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Abstract. Most super-resolution direction finding methods need to know the
array manifold exactly, but there is usually gain and phase errors in the array,
which directly lead to the discordance of the channels. The paper proposed a
novel calibration method in super-resolution direction finding for wideband
signals based on spatial domain sparse optimization when gain and phase errors
exist. First, the optimization functions are founded by the signals of every
frequency, then the functions are optimized iteratively, consequently the infor-
mation of all frequencies is integrated for the calibration, thus, the actual
directions of arrival (DOA) can be estimated. Simulations have proved the
method is appropriate for low signal to noise ratio (SNR) and small samples.

Keywords: Super-resolution direction finding � Array calibration � Gain-phase
errors � Wideband signals

1 Introduction

Super-resolution direction finding is one of the major research contents in array signal
processing, it is widely used in radio monitoring [1–7] and internet of things [8, 9].
Most of the direction finding methods need to know the accurate array manifold, but
there are often amplifiers in the channels, the gains of them are not consistent, and
sometimes accompanied with discordant lengths of the channels in practical systems,
which directly lead to the performance deteriorated of direction finding methods, and
even failure, so they are necessary to be calibrated.

Gain-phase errors have no relation with DOA of the signal, they are caused by the
different responses of the channels. Srinath [10] analyzed the effect of the gain and
phase errors on traditional multiple signal classification (MUSIC) [11] algorithm, he
proved that they have a great influence on the estimation, even lead to the failure. Most
of the calibration methods are based on eigenstructure and lack adaptation to the
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background of low signal to noise ratio (SNR) and small samples. Wang [12] proposed
a simple and fast calibration algorithm that does not require any prior knowledge of the
DOA along with sensor gain and phase uncertainties based on Toeplize characteristic;
Jiang [13] provided the conventional and improved data models, then correct the array,
the estimation accuracy is not affected regardless of how large the phase errors are; Xu
[14] estimated DOA of strong and weak signals in the presence of array gain and phase
mismatch; Cao and Ye [15] proposed a calibration method for channel gain and phase
uncertainties based on fourth-order cumulant technique, it adapts to the background of
non-Gaussian signals and Gaussian noise. All the methods above only adapt to nar-
rowband signals, and need many samples, but there are rare published literatures of
gain and phase errors calibration for wideband signals.

The paper proposed a novel array error calibration method in super-resolution
direction finding for wideband signals based on spatial domain sparse optimization
when gain-phase errors exist in the array, the corresponding optimization functions are
founded by the signal of every frequency, then the functions are optimized iteratively,
at last, the information of all frequencies is integrated to calibrated the errors, conse-
quently the actual DOA can be acquired.

2 Signal Model

2.1 Ideal Signal Model

It is seen from Fig. 1, suppose there are K far-field wideband signals skðtÞ ðk ¼
1; 2; � � � ;KÞ impinging on the uniform linear array composed of M omnidirectional
sensors, the space of them is d, it is equal to half of the wavelength of the center
frequency, DOAs of them are a ¼ ½a1; � � � ; ak; � � � ; aK �, the first sensor is defined as the
reference, then output of the mth sensor can be written as

xmðtÞ ¼
XK
k¼1

sk t � smðakÞð Þþ nmðtÞ;m ¼ 1; 2; � � � ;M ð1Þ

Fig. 1. Array signal Model
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Where smðakÞ ¼ ðm� 1Þ dc sin ak is the propagation delay for the kth signal arriving at
the mth sensor with respect to the reference of the array, c is the propagating speed of
the signal, nmðtÞ is the Gaussian white noise on the mth sensor.

