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Abstract. This work evaluates the secondary users’ (SUs) transmission capa-
bility considering that the primary users (PUs) can move to different positions.
The transmission capability identifies the available opportunities for SU’s
transmission. No opportunities are available when mobile PUs are active within
the SU’s sensing region. We also consider the scenario when the PUs are
undesirable detected active when they are not located within the SUs’ sensing
region. Our analysis indicate that the transmission capability increases as the
average mobility of the PUs decreases, which is confirmed by simulation.
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1 Introduction

In Cognitive Radio Networks (CRNs), the non-licensed users usually denominated
Secondary Users (SUs) must detect the activity of the licensed users, denominated
Primary Users (PUs), in order to utilize the unused spectrum bands without causing
them harmful interference. Spectrum Sensing (SS) plays a central role in CRNs, since it
allows to detect portions of spectrum available for transmission in the spatial sensing
area of a SU. Several SS techniques were already studied and reported in the literature
[1], including Waveform-based sensing [3], Energy-based sensing (EBS) [2],
Cyclostationarity-based sensing (CBS) [5], and Matched Filter-based sensing (MFBS)
[4]. Different surveys focused on spectrum sensing techniques are already available
(e.g. [6, 7]).

Due to the path loss effect it is more difficult to detect the activity of the PUs when
they move across a given region. Consequently, is more difficult to characterize the
transmission capability of the SUs, denoted as Sensing Capacity (SC), when mobile
PUs are considered. For static CRNs, where the nodes stay at the same position, the SC
metric was defined in [8] as

Cstatic ¼ g � f �W � Poff ; ð1Þ

where η denotes the sensing efficiency, W represents the bandwidth, f represents the
spectral efficiency of the band (bit/sec/Hz), and Poff is the probability of the band being
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accessible to SUs due to the inactivity of PUs. More recently, the SC was defined
considering that several PUs act as mobile nodes [9, 10],

Cmob ¼ g � f �W � PI off ; ð2Þ

where PIoff is the probability of inactivity (i.e. not transmitting) of the PUs positioned
over the SU’s sensing region. While admitting multiple PUs and mobile scenarios, the
SC defined in [9, 10] is not including the case when the PUs are located outside the
SU’s sensing region and may be anomaly detected. This effect, denominated Spatial
False Alarm (SFA) effect [11], is related with the behavior of a SU misunderstanding a
non-interfering PU, and was recently studied in [12] considering multiple static PUs.
The SC expressed in (2) is an upper bound, because no SFA is considered. Differently
from [9, 10], this work considers that the SFA effect may occur in a CRN with multiple
mobile PUs, being the SC now defined as

Cmob
SFA ¼ g � f �W � POSFA � PIoff

� �
; ð3Þ

where POSFA is the probability of not occurring the SFA effect due to the activity of the
nodes located outside the SU’s sensing region.

The characterization of the sensing capacity when both mobility [9, 10] and SFA
effects [11, 12] are considered has not been addressed before. The contributions of this
work are summarized as follows:

– The spatial false alarm probability is derived by characterizing the aggregate
interference originated by the mobile PUs not located within the SU’s sensing
region (i.e. when the PUs are located outside);

– The SC of CRNs, defined in [9, 10], is extended to consider the SFA effect. Both
simulation and theoretical results show that SFA should not be neglected.

– We confirm that the SFA effect decreases the SC, and the results in [8–10] represent
a SC’s upper bound;

– Regarding the mobility of the nodes, it is shown that the SC varies inversely with
the average speed of the PUs.

The paper is organized as follows. Section 2 characterizes the PUs’ mobility model.
The interference caused by the PUs to a SU is tackled in Sect. 3. The sensing capacity
is analyzed in Sect. 4. Finally, conclusions are presented in Sect. 5.

