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Abstract. In order to determine valid production results in the area of
NC-based tooling machine, complex simulation tools are used. The challenge is
the calculation of the material removal, tool paths as well as valid setup posi-
tions of workpiece and periphery which leads mostly to high computational
time. The descent of the computational effort includes a high portion of systems
engineering. This contribution shows a theoretical concept to substitute complex
simulation models by calculation models which observes the inverse kinematic
behavior of the machine in combination with a NC-parser which estimates valid
workpiece positions. The contribution compares model approaches of inverse
kinematic problems considering 5 axis tooling machine to determine valid setup
positions and minimize theoretical calculation effort.

Keywords: Inverse kinematic � NC-program � NC-command � Quaternion �
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1 Introduction

In order to realize a simulation-based optimization process to determine valid setup
position for workpieces during tooling operations, the idea arose to combine meta-
heuristics as optimization component and a simulation model of a tooling machine as
evaluation component. The simulation model, which is a CAD-based machine model
which is controlled by a real control unit leads to high evaluation effort when each
potential solution candidates includes a single simulation. The problem of this
approach is to shrink the evaluation process in order to reduce the number of single
simulation runs of production processes.

The NC-program offers NC-commands which contains the target coordinates to
reach the target geometry of the raw material (workpiece). A given software program,
so called NC-parser, identifies the tool paths and calculate the trajectories of the pro-
gram cycles and return the production time depending on zero-point of workpiece-
position coordinates. The combination of the NC-parser as fitness component and PSO
algorithm as optimization component is a rapid combination to reach a huge number of
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potential solution candidates. This allows a rapid pre-processing method without using
complex simulations. However the system requires a further component which examine
unintentional collisions between workpiece, workpiece clamps or machine periphery
which is normally given by the complex simulation model. For this problem, there are
created several solution concepts and the theoretical model concept of this contribution
constitutes a further one to focus the given problem: Development and comparison of
inverse kinematic approaches to estimate valid workpiece positions in the machine
area. Section two gives an overview about the related work of the basic research area
and research project. Section three contains an overview about the system and shows
potential inverse kinematic models. Section four offers a statement about the calcula-
tion effort of the model approaches and discuss the potential of the models using
several role model scenarios to review the approaches. Section five closes the contri-
bution with a conclusion and an outlook.

2 Research Project and Related Work of the Research
Project

In order to improve the work preparation process, the research project “InVorMa”
arose, which is supported by the German Ministry of Education and Research. The goal
of the project is to develop a service platform in order to optimize work preparation
processes and the identification of optimized and valid setup of production parameters
in the area of cutting machining processes. The project contains subprojects to present
several solutions to guarantee an optimal job-schedule, suitable machine selection
depending on workplace volume as well as setup optimization of production param-
eters and the distribution to machine instances and computer resources.

In this area, there arose several approaches to decrease the simulation effort,
computing time as well as developing an automatically experimental design to identify
the best setup position coordinates of workpiece on the machine table which leads to
minimal production time by simultaneous collision free positioning of workpieces.

In order to provide more efficiency optimization component, the basis particle
swarm Optimization algorithm (PSO) is tested as asynchronous extension to handle
stochastic node failures and asynchronous particle evaluation processes in order to
shrink the total process time [1]. The contributions [2] illustrates the zero point opti-
mization for workpieces using the metaheuristic PSO as optimization component and
the NC-Parser as given software program estimating tool paths and production dura-
tions. This contribution acts as proof of concept that the PSO algorithm is correctly
configured in order to search the workpiece-zero-point position using machine
geometry (3- and 5-axis tooling machines) and real NC-programs in order to minimize
tool paths [2]. In order to concern the problem of high simulation effort as well as
testing several cluster algorithms in combination with the PSO-NC-parser-concept, the
contributions [3–5] offers a conceptual solution.
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3 Concept of the System and Inverse Kinematic Models

3.1 System Concept

To identify automatically potential setup parameter for correct production processes,
the optimization component generates parameters which represent e.g. workpiece-
positions, zero-points, and tool changes. This information are summarized as input data
to define a simulation job of a potential production and machine scenario. Each of the
potential solutions are pre-evaluated by a NC-parser, which offers the resulting cutting
time as well as secondary machine time. In a further loop, the results which lead to the
minimal production time are clustered by the K-Means algorithm and each cluster is
assigned to a virtual tooling machine (computer resource) by the simulation scheduler.
Because of the high simulation effort caused by virtual tooling models which use a real
control unit powered by named companies, the evaluation time increase depending on
computer resources. From academicals perspective that would not be a high challenge
to build a scheduling system to offer an adequate solution. However for practical use in
a standard production environment in companies, this procedure is unpractical, so that
the idea arose to extend the pre-processing optimization containing optimization
algorithm (PSO) and NC-parser and offer an inverse kinematic model along the lines of
a real used tooling machine, which represents always a kinematic chain. In this way,
invalid work areas are determined before the simulation sessions and jobs are organized
to save work preparation time in order to decrease the total number of simulation runs
with complex machine models. There is now the challenge to identify the most
practical method to model the inverse kinematic for a work preparation platform. The
developed architecture is shown in Fig. 1.