Assume that the range of the frequency band of all signals is ½fLow; fHigh�, before the
processing, we divide the output vector into J nonoverlapping components, Discrete
Fourier Transform(DFT) is performed on (1) and the array outputs of J frequencies can
be represented as

XðfiÞ ¼ Aðfi; aÞSðfiÞþNðfiÞ i ¼ 1; 2; � � � ; J ð2Þ

Where fLow � fi � fHigh (i ¼ 1; 2; � � � ; J), KP snapshots are collected at every frequency,
then we have

XðfiÞ ¼ ½X1ðfiÞ; � � � ;XmðfiÞ; � � � ;XMðfiÞ�T ð3Þ

Where

XmðfiÞ ¼ ½Xmðfi; 1Þ; � � � ;Xmðfi; kpÞ; � � � ;Xmðfi;KPÞ� ð4Þ

Aðfi; aÞ is a M � K dimensional steering vector

Aðfi; aÞ ¼ aðfi; a1Þ; � � � ; aðfi; akÞ; � � � ; aðfi; aKÞ½ � ð5Þ

aðfi; akÞ ¼ 1; expð�j2pfi
d
c
sin akÞ; � � � ; exp �jðM � 1Þ2pfi dc sin ak

� �� �T
ð6Þ

And

SðfiÞ ¼ ½S1ðfiÞ; � � � ; SkðfiÞ; � � � ; SKðfiÞ�T ð7Þ

is the signal vector matrix after DFT to skðtÞ ðk ¼ 1; 2; � � � ;KÞ, where

SkðfiÞ ¼ Skðfi; 1Þ; � � � Skðfi; kpÞ; � � � ; Skðfi;KPÞ½ � ð8Þ

Here, Skðfi; kpÞ is the kpth snapshots of the kth signal at fi, then

NðfiÞ ¼ ½N1ðfiÞ; � � � ;NmðfiÞ; � � � ;NMðfiÞ�T ð9Þ
NmðfiÞ ¼ Nmðfi; 1Þ; � � � ;Nmðfi; kpÞ; � � � ;Nmðfi;KPÞ½ � ð10Þ

is the noise vector after performing DFT on nmðtÞ ðm ¼ 1; 2; � � � ;MÞ with mean 0 and
variance l2ðfiÞ.
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2.2 Gain-Phase Errors Model

For convenience, we only discuss the information at frequency fi for the moment. When
there is only gain and phase errors in the array,WðfiÞ is defined as perturbationmatrix, it is

WðfiÞ ¼ diag ½ 1; W2ðfiÞ; � � � ;WmðfiÞ; � � � ;WMðfiÞ�T
� �

ð11Þ

Here

WmðfiÞ ¼ qmðfiÞejumðfiÞ;m ¼ 1; 2; � � � ;M ð12Þ

is the gain and phase perturbation of mth sensor, qmðfiÞ, umðfiÞ are respectively the gain
and phase of the mth sensor with respect to the reference sensor, so the perturbed
steering vector is

a0ðfi; akÞ ¼ ½1; W2ðfiÞej2pfis2ðakÞ; � � � ;WmðfiÞej2pfismðakÞ; � � � ;WMðfiÞej2pfisMðakÞ�T

¼ diag ½1; W2ðfiÞ; � � � ;WmðfiÞ; � � � ;WMðfiÞ�T
� 	

aðfi; akÞ
¼ WðfiÞaðfi; akÞ ðk ¼ 1; 2; � � � ;KÞ

ð13Þ

So the corresponding array manifold matrix is

A0ðfi; aÞ ¼ ½a0ðfi; a1Þ; � � � ; a0ðfi; akÞ; � � � ; a0ðfi; aKÞ� ¼ WðfiÞAðfi; aÞ ð14Þ

For the sake of simplicity, we also define the gain/phase uncertainty vector among
sensors as wðfiÞ ¼ ½q2ðfiÞeju2ðfiÞ; � � � ; qmðfiÞejumðfiÞ; � � � ; qMðfiÞejuMðfiÞ�T, so the output of
the array at frequency fi can be expressed as

X0ðfiÞ ¼ A0ðfi; aÞSðfiÞþNðfiÞ ¼ WðfiÞAðfi; aÞSðfiÞþNðfiÞ
¼ Aðfi; aÞSðfiÞþKðfiÞwðfiÞþNðfiÞ

ð15Þ

Where KðfiÞ is the vector related to the signal along with gain and phase errors.

