6Þ

B ¼ bHb ð7Þ
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Q ¼ Bþ r2I
� � ð8Þ

From [16], the SLNR weights are given by

wo
i / max:EV BþNr2i I

� ��1
A

� �
ð9Þ

which can be rewritten as:

wSLNR / Q�1aH ¼ Bþ r2I
� �

aH ð10Þ

From Lemma 1 in [15]:

C�1d / Cþ ddH
� ��1

d ð11Þ

Where C is a matrix and d is a vector, then by letting C = (r2I + B) and d = aH we
get:

r2IþB
� ��1

aH / r2IþBþA
� ��1

aH ð12Þ

which leads to:

r2IþB
� ��1

aH / r2IþHHH
� ��1

aH ð13Þ

Where H = A + B. Now from [17] the RZF precoder is given by:

wRZF / HHHþ aI
� ��1

HH ð14Þ

4 Results

In this section results are presented to give a general perspective and to prove the
equality between RZF and SLNR in a certain case. The non-regularized version of the
methods is that where the effect of the channel only is considered in the optimization of
the beamformer weights, while the regularized version takes the effect of the additive
white Gaussian noise into account by adding a factor related to this noise. The first
three figures, Figs. 2, 3 and 4, present a comparison between two approaches of zero
forcing, the first one by using the pseudo-inverse (pinv) function in Matlab: this is
equivalent to HH * (HHH)−1. The second one is (HHH)−1HH. Three observations can be
made from these figures. Firstly, there is equivalence between ZF1 and RZF2. The
second observation is that this equivalence still holds for multi-antenna users, espe-
cially in the low SNR region. The third observation is that the capacity tends to saturate
when we use 8 antenna elements per user for the same scenario. The next two sets,
including the figures from Figs. 5, 6, 7, 8, 9 and 10, present the performance of RZF
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and SLNR with different regularization terms (r2I, r2MI, r2KI, r2NI and I) in each
figure for different numbers of antennas at the users’ ends. The same behavior men-
tioned in the first set when the number of antennas per user was changed was also
noticed with different regularization factors. The conclusion from these figures is that
the regularization factor r2I is the best choice as it gives better performance compared
with the others, for both beamformers.

Fig. 2. Performance comparison between MRT, two versions of ZF, and RZF for a single
antenna at user’s location.

Fig. 3. Performance comparison between MRT, two versions of ZF and RZF for 4 antennas at
users’ location.
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Fig. 4. Performance comparison between MRT, two versions of ZF and RZF for 8 antennas at
users’ location.

Fig. 5. Performance comparison for RZF with different regularization term for single antenna
users.
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Fig. 6. Performance comparison for RZF with different regularization term for users with
4 antennas.

Fig. 7. Performance comparison for RZF with different regularization term for users with
8 antennas.
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Fig. 8. Performance comparison for SLNR with different regularization term for single-antenna
users.

Fig. 9. Performance comparison for SLNR with different regularization term for users with
4 antennas.
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Figures 11 and 12 show the relation between RZF and SLNR. Figure 11 reveals the
equivalence between RZF and SLNR for the case of single-antenna users, using the
regularization factor r2I, however when the numbers of antennas at the user are
increased the two methods start to diverge. It should noticed that the regularization
factor used in Fig. 13 is r2NI, which leads to lower performance than that of RZF with
regularization factor r2I (Fig. 13 and Table 1).

Fig. 10. Performance comparison for SLNR with different regularization term for users with
8 antennas.

Fig. 11. Equivalence between RZF and SLNR with single-antenna users and regularization
factor = r2I.
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Fig. 12. Performance comparison between RZF and SLNR for 4 antennas at user side and two
regularization factors.

Fig. 13. Performance comparison between RZF and SLNR for 8 antennas at user side and two
regularization factors.
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5 Conclusion

In this paper the equivalence between RZF and SLNR precoders for the MU-MIMO
transmission scheme has been presented. The equivalence between the two methods
was proven by simulation. It was observed that the equivalence was intrinsic with
single antenna users, meaning that channel inversion is another form of Eigenvector for
simple cases where the user channel is a vector rather than a matrix. For more complex
cases, where each user channel is a matrix, the SLNR performed better than RZF for
the same regularization factor and the maximum performance was attained through the
usage of (r2I) as a regularization factor.
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