3.2 Concept of the Inverse Kinematic Models and Linked
Research Issues

For the solution of the inverse kinematic problems, there are general approaches which
are often discussed in literature (see [6, 9–11]): A geometrical solution approach,
algebraically solution approach and the numerical solution approach. An often used
method especially for robot control is the quaternions algebra. The usefulness of the

Fig. 1. Schematic system overview
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inverse kinematic model is the calculation of Cartesian coordinate systems in
node-coordinates systems [6, 7] which could lead to the problem that the number of
potential solution candidates is infinite or no solutions are possible. Figure 2 underlines
the most important differences between inverse kinematic and the opposite forward
kinematic (see [8, 9]). Figure 2 represents the required in- and output variables.

The solution space depends on the based technical system and the design of the
kinematic structure. For example, the aspired efforts to find a reasonable solution, the
inverse kinematic problem has to be comply specific limit values which are given by
the physical circumstances of the tooling machine design as kinematic chain. In this
contribution, a 5-axis milling machine is the role model for the inverse kinematic
model. Because of the kinematic chain of a tooling machine, which is shown in Fig. 3,
the inverse kinematic model is built in order to use the combination of the approaches
of rotation matrix and translation vector as use case 1. Use case 2 consists of the
combination of quaternion and translation vector. In the quaternion algebraic approach
translationally movements are feasible because of the screw theory which would lead to
a high calculation effort in this context. The Screw Theory means that the turning
movements caused by quaternions calculation operations are arranged such a screw
thread and after a specific number of turning movements, the translationally distance is
feasible (see [11]).

Research Issues which are investigated using the use cases:

1. Is the combination of several model approaches usable to design the behavior of the
inverse kinematic for the role model tooling machine?

2. Are the input and output data set required for the inverse kinematic model clear
manageable for system engineering?

Cartesian solution space
x, y, z, α, β, γ 

Join-angle space
q1, q2, ...qn

Inverse kinematic

Forward kinematic

Fig. 2. Schematic overview about the differences between inverse and forward kinematic

Spindle
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table
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y
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c

Fig. 3. Schematic kinematic model of a tooling machine
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3.3 Model for Use Case 1: Combination of Rotation Matrix
and Translation Vectors

The degree of freedom of the model for the use cases (see Fig. 3) is assumed as f = 5.
The toolpaths in the direction of x, y and z represents the coordinate system KS0. The
support coordinate systems KS1 and KS2 are placed including the point of origin in the
center of the machine table (see Fig. 3). Let the yKS1 -axis be on one line with the
machine rotational b-axis and the zKS1 is one direction with the machine rotational
c-axis. KS1 and KS2 have the same point of origin and are mutually able to convert
using the Euler angles a and c. The remaining Euler angle b corresponds the angle q2
as rotation about the b-axis. The rotation about the c-axis by angle q1 corresponds the
Euler angle c so that the axis of direction in z is the z-axis and the axis in direction of y
is defined as y-axis. For that the rotation order is important: It is mandatory to define q2
at first, followed by q1. It follows the equals:

q1 ¼ c ð1Þ

q2 ¼ b ð2Þ

Let the coordinate system KS3 the workpiece coordinate system. In order to
determine the join angle q3, q4 and q5 for the given coordinates xKS3 , yKS3 and zKS3 (as
target point given by the NC-program), these coordinates have to be converted from the
workpiece coordinate system KS3 to the machine coordinate system KS0. At first there
is the transformation to KS2, than to KS1 and finally to KS0. The required equals are
defined as:

xKS2 ¼ cos a � xKS3 þ sin a � yKS3ð Þþ 3V2
x ð3Þ

yKS2 ¼ � sin a � xKS3 þ cos a � yKS3ð Þþ 3V2
y ð4Þ

zKS2 ¼ zKS3 þ 3V2
x ð5Þ

a describes the angel of the xKS2 and xKS3 -axis rotating about the z-axis when their
points of origins are overlapped as well as the linked orientation of the workpiece on
the machine table. 3V2

x represents the displacement vector which has its direction from
the point of origin of KS3 to the point of origin of KS2.