3 Estimation Theory

We divide the searching area into some grids X ¼ �a1; � � � ; �al; � � � ; �aL½ �, here K<<L, take
X into (2)

�X0ðfiÞ ¼ A0ðfi;XÞ�SðfiÞþNðfiÞ i ¼ 1; 2; � � � ; Jð Þ ð16Þ

The covariance matrix is

�R0ðfiÞ ¼ E �X0ðfiÞ �X0ðfiÞð ÞH
n o

ði ¼ 1; 2; � � � ; JÞ ð17Þ
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In (16), �SðfiÞ ¼ ½�Sðfi; 1Þ; � � � ; �Sðfi; kpÞ; � � � ; �Sðfi;KPÞ�,where �Sðfi; kpÞ ¼ ½�S1ðfi; kpÞ;
� � � ; �Slðfi; kpÞ; � � � ; �SLðfi; kpÞ�T is a sparse matrix, it only contains K non-zero elements,
they are non-zero if and only if �al ¼ ak and �Slðfi; kpÞ ¼ Skðfi; kpÞ ðl ¼ 1; 2; � � � ; L;
k ¼ 1; 2; � � � ;KÞ, so �SðfiÞ can be regarded as SðfiÞ jointed many zero elements.

Define dðfiÞ ¼ ½d1ðfiÞ; � � � ; dlðfiÞ; � � � ; dLðfiÞ�T as the vector formed by variances of
the elements in �SðfiÞ, it reflects the energy of the signal, that is

�SðfiÞ�N 0;RðfiÞð Þ ð18Þ

Where RðfiÞ ¼ diag dðfiÞð Þ, as �SðfiÞ is SðfiÞ jointed many zero elements, dðfiÞ contains
K non-zero elements too.

It can be seen from (16) and (18), probability density of the output signal at fi along
with the error is

P �X0ðfiÞ �SðfiÞ;wðfiÞ; l2ðfiÞ


� 	 ¼ pl2ðfiÞIM



 

�KP
exp �l2ðfiÞ �X0ðfiÞ � A0ðfi;XÞ�SðfiÞ

�� ��2
2

n o
¼ pl2ðfiÞIM


 

�KP

exp �l2ðfiÞ�
�

�X0ðfiÞ �WðfiÞAðfi;XÞ�SðfiÞ
�� ��2

2

o ð19Þ

Combining (16), (18) and (19), probability density of �X0ðfiÞ is

P �X0ðfiÞ; dðfiÞ;wðfiÞ; l2ðfiÞ
� 	
¼
Z

P �X0ðfiÞ �SðfiÞ;wðfiÞ; l2ðfiÞ


� 	

P �SðfiÞ; dðfiÞð Þd�SðfiÞ

¼ p l2ðfiÞIM þA0ðfi;XÞRðfiÞðA0ðfi;XÞÞH� 	

 

�KP

exp �KP� tr l2ðfiÞIM þA0ðfi;XÞRðfiÞðA0ðfi;XÞÞH� 	�1�R0ðfiÞ
� �n o

ð20Þ

Then Expectation Maximization (EM) method [16] can be employed to estimate each
parameter, compute distribution function of P �X0ðfiÞ; �SðfiÞ; dðfiÞ;wðfiÞ;l2ðfiÞð Þ, in the
E-step:

F �X0ðfiÞ; �SðfiÞ; dðfiÞ;wðfiÞ; l2ðfiÞ
� 	

¼ InP �X0ðfiÞ; �SðfiÞ; dðfiÞ;wðfiÞ; l2ðfiÞ
� 	
 �

¼ InP �X0ðfiÞ �SðfiÞ;wðfiÞ; l2ðfiÞ


� 	þ InP �SðfiÞ; dðfiÞð Þ
 �

¼
*
�M � KP� Inl2ðfiÞ � l�2ðfiÞ �X0ðfiÞ �WðfiÞk Aðfi;XÞ�SðfiÞ

��2
2

�
XL
l¼1

KP� IndlðfiÞþ

PKP
kp¼1

�Slðfi; kpÞj j2
 !

