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Abstract. For reducing the complexity of equalization, linear equalization can
be adopted for generalized spatial modulation (GSM) which is a special case of
multiple-input-and-multiple-output (MIMO). However, because of its inferior
performance, linear equalization may be infeasible for practical GSM systems
which has large number of antennas and constellation. On the other hand,
lattice-reduction (LR) is an effective method to improve the performance of
linear equalization. The lattice reduction can’t be utilized by GSM directly,
because signals on some antennas don’t exist. For tackling this problem, we
propose a compatible 8-QAM constellation scheme integrating LR-aided linear
equalization with GSM effectively. Next, we prove that LR-aided linear
equalizers collect the same diversity order as that exploited by the ML detector
under Rayleigh fading channels, and implement some simulations. Simulation
results show the superior of the proposed 8-QAM over traditional 4-QAM and
8-QAM under Rayleigh fading channel. Moreover, our scheme obtains the full
receive diversity under correlated channel.
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1 Introduction

Spatial modulation (SM) has been recognized as a promising MIMO transmission
technology to develop energy-efficient, low-complexity solutions that satisfy target
throughput requirements in future mobile networks [1]. Comparing with traditional
MIMO scheme, SM only activates one antenna according to the information bits per
channel use. So only one RF chain is needed, corresponding results are that the
hardware implementation cost reduces, inter-channel interference is avoided, and
inter-antenna problem doesn’t exist. These merits make the SM become the research
focus of MIMO.

The spectral efficiency of SM is increased logarithmically with the number of
transmit antenna, which cannot satisfy the demand for higher throughput under the
fixed transmit antenna number. For tackling this problem, generalized spatial modu-
lation (GSM) activating more than one antenna during each transmission is introduced
[2–4]. Now, there exists two types of GSM, One is that all active antennas send the
same modulated symbol simultaneously [2, 3], and the other is that different active
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antennas send different modulated symbol independently [4]. For convenience, we call
the former single symbol generalized spatial modulation (SS-GSM), the latter multiple
symbol generalized spatial modulation (MS-GSM). It is worth to notice that GSM
eliminates the demand that the transmit antenna number must be a power of two.
Moreover, SS-GSM completely keep the advantages of single RF chain obviously, and
MS-GSM have a higher spectral efficiency. However, ICI and IAS problems still exist
in MS-GSM.

For MIMO receiver, maximum likelihood (ML) detection can obtain the best
bit-error rate (BER). However, the huge computation complexity make ML infeasible
in practical system. At the same time, linear equalization has an inferior performance
while low complexity. Considering the important factors impacting the linear receiver
is column coherence of channel matrix, and lattice reduction can reduce the depen-
dency among column effectively, some researchers propose LR-aided linear equal-
ization for Vertical Bell Laboratories Layered Space-Time (V-BLAST) architecture [5].
However, LR is not suitable for GSM, because only a portion of antennas are activating
during each transmission, and receiver cannot obtain the consecutive integer lattice
point in I-Q constellation diagram. For tacking this problem, we propose a compatible
8-QAM constellation scheme for SS-GSM and MS-GSM, which meets the requirement
of lattice reduction. Sequentially, we prove that LR-aided linear equalizers can collect
the same diversity order as that exploited by the ML detector and the simulations are
implemented to corroborate our theoretical claims.

The remainder of this paper is organized as follows. Section 2 describes system and
signal models. Section 3 extends the proposed equalizations to GSM and proposes a
compatible 8-QAM constellation. Section 4 gives performance analyze. Section 5
shows the simulation results, followed by concluding remarks in Sect. 6.