The next step is to transform the coordinates in the coordinate system KS2 to KS1.
For that, it is notable to include the rotation of the coordinates when the machine table
is turning, e.g. during the production caused by the NC-commands. For the transfor-
mation from the KS2-system to the KS1-coordinates, the Euler angles are used to build a
transformation matrix. At first, the rotation about the z-axis occurs using angle c
followed by the rotation about the b-axis using angle b:

2Rot1 b; cð Þ ¼
cos c � sin c 0
sin c cos c 0
0 0 1

0
@

1
A �

cos b 0 sin b
0 1 0

� sin b 0 cos b

0
@

1
A ð6Þ
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2Rot1 b; cð Þ ¼
cos b cos c � sin c cos c sin b
sin c cos b cos c sin c sin b
� sinb 0 cos b

0
@

1
A ð7Þ

It follows for the coordination transformation for KS1:

xKS1 ¼ cos b � cos cð Þ � xKS2 þ sin c � cos bð Þ � yKS2 � sinb � zKS2 ð8Þ

yKS1 ¼ � sin c � xKS2 þ cos c � yKS2 ð9Þ

zKS1 ¼ sin b � cos cð Þ � xKS2 þ sin b � sin cð Þ � yKS2 þ cos b � zKS2 ð10Þ

With usage of the displacement vector 1V0 the coordinates xKS1 , yKS1 and zKS1 are
able to transform in the coordination system KS0:

q3 ¼ xKS0 ¼ xKS1 þ 1V0x ð11Þ

q4 ¼ yKS0 ¼ yKS1 þ 1V0y ð12Þ

q5 ¼ zKS0 ¼ zKS1 þ 1V0z ð13Þ

In order to identify the coordinates xKS3 , yKS3 and zKS3 for the coordination system
KS3, the coordinates xKS1 , yKS1 and zKS1 are identified at fist followed by the trans-
formation to the system KS2. For this, the transformation matrix (7) can be inverted.

It follows the equals:

xKS1 ¼ xKS0 � 1V0x ð14Þ

yKS1 ¼ yKS0 � 1V0x ð15Þ

zKS1 ¼ zKS0 � 1V0x ð16Þ

2Rot1 b; cð Þ ¼
cos b cos c sin c cos b � sin c
� sin c cos c 0

sin b cos c sin b sin c cos b

0
@

1
A ð17Þ

xKS2 ¼ cos b cos cð Þ � xKS1 � sin c � yKS1 þ sin b cos cð Þ � zKS1 ð18Þ

yKS2 ¼ sin c cos bð Þ � xKS1 þ cos c � yKS1 þ sin b sin cð Þ � zKS1 ð19Þ

zKS2 ¼ � sin c � xKS1 þ cos b � zKS1 ð20Þ

After the transformation of the coordinates from the coordination system KS2 to
KS3, it follows:
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xKS3 ¼ cosð�aÞ � xKS2 � 3V2x
� �þ sinð�aÞ � ðyKS2 � 3V2yÞ ð21Þ

yKS3 ¼ � sinð�aÞ � xKS2 � 3V2x
� �þ cosð�aÞ � ðyKS2 � 3V2yÞ ð22Þ

zKS3 ¼ zKS2 � 3V2z ð23Þ

The given model presents the theoretical concept to allow transformation between
node-coordinates and given target coordinates from the NC-program under the
restrictions of finite movements of the machine and the maximum of 5-machine-axis
ordered in a kinematic chain that is connected in series.

3.4 Model for Use Case 2: Combination of Translation Vectors
and Quaternions

The following model will show the determination of the inverse kinematic problem of
the 5-axis-tooling machine using translation vectors and quaternions.

The transformation between the coordination systems KS3 and KS2 are performed
by displacement vector 3V2 and quaternion 3Q2. For the definition of the quaternion
3Q2, there is a change of sign of the angle a between KS3 and KS2:

3Q2 ¼ cos
�a
2

þ sin
�a
2

� k ð24Þ

PKS2 ¼ PKS3 þ 2 � 3Q2xyz � ð3Q2xyz � PKS3 þ 3Q2w � PKS3Þþ 3V2 ð25Þ

The transformation from KS2 to KS1 will be performed by the total-quaternion. In
order to use equals

w ¼ cosðu=2Þ ð26Þ

ðx; y; zÞT ¼ sinðu=2Þ � D
! ð27Þ

two rotation quaternions for the b- and c-axis are definable:

2Q1:1 ¼ cos
�b
2

þ sin
�b
2

� k ð28Þ

2Q1:2 ¼ cos
�c
2

þ sin
�c
2

� j ð29Þ

u is a rotation angle in the range u 2 ½0; p�, D describes the rotation axis with the
unit vector D ¼ ðDx;Dy;DzÞT (see [7, 10]), 3Q2xyz and 3Q2w describe transformation
quaternions. The general nomenclature for quaternions is defined as Q. PKS1;2;3 describes
a point including given coordinates in a defined coordination system KS.
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The b-axis rotates about the y-unit vector and the c-axis rotates about the z-unit
vector. For the angles, there are also a change of signs necessary.