dlðfiÞ

0
BBBB@

1
CCCCA
+

ð21Þ
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In the M-step, solve derivatives of F �X0ðfiÞ; �SðfiÞ; dðfiÞ;wðfiÞ; l2ðfiÞð Þ for each param-
eter, that is

@F �X0ðfiÞ; �SðfiÞ; dðfiÞ;wðfiÞ; l2ðfiÞð Þ
@wðfiÞ

¼ � 2l�2ðfiÞ KHðfiÞKðfiÞ

 �

wðfiÞ � KHðfiÞ �X0ðfiÞ � Aðfi;XÞ�SðfiÞð Þ
 �� � ð22Þ

@F �X0ðfiÞ; �SðfiÞ; dðfiÞ;wðfiÞ; l2ðfiÞð Þ
@l2ðfiÞ

¼ �M � KP
l2ðfiÞ þ 1

l2ðfiÞð Þ2
�X0ðfiÞ � A0ðfi;XÞ�SðfiÞ
�� ��2

2

D E ð23Þ

@F �X0ðfiÞ; �SðfiÞ; dðfiÞ;wðfiÞ; l2ðfiÞð Þ
@dlðfiÞ ¼ � KP

dlðfiÞ þ
1

d2l ðfiÞ
XKP
kp¼1

�Slðfi; kpÞj j2
* +

ð24Þ

Set them to be 0 respectively, the estimation of every parameter of the pth iteration is

w pð ÞðfiÞ ¼ KHðfiÞKðfiÞ

 ��1

KHðfiÞ �X0ðfiÞ � Aðfi;XÞ�SðfiÞð Þ
 � ð25Þ

l2ðfiÞ
� 	 ðpÞ ¼ 1

M � KP
�X0ðfiÞ � A0ðfi;XÞð ÞðpÞ�SðfiÞ
��� ���2

2

� �
ð26Þ

dðpÞl ðfiÞ ¼ 1
KP

XKP
kp¼1

�Slðfi; kpÞj j2
* +

ð27Þ

Here (p) denotes number of iterations, after several times, wðfiÞ; l2ðfiÞ and dlðfiÞ tend to
be zero, then they are deemed to be convergent, we can acquire their final estimation:
ŵðfiÞ; l̂2ðfiÞ and d̂lðfiÞ. We can use them for array calibration, define X as the vector
composed by sum of signal of all frequencies, as the signal of every frequency is
independent of one another, the joint probability density of X is

PðXÞ ¼
YJ
i¼1

P �X0ðfiÞ; d̂ðfiÞ; ŵðfiÞ; l̂2ðfiÞ
� �

¼ pj j�J�KP
YJ
i¼1

l̂2ðfiÞIM þA0ðfi;XÞR̂ðfiÞ A0ðfi;XÞð ÞH
� �


 


�KP

� exp �KP�
XJ
i¼1

tr
l̂2ðfiÞIM þA0ðfi;XÞ�
R̂ðfiÞ A0ðfi;XÞð ÞH

 !�1

�R0ðfiÞ
0
@

1
A

8<
:

9=
;

ð28Þ

Solve logarithm operation on (28), we have
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In PðXÞð Þ

¼ � J � KP� Inp� KP�
XJ
i¼1

In l̂2ðfiÞIM þA0ðfi;XÞR̂ðfiÞ A0ðfi;XÞð ÞH



 




 !

� KP�
XJ
i¼1

tr
l̂2ðfiÞIM þA0ðfi;XÞ�
R̂ðfiÞ A0ðfi;XÞð ÞH

 !�1

�R0ðfiÞ
0
@

1
A

ð29Þ

Solve the partial differentiation of In PðXÞð Þ with regard to a

@In PðXÞð Þ
@a

¼ 0 ð30Þ

Combing (29) with (30), we have

âk ¼ argmax
ak

Re

XJ
i¼1

a0ðfi; akÞð ÞH� l̂2ðfiÞIM þA0ðfi;X