2 System Model

2.1 System Description

This work considers that PUs are mobile nodes that move according to the Random
WayPoint (RWP) mobility model [13]. By considering the RWP mobility model, we
assume that n PUs move in a rectangular region with area Xmax � Ymax. The mobility is
treated individually, and each PU is placed in a random location (x, y) in the beginning
of simulation. The location of PUs is sampled from the uniform distribution charac-
terized by x 2 0;Xmax½ � and y 2 0; Ymax½ �. (x, y) denotes the departing point.
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The destination point ðx0; y0Þ is also uniformly chosen as the departing point
(i.e. x0 2 0;Xmax½ � and y0 2 0; Ymax½ �). After defining the departure and destination
points a PU uniformly chooses the velocity v 2 Vmin;Vmax½ � to move to the ending
point. After reaching the ending point ðx0; y0Þ, a PU randomly chooses a pause duration
Tp 2 0; TPmax½ �� �

, and during this period of time it stays at the ending point. After
elapsing Tp, a PU uniformly chooses a new velocity value to move to another ending
point uniformly chosen. After reaching the ending point a PU repeats the same cycle as
many times as required. Nodes move with expected velocity E[V].

Figure 1 represents the system considered in this work. The static SU Nc is placed
in the center of the considered scenario (in the position Xmax=2;Ymax=2ð Þ), and Nc

senses the activity of the mobile PUs located in the circular sensing region with radius
R1
i (characterized by the dark disk involving Nc). This work considers the SU’s sensing

region concept instead of the PU’s protection region. However, both concepts are
equivalent if the PU’s protection range is equal or smaller than the SU’s sensing range.

2.2 Distribution of the PUs Over the Simulated Region

The annulus area A ¼ p ðRL
oÞ2 � ðR1

i Þ2
� �

in Fig. 1 can be obtained via calculus by

dividing the annulus up into an infinite number of annuli of infinitesimal width dv and

area 2pvdv and then integrating from v ¼ R1
i to v ¼ RL

o , i.e. A ¼ R RL
o

R1
i
2pv dv. Using the

Riemann sum, A can be approximated by the sum of the area of a finite number (L) of
annuli of width q,

A �
XL
l¼1

Al; ð4Þ

where Al ¼ p ðRl
oÞ2 � ðR1

i Þ2
� �

represents the area of the annulus l, l 2 {1,…, L}.

Rl
o ¼ R1

i þ lq
� �

and Rl
i ¼ R1

i þ l� 1ð Þq� �
denotes the radius of the larger circle and

smaller circle of the annulus l, respectively.

Fig. 1. Spatial scenario considered. The sensing region of the SU (node Nc) is represented by the
area ASR ¼ pðR1

i Þ2.The PUs located outside the sensing region are found in the area given by

A ¼ p ðRL
oÞ2 � ðR1

i Þ2
� �

.
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In a specific annulus l, the number of PUs is represented by the random variable
(RV) Xl and is approximately described by a Poisson distribution with Probability Mass
Function (PMF)

P Xl ¼ kð Þ � blAlsð Þk
k!

e�blAls; k ¼ 0; 1; . . .; n; ð5Þ

where bl represents the spatial density of the PUs located in the annulus l, the number
of PUs is represented by n and the probability of the PUs being active is denoted by s.
By dividing the area A in the multiple areas Al, a different bl is considered for each
annulus Al, which better approximates the spatial distribution of PUs in the area A.

The spatial distribution of the PUs in two dimensions (x and y) follows the result in
[14, Theorem 3, a = 2] and is given by

fXY ðx; yÞ ¼ pp
a2

þ 1� pp
� � 36

a4
x2

a
� a
4

� �
y2

a
� a
4

� �
;

for �a=2 � x � a=2;�a=2 � y � a=2; a ¼ Xmax ¼ Ymax and where

pp ¼
Vmax � Vminð ÞE Tp

� 	
0:521405� a� ln Vmax

Vmin

� �
þ Vmax � Vminð ÞE Tp

� 	 :