2 GSM System Model

Consider a GSM system with Nt transmit antennas and Nr receive antennas. For each
symbol time, only Na transmit antennas is activated to send symbols, where
2�Na �Nt. Obviously, there are CNa

Nt
kinds of possible active antennas combinations,

among them, at most N kinds of combinations can be used to transmit log2 N bits

information, where N ¼ 2 logCNa
Nt

� �
and �b c is the floor function. In the context of this

paper, we call the N kinds of combinations a spatial constellation and any one of them a
spatial symbol. The transmitted symbol vector can be written as

X ¼ Eis; ð1Þ

where Ei is a Nt � Na matrix which contains Na columns chosen from the Nt � Nt

identity matrix and is the matrix form expression for a spatial symbol. Definitely, the
spatial symbol can also be represented in combination indices form as Ij ¼
j1; j2; � � � ; jNaf g; where every element jk, k 2 1; 2; � � � ;Na½ � denotes the antenna index

which is arranged in ascending order for convenience. As a result, the spatial con-
stellation in combination indices form can be written as I ¼ I1; I2; � � � ; INf g.
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The ordinals of columns in Ei are chosen according to the antenna indices in each
spatial symbol, so there are totally N kinds of Ei that make up of the spatial constel-
lation in matrix form e, where e ¼ E1;E2; � � � ;ENf g. s ¼ s1; � � � ; sNa½ �T is the
power-normalized Na � 1 signal symbol vector namely E ssH½ � ¼ INa . For SS-GSM, the
Na signal symbols are the same, namely s1 ¼ s2 ¼ � � � ¼ sNa 2 S, where S is the
conventional QAM constellation. As to MS-GSM, the Na signal symbols are inde-
pendent, which means s 2 S � S � � � S ¼ SNa . Definitely for M-QAM, in each symbol
time, SS-GSM can transmit log2 Nþ log2 M bits whereas MS-GSM can transmit
log2 N þNa log2 M bits.

Assume that the channel is flat-fading quasi-static, where the channel matrix is
invariant during a frame and changes independently among frames, and each entry of
the channel matrix H follows an independent and identically distributed (i.i.d) complex
Gaussian distribution CN 0; 1ð Þ with mean 0 and variance 1. The received signal vector
can be represent as

y ¼ HEisþ n ¼ HXþ n; ð2Þ

where n 2 C
Nr�1 is the additive noise vector following complex Gaussian distribution

with mean zero and covariance matrix E nnH½ � ¼ r2INr . Let HEi ¼ HEi and it is easy to
know that HEi 2 H ¼ HE1 ;HE2 ; � � � ;HENf g is sub-channel matrix including Na col-
umns chosen from the channel matrix H: Equation (2) can be rewritten as:

y ¼ HEi
sþ n: ð3Þ

At the receiver, the ML detector provides the optimal performance by exhaustively
searching through spatial constellation and signal constellation. The output for
SS-GSM can be written as

Êi; ŝ
� � ¼ arg min

HEi2H;s1¼s2¼���sNa2S
y�HEi

s
�� ��2

2; ð4Þ

and

Êi; ŝ
� � ¼ arg min

HEi2H;s2SNa
y�HEi

s
�� ��2

2 ð5Þ

for MS-GSM.

3 LR-Aided Linear Equalization for GSM MIMO System

3.1 Lattice Reduction

Considering that the problems involved in wireless communications are mostly com-
plex valued, we only introduce the complex lattice and complex lattice reduction here
[6, 7]. A complex-valued lattice of rank m in the n-dimension complex space C

n is
defined as
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L, xjx ¼
Xm
l¼1

zlbl; zl 2 Zj

( )
; ð6Þ

where bl 2 C
n are complex basis vectors and Zj ¼ Zþ jZ is the set of complex

integers that are also called Gausses integers. The complex basis vectors can be
arranged into an n� m complex matrix B which can be simply called the basis of the
lattice, thus any element x in the lattice can be represent as x ¼ Bz: It can be show that
there exist infinitely bases which can be chosen for a specific lattice. For different
bases, the same lattice can have different orthogonality defect, which defined as

n Bð Þ ¼ 1� det BHB
� �

QNt
n¼1 bnk k2 : ð7Þ

There is 0� n Bð Þ� 1 for all B: n Bð Þ ¼ 1 if B is singular and n Bð Þ ¼ 0 if the columns
of B are orthogonal to each other. Lattice reduction algorithms are to reduce the
orthogonality defect of a lattice by column swaps and size reductions, while hold the
same lattice. The implementation process of these algorithms is using a unimodular
matrix to multiply the original basis, the corresponding equation is given as:

L BLRð Þ ¼ L Bð Þ , BLR ¼ BT; ð8Þ

where all elements of T are Gausses integers, det Tð Þ ¼ �1; and n BLRð Þ\n Bð Þ:
A powerful and famous reduction criterion for arbitrary lattice dimensions is

introduced by Lenstra et al. [8], and the algorithm they proposed is known as the LLL
(or L3) algorithm. Since the signal and channel matrix are complex valued, we use
complex LLL algorithm (CLLL) provided in [9].

3.2 LR-Aided Linear Equalization

With the channel matrix after lattice reduction HLR ¼ HT; the received signal can be
written as

y ¼ HXþ n ¼ HTT�1Xþ n ¼ HLRZþ n: ð9Þ

The idea of LR-aided linear equalization is to apply linear equalization to Z instead of
X and calculate X by X ¼ TZ: The estimation of Z are obtained as:

ẐZF ¼ Q1 HH
LRHLR

� ��1
HH

LR

� �
y

� �
; ð10Þ

ẐMMSE ¼ Q1 HH
LRHLR þ r2INt

� ��1
HH

LR

� �
y

� �
; ð11Þ

where Q1 �ð Þ denotes the component-wise rounding operation. The estimation of X is
given as:
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X̂ZF ¼ Q2 TẐZF
� � ¼ Q2 TQ1 HH

LRHLR
� ��1

HH
LR

� �
y

� �� �
; ð12Þ

X̂MMSE ¼ Q2 TẐMMSE
� � ¼ Q2 TQ1 HH

LRHLR þ r2INt

� ��1
HH

LR

� �
y

� �� �
; ð13Þ

where Q2 �ð Þ restricts the symbols to lie in the constellation. If we extend the original
channel matrix and received signal vector as

~H ¼ H
rINt

	 

; ~y ¼ y

0Nt�1

	 

; ð14Þ

the result of MMSE can also be written in the ZF form:

X̂MMSE ¼ Q ~H
H ~H

� ��1
~H
H
~y

� �
; ð15Þ

For V-BLAST MIMO system, formula (12) and (13) represent the whole detection.
However, for SM system, the spatial symbol and signal symbol must be separated
according to estimated vector X̂ZF or X̂MMSE. For the brevity, we use X̂ to stand for X̂ZF

or X̂MMSE.
Considering the entries corresponding to inactive antennas in estimated vector

should approach zero, we choose the largest Na entries in X̂:
x̂i1 ; x̂i2 ; � � � ; x̂iNa
� �

; x̂ikj j 	 x̂mj j, ik 2 ~I ¼ i1; i2; � � � ; iNaf g;m 2 U � ~I
� �

;U ¼
1; � � � ;Ntf g and arrange the corresponding antennas indices combination in ascending

order: i1\i2\ � � �\iNa . The estimation of spatial symbol is given as

Îj ¼ Q3 ~I
� � ¼ Q3 i1; i2; � � � ; iNaf gð Þ; ð16Þ

where Q3 �ð Þ forces the Îj to lie in the spatial constellation. After estimating the spatial
symbol, choose the entry of X̂ corresponding to the first active antenna index as the
estimation of signal symbol for SS-GSM:

ŝ1 ¼ ŝ2 ¼ � � � ¼ ŝNa ¼ x̂i1 ; ð17Þ

As to MS-GSM, choose the entries of X̂ corresponding to the entire antenna index of
the spatial symbol Îj as the estimation of signal symbol:

ŝ ¼ x̂i1 ; x̂i2 ; � � � ; x̂iNa

 �

: ð18Þ

Considering that the MMSE equalizer is equal to the ZF equalizer in the form of the
extended system (15), we summarize the main steps of the LR-aided ZF equalization to
represent the LR-aided linear equalization detector for GSM systems in Table 1.
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3.3 A Compatible 8-QAM Constellation for GSM

Based on the theory of lattice, X should stem from the infinite integer space [10].
Considering the necessary condition of the lattice reduction is consecutive integers
lattice, in [10, 11], square M-QAM constellation is translated into a finite consecutive
integers set by proper scaling and shifting for V-BLAST MIMO system. However, the
general expression of GSM which includes zero entries in transmitted vector don’t
satisfy this condition. For example, a 4-QAM constellation in GSM as shown in Fig. 1,
which includes the original point, and scaling and shifting operation cannot turn points
of constellation into consecutive integers. So the lattice reduction isn’t suitable for
GSM. For tacking this problem, we propose an 8-QAM constellation which can satisfy
the complex consecutive integer requirement for X; as depicted in Fig. 2. The proposed
8-QAM constellation is made up of two orthogonal real integers set: K� K, where
K ¼ �1; 0; 1f g (Fig. 3).

Table 1. The main steps of LR-aided ZF equalization detector for MIMO GSM system.

S1 At the receiver, perform the CLLL algorithm to get the more orthogonal channel matrix
and the unimodular matrix: HLR;T½ � ¼ CLLL Hð Þ

S2 In formula (10), use ZF equalization to equalize the received signal vector, and obtain Ẑ
S3 In formula (12), recover the transmitted symbol vector X
S4 In formula (16), estimate the spatial symbol Îj from X̂
S5 According to Îj, estimate the signal symbol ŝ for SS-GSM or MS-GSM. in formula (17)

or (18)

Fig. 1. A 4-QAM constellation in GSM.
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4 Performance Analyze

The LR-aided linear detectors for MIMO V-BLAST system can collect the same
diversity order as that exploited by the ML detector [13], based on this, the diversity
order of LR-aided linear detectors for MIMO GSM system is analyzed here.

Proposition 1: Given the signal model in (1), system model in (2), the proposed
8-QAM constellation in Sect. 4.2, channels consisting of i.i.d complex Gaussian dis-
tributed entries with zero mean and unit variance, the diversity order collected by
LR-aided ZF equalization for GSM is Nr.

Fig. 2. Proposed 8-QAM constellation.

Fig. 3. Contrasting 8-QAM constellation
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Proof: Substitute (9) for y in (10), the equalization result in step S2 of Table 1 can be
rewritten as:

ẐZF ¼ Q1 Hy
LRy

� �
¼ Q1 Hy

LRHLRZþHy
LRn

� �
¼ ZþQ1 Hy

LRn
� �

: ð19Þ

As a result, the estimation of transmitted symbol vector can be expressed as:

X̂ZF ¼ Q2 TẐZF
� � ¼ Q2 T ZþQ1 Hy

LRn
� �� �� �

¼ XþQ2 TQ1 Hy
LRn

� �� �
: ð20Þ

Definitely, there will be X̂ZF ¼ X if Q1 Hy
LRn

� �
¼ 0: The correct estimation of X will

lead to correct estimate of Ij and s according to the method described in Sect. 4.1.
Therefore, the symbol error probability for a given H is upper-bounded by

PejH � 1� P Q1 Hy
LRn

� �
¼ 0 Hj

� �
ð21Þ

~H
y
can be represented as a1; a2; . . .; aNt½ �T, where aTi , i 2 1;Nt½ � is the ith row of ~H

y
.