Including the quaternion calculation rules for multiply quaternions, the
total-quaternion is defined as:

2Q1 ¼ cos
�c
2

cos
�b
2

þ cos
�c
2

sin
�b
2

� �
� jþ sin

�c
2

cos
�b
2

� �

� kþðsin�c
2

sin
�b
2
Þ � i ð30Þ

For the variables j, i, k is notable that there are elements from the complex numbers:
j, i, k 2 ℂ.

For the transformation of the coordinates of a point in the coordinate system KS2
into KS1, the following equal is necessary:

PKS1 ¼ PKS2 þ 2 � 2Q1xyz � ð2Q1xyz � PKS2 þ 2Q1w � PKS2Þ ð31Þ

For the transformation of the coordinates from KS1 to KS0, the equals (11), (12) and
(13) in order to determine q3, q4, q5 can be used. For the determination of q1 and q2 the
eqals (1) and (2) are necessary.

4 Review Using Theoretical Scenarios

After comparison of the approaches from Sects. 3.3 and 3.4, the basic calculation steps
are shown in Table 1. The result indicates that the less complex model using rotation
matrix and translation vectors are sufficient for the low complex inverse kinematic such
as the 5-axis machine model as an inverse kinematic chain. The basic calculation
operation number of model 1 amounts *64% compared to model 2. The model 1
fulfills the requirements for the research issue 1 more than model 2 for less complex
kinematic problems. The results can be explained with the fact that the transformation
between two coordination systems contain only one transformation matrix which is
very operational in practice using displacement vectors and rotation matrix. For parallel
inverse kinematic problems, the more complex approach using quaternions in com-
bination with translation vectors would be more profitable to implement, because the
number calculation steps using quaternions is less than operating with matrix-
multiplication instead [6, 10]. In addition the quaternions are numerically more stable
than Euler angles and there appears no singularities [10].

To ensure if the given models follow a logically machine behavior there will be
conducted pilot-calculation containing given coordinate systems and target coordinates
(points) which are initialized by the machine. The calculation should estimate, that the
target coordinates are valid or how far the results determine invalid machine and
production behavior. Figure 4 shows an example. The given target coordinates rep-
resent the result that P1 is calculable and successful retractable for the machine mode.
P2 is determined as invalid result, because the coordinate is out of the accessible area of
the machine (see Fig. 4).
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Under the role model of a real tooling machine1 the two models offer high potential
to determine invalid target positions of the tool paths and production operations,
because the mathematical calculation contains a fraction of computing durations
compared to the full simulation model, based on graphical presentation of the pro-
duction process. The usage of inverse kinematic models under restrictions of the real
machine is a useful chance to implement a successful pre-processing system in com-
bination with the NC-parser. The pre-processing serves an estimation of near-valid
setup positions of workpiece in the work area of the machine. That means, the search of
valid positions without a visualization and waiting period until the simulation is fin-
ished can be spared and the probability that the results of the model represent valid
positions could be increase.

Result for research issue 2: As input data, the x-,y- and z-coordinates are given by
the NC-program and can be read in automatically. For rotation processes, it is more
complicate to read in the specified NC-cycles. For that it is necessary to define rules for
the automatically data processing. The defined cycle data from the NC-program could
contain the circumstances that there have to recalculate in angle values for the Euler
angles or related angle data.

MKS

WKS1
c-axis

WKS2

WKS1

machine 
table workplace

WKS2

b-axis

Legend

P1, P2 = target coodinates 1 and 2
MKS = machine coordina on system
WKS = workpiece coordina on system

Fig. 4. Calculation scenario with two target coordinates (side and top view)

Table 1. Overview of the basic computing steps to determine results

Approaches Multiplication
operations

Additions
operations

Geometrical
elementary function
operations

Total result of
basic operation
number

Model use
case 1

16 13 16 45

Model use
case 2

32 28 10 70

1 As role model it was used the 5-axis tooling machine “DMU 50” designed by Mori Seiki AG,
Germany.
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5 Conclusion and Outlook

This contribution introduces two inverse kinematic models to calculate the machine
behavior under the restrictions of a real role model machine with the goal to identify
valid positions for workpieces. The inverse kinematic models are kept as simple in
order to prevent high calculation effort and it is shown that the usage of rotation matrix
and translation vector is sufficient for the inverse kinematic as series chain. Quaternions
and translation vectors is usable for more complex kinematic model e.g. parallel
kinematic models. Research issue 1 will be fit for model 1 and for model 2 in order to
address a high complex inverse kinematic problem. Research issue 2 leads to the result
that there are extended data processing for NC-cycles required that contains rotation
commands. For the future work, the model has to be extended (see Sect. 3.1) for further
tests in combination with the PSO-algorithm and the NC-parser especially the evalu-
ation by the tooling machine model (see Sect. 3.1).
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