The location of a PU within the annulus l is represented by the Bernoulli RV Xl
b and

the probability of a PU being positioned within the l–th annulus is given by

P Xl
b ¼ 1

� � ¼ ZRl
o

�Rl
o

Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl
oð Þ2�x2

q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl
oð Þ2�x2

q v�
ZRl

i

�Rl
o

Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl
ið Þ2�x2

q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rl
ið Þ2�x2

q v; ð6Þ

with v = fXY (x, y) dy dx. The PU’s spatial density of the annulus l, defined as bl in (5),
is given by bl � nP Xl

b ¼ 1
� �

=Al, where nP Xl
b ¼ 1

� �
represents the average number of

nodes located in the area Al. In what follows (5) is adopted to characterize the number
of PUs placed over the multiple annuli (L).

3 Aggregate Interference

3.1 Interference Caused by the PUs Located Within the l–th Annulus

The aggregate interference power received by the secondary user Nc placed in the
center of the l–th annulus is given by
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I ¼
Xnl
i¼1

Ii; ð7Þ

where nl is the total number of PUs located in the annulus and Ii is the interference
caused by the i-th PU. The individual interference power Ii is expressed by

Ii ¼ PTxwir
�a
l ; ð8Þ

where PTx is the transmission power of the i-th PU1, wi is the fading observed in the
channel between the PU i and SU, and rl represents the distance between the i–th
interferer and the receiver. The path-loss coefficient is represented by a.

The moment generating function (MGF) of the aggregate interference due to path
loss (wi = 1) is derived in the next steps. Let Mi

IðsÞ denote the MGF of the i-th PU
(i = 1, …, nl) positioned over the annulus l, given by

Mi
IðsÞ ¼ EIi e

sIi
� 	

; ð9Þ

where EIi denotes the expectation of Ii. The PDF of rl can be written as the ratio
between the perimeter of the circle with radius rl and the total area Al, being represented
as follows

fR rlð Þ ¼
2prl
Al

; Rl
i \ rl \Rl

o
0; otherwise

�
: ð10Þ

Using (8) and (10) the MGF of the interference power received by the node Nc

caused by the i-th PU is represented by

Mi
IðsÞ ¼

2P2=a
Tx C �2=a;PTxðRl

oÞ�a� �
s

� �� C �2=a;PTxðRl
iÞ�as

� ��
ðRl

oÞ2 � ðR1
i Þ2

� �
s

;

where Cðs; xÞ ¼ R1x ts�1e�tdt is the upper incomplete gamma function and CðsÞ ¼R1
0 ts�1e�tdt represents the gamma function.

The PDF of the aggregate interference I due to k active PUs may be defined though
the convolution of the PDFs of each Ii, when the individual interference Ii is inde-
pendent and identically distributed. Consequently, the MGF of I is written as follows

MI=kðsÞ ¼ M1
I ðsÞ � � � � �Mk

I ðsÞ ¼ Mi
IðsÞ

� �k
: ð11Þ

The PDF of the aggregate interference (I) may be stated through the Law of Total
Probability as follows

1 For every PU we have assumed PTx = 103 mW.
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fIðjÞ ¼
Xnl
k¼0

fI j Xl ¼ kjð ÞP Xl ¼ kð Þ; ð12Þ

leading to the MGF of the aggregate interference, I, which can be written as

E esI
� 	 ¼Xnl

k¼0

P Xl ¼ kð ÞMI=kðsÞ: ð13Þ

Using (11), the MGF of I is given as follows

E esI
� 	 ¼Xnl

k¼0

P Xl ¼ kð Þek ln Mi
I ðsÞð Þ ¼ eblAls Mi

I ðsÞ�1ð Þ: ð14Þ

The expectation of the aggregate interference, E[I], can be obtained using the Law
of Total Expectation, i.e.,

E I½ � ¼ E E I Xlj½ �½ � ¼ 2pblsPTx
ðRl

oÞ2�a � ðRl
iÞ2�a

2� a

 !
: ð15Þ

Similarly, the variance of the aggregate interference can be obtained using the Law
of Total Variance as follows

Var I½ � ¼ Var Ii½ �E Xl½ � þE Ii½ �2Var Xl½ �: ð15Þ

Since Xl is distributed according to a Poisson distribution (with mean blAls), the
variance of the aggregate interference is expressed by

Var I½ � ¼ pblsP
2
Tx

ðRl
oÞ2�2a � ðRl

iÞ2�2a

1� a

 !