The upper bound can be rewritten as

PejH � P max
1� i�Nt

aTi n
�� ��	 1

2
Hj

� �
: ð22Þ

According to Lemma 1 in [12], we obtain the inequality:

max
1� i�Nt

aTi
�� ��� 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n HLRð Þp � min
1� i�Nt

~hi
�� �� ; ð23Þ

where ~hi; i 2 1;Nt½ � is the i th column of HLR. Consider that

max
1� i�Nt

aTi n
�� ��� max

1� i�Nt

aTi
�� �� � nk k� nk kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n HLRð Þp � min
1� i�Nt

~hi
�� �� ; ð24Þ

PejH is further bounded by

PejH � P
nk kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n HLRð Þp � min
1� i�Nt

~hi
�� �� 	 1

2
Hj

0
@

1
A ð25Þ

Since HLR is derived from H by using the CLLL algorithm with parameter d, and H is
full rank with probability one, we can obtain the following inequality according to
Lemma 1 in [9]:
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n HLRð Þ

p
	 2

Ncol
2

2
2d�1

� ��Ncol Ncol þ 1ð Þ
4

:¼ cd; ð26Þ

where Ncol is the number of columns of H: Use hmin to stand for the minimum non-zero
norm vector in the lattice generated by H: Because HLR spans the same lattice as H; we
have

hmink k� min
1� i�Nt

~hi
�� ��: ð27Þ

Substitute (26) and (27) into (25), and the (25) can be simplified as:

Pe Hj �P nk k	 cd hmink k
2

Hj
� �

: ð28Þ

Average (28) with respect to the random matrix H; we have

Pe ¼ EH PejH

 ��EH P nk k2 	 c2d hmink k2

4
Hj

 !" #

¼ En P hmink k2 � 4 nk k2
c2d

 !
nj

" #
:

ð29Þ

nk k2 is a central Chi-square random variable with 2Nr degrees of freedom and mean
Nrr2 since n is an Nr � 1 complex white noise vector with zero mean and covariance
matrix r2INr . According to Lemma 2 in [12], we have

P hmink k2 � e
� �

� cNrNte
Nr ; ð30Þ

where cNrNt is a finite constant depending on Nr and Nt. Then Pe can be further bounded
as:

Pe �En cNrNt

4
c2d

� �Nr

nk k2Nr

" #
: ð31Þ

Calculate the Nr th moment of Chi-square random variable nk k2, we get the final result:

Pe � cNrNt

4
c2d

� �Nr 2Nr � 1ð Þ!
Nr � 1ð Þ!

1
r2

� ��Nr

: ð32Þ

Therefore, the diversity order of the LR-aided ZF detector for GSM is greater than or
equal to Nr. Since the maximum diversity order for the GSM MIMO system is Nr, the
LR-aided ZF detector for GSM collects diversity Nr. The result is easy to extend for
LR-aided MMSE detector. �
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5 Simulation Results

In this section, we will testify three conclusion by Monte Carlo method with
MATLAB: (1) under the condition that GSM system adopts the LR-aided linear
detector, compared with the contrasting 8-QAM constellation depicted in Fig. 5 and the
4-QAM constellation depicted in Fig. 2, the proposed 8-QAM constellation has
inherent performance superiority; (2) the proposed detector obtains full receive
diversity order; (3) simulation results with Kronecker Model show that the proposed
method still can collect receive diversity on correlated channel. Except (3), all simu-
lations are implemented under the channel described in Sect. 2.