As shown in [15], the aggregate interference due to path loss can be approximated by
a Gamma distribution. Consequently the shape and the scale parameters of the Gamma
distribution, denoted by kl and hl, are respectively given by kl = E[I]2/Var[I] and
hl = Var[I]/E[I].

3.2 Aggregate Interference Due to PUs Located Within L Annuli

As shown in the previous subsection, the interference I caused to the Nc by the PUs
located within the l-th annulus is approximated by a gamma distribution, with MGF

Ml
IðsÞ ¼ 1� hlsð Þ�kl : ð16Þ
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The annulus of width RL
o � R1

i s can be expressed as a summation of L annuli of
width q. Consequently, the MGF of the aggregate interference originated by the PUs
positioned over the L annuli is represented by

MIaggðsÞ ¼
YL
l¼1

1� hlsð Þ�kl : ð17Þ

3.3 Distribution of the Aggregate Interference

The interference due to the PUs located outside the SU’s sensing region can be seen as
the summation of the L individual aggregated interferences caused by the PUs located
within L annuli. Therefore, the expressions for the cumulative distribution function
(CDF) and the PDF of the summation of L independent gamma random variables are
given in [16].

Defining Xlf gLl¼1 as independent gamma variables, but not necessarily identically

distributed with parameters hl (scale) and kl (shape), then the PDF of Iagg ¼
PL
l¼1

Xl can

be expressed as [16]

fIaggðsÞ ¼
YL
l¼1

h1
hl

� �kl X1
w¼0

dws
PL

l¼1
kl þw�1

� �
exp � s

h1

� �
h
PL

l¼1
kl þw

� �
1 C

PL
l¼1 kl þw

� �; ð18Þ

where h1 ¼ min
l

hlf g, and the coefficients dw are obtained recursively,

dwþ 1 ¼ 1
wþ 1

Xwþ 1

i¼1

XL
l¼1

kl 1� h1
hl

� �i
" #

dwþ 1�i;

and d0 = 1. C (.) represents the gamma function.

4 Sensing Capacity

4.1 Formal Definition

The band licensed of the PUs is sensed by a SU to evaluate if the spectrum is vacant or
occupied. The sensing decision considered in this work is computed periodically (a
period of 1 s was adopted) having the amount of aggregate interference sensed outside
the sensing region into account.

Departing from the definition of SC in (3), we first define PI off , the probability of
not occurring any activity caused by the PUs that may be located within the SU’s
sensing region. A PU is located within the SU’s sensing region with probability PI
given by
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PI ¼
ZR1

i

�R1
i

Z
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1
ið Þ2�x2

q

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R1
ið Þ2�x2

q fXYðx; yÞdydx: ð19Þ

Because all PUs move independently, the probability of k � n PUs being posi-
tioned over the sensing region of the SU is expressed by the probability mass function

Bðn; k;PI Þ ¼ n
k

� �
PIð Þkð1� PI Þðn�kÞ: ð20Þ

Finally, PIoff is defined as

PIoff ¼
Xn
k¼0

Bðn; k;PI Þ � 1� sð Þk; ð21Þ

since the k PUs within the sensing region of the SU are inactive with probability (1 − s)k.
Regarding POSFA in (3), which denotes the probability of not occurring SFA due to

the PUs located outside the SU’s sensing region, and following the notation in (21) we
start to consider that n − k PUs are located outside the sensing region. A spatial false
alarm does not occur if the aggregate interference power caused by the PUs located
outside the sensing region is lower than a given threshold (c). Its probability is rep-
resented by P (Iagg {nl = n − k} � c), where {nl = n − k} indicates that the param-
eters kl and hl must be computed assuming nl defined in Sect. 3.1 equal to n − k. After
computing the parameters kl and hl, fIagg (s) may be also computed through (18) and