Figures 4 and 5 show the simulation results of BER performance among three
kinds of signal constellation using MMSE or LR-aided MMSE detector for SS-GSM
and MS-GSM system. The antenna configuration for these two system is Nt ¼ 4;Na ¼
2;Nr ¼ 6: It is easy to know that the spectral efficiencies are RSS�4�QAM ¼ 4 bit/s/Hz;
RSS�8�QAM ¼ 5 bit/s/Hz for SS-GSM system and RMS�4�QAM ¼ 6 bit/s/Hz;
RMS�8�QAM ¼ 8 bit/s/Hz for MS-GSM system. We can see that the simulation results
of SS-GSM is nearly the same as those of MS-GSM. While under the condition that the
spectral efficiency of three schemes are identical, the proposed 8-QAM have superior
BER at lower Signal Noise Ratio (SNR) compared with the contrasting 8-QAM: the
improvement stage starts at 10 dB for the proposed 8-QAM while lattice reduction
takes effect from 15 dB for the contrasting 8-QAM. Although the BER improvement of
the proposed 8-QAM adopting lattice reduction is merely 0.5 dB, the spectral effi-
ciency of 8-QAM is apparently higher than 4-QAM. In summary, the proposed 8-QAM
constellation is superior to the contrasting 8-QAM and the contrasting 4-QAM when
using the LR-aided MMSE detector.

Fig. 4. BER performance of MMSE and LR-MMSE detector among three kinds of constel-
lations for SS-GSM MIMO system.
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Figures 6 and 7 compare the performance of LR-aided linear detector with the joint
ML detector for SS-GSM and MS-GSM system while using the proposed 8-QAM
constellation. The antenna configuration is Nt ¼ 4;Na ¼ 2;Nr ¼ 6: As we can see from
the figures, regardless of the SS-GSM or MS-GSM system, the advantage lattice
reduction presenting appears when SNR is higher than 10 dB and finally collect receive
diversity. Compared with SS-GSM MIMO system, LR-aided linear detector works
better on MS-GSM: the performance gap between the LR-aided linear detector and the
optimal detector is about 6 dB for SS-GSM while nearly 3 dB for MS-GSM. It also
should be noted that lattice reduction faster the unification of ZF and MMSE equal-
ization at high SNR [11].

Fig. 5. BER performance of MMSE and LR-MMSE detector among three kinds of constel-
lations for MS-GSM MIMO system.

Fig. 6. BER performance of linear equalization detector, LR-aided equalization detector and
ML detector employing the proposed 8-QAM constellation for SS-GSM MIMO system.
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Figure 8 compares the BER performance under uncorrelated fading channel and
correlated channel generated according to Kronecker Model. The antenna configuration
of the MS-GSM system adopting the proposed 8-QAM constellation is Nt ¼ 5;Na ¼
2;Nr ¼ 6: The correlation coefficient among the transmitting antennas and receiving
antennas is 0.2, namely rtransmiter ¼ rreceiver ¼ 0:2: As we can see from the Fig. 8, the
LR-aided MMSE detector can effectively alleviate the impact of channel correlation:
the SNR gap between uncorrelated and correlated channel is nearly 8 dB for MMSE
detector while merely 3 dB for LR-aided MMSE detector. Moreover, the LR-aided
MMSE detector still can collect the receive diversity under the correlated channel.

Fig. 7. BER performance of linear equalization detector, LR-aided equalization detector and
ML detector employing the proposed 8-QAM constellation for MS-GSM MIMO system.

Fig. 8. BER performance under uncorrelated fading channel and correlated channel that employ
the Kronecker Model.
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6 Conclusion

In this paper, we introduce the LR-aided linear detector into GSM modulation and
prove the method can collect the full receive diversity. Considering the characteristic of
the transmit vector of GSM system, a compatible 8-QAM constellation is proposed to
meet the LR requirement that the coefficient of the lattice base should be consecutive
integers. Compared with the contrasting 4-QAM and 8-QAM, simulation results verify
the superiority of the proposed 8-QAM on BER performance. At last, we also find that
the LR-aided detector is more robust when dealing with the correlated channel.

In this paper, there are still some inadequacies to be study further. First, the the-
oretical analysis only proves that the LR-aided linear detector can collect the full
receive diversity and does not further reveal how to affect the BER of GSM. Second,
the performance gap between the LR-aided linear detector and ML detector is con-
siderable, which need more effort to further promote the performance of linear detector
for GSM system under the constraints of low complexity requirement.
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