P Iagg nl ¼ n� kf g� c
� � ¼ Z c

0
fIaggðsÞds: ð22Þ

By considering the different number of n − k PUs that may be localized outside the
session region, POSFA is given by

POSFA ¼
Xn
k¼0

Iagg nl ¼ n� kf g� c
� �

; ð23Þ

and finally using (3), (21) and (23), the sensing capacity is written as follows

Cmob
SFA ¼ g � f �W

Xn
k¼0

Bðn; k;PI Þ � 1� sð Þk�P Iagg nl ¼ n� kf g� c
� �

: ð24Þ
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Table 1. Parameters used to compute the different results.
Xmax 1000 m R1

i 100 m a 2
Ymax 1000 m TPmax 0 s, E[V] = 10.82 m/s q 10 m
Vmin 5 m/s TPmax 300 s, E[V] = 1.50 m/s L 61
Vmax 20 m/s g � f �W 1 c 0.1 mW

Fig. 2. Sensing capacity for different levels of PU’s activity (s): (a) high mobility scenario
(E[V] = 10.82 m/s); (b) low mobility scenario (E[V] = 1.50 m/s).
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4.2 Comparison Results

This subsection compares the impact of the SFA in the SU’s SC. The SC is computed
with (24) and compared with the results obtained with (27) in [9] (similar to (2)), which
neglects the SFA effect. Different network scenarios were considered, where the
number of mobile PUs were varied from a single PU to 19. The PUs moving according
to the RWP mobility model achieve different average velocities, E[V] = {1.50, 10.82}
m/s, by adopting TPmax ¼ 0; 300f g s, respectively. Two different probabilities of PU’s
activity were also considered, i.e. s = {0.33, 0.66}. The simulations were run for each
number of PUs and adopting constant TPmax and s values. The missing parameters
related with the propagation model and the computation of theoretical model are
described in Table 1.

The sensing capacity results (computed with (24) and (27) in [9]) are illustrated in
Fig. 2. Figure 2(a) plots the results for E[V] = 10.82 m/s, while 2(b) plots the result for
E[V] = 1.50 m/s. Regarding the impact of the PUs’ mobility on the SC, it is well
known that the spatial density of the nodes moving according the RWP model increases
within the sensing region of the node NC as the average velocity of the nodes increase
[14]. Consequently, more PUs are likely to be located within the sensing region as the
average velocity of the PUs increases. In this case, the node Nc detects higher PUs’
activity within its sensing region, leading to a lower SC (Fig. 2(a)), when compared to
a scenario of lower average velocity (Fig. 2(b)).

Finally, the results presented in Fig. 2 show that for the two assumptions
(considering/neglecting the SFA) the SC varies inversely with the number of PUs, the
level of PU’s activity (s), and the average velocity of the PUs (E[V]). However, the SC
decreases more sharply when the SFA effect is considered, and the deviation from
neglecting the SFA increases when the number of PUs and PU’s level of activity
increase, or when the average velocity of the nodes decrease. Moreover, the deviation
observed in the SC confirms that when the SFA effect is neglected the results obtained
with [9] represent an upper bound of the SC.

5 Conclusions

This work characterizes the SUs sensing capacity in a CRN when are considered mul-
tiple mobile PUs. Contrarily to other works, we consider that PUs may be detected active
when they are located outside the sensing region. This effect, known as SFA, degrades
the sensing capacity of CRs, as demonstrated in the paper. Moreover, it is shown that the
decrease of the sensing capacity due to the SFA effect may be significant, namely when
the PU’s activity and the number of PUs increase. Finally, due to the mobility model, the
results presented in the paper indicate that the sensing capacity increases as the average
velocity of the nodes decrease. This result indicates that the capacity of the SUs varies
inversely with the velocity of the PUs, which confirms the importance of this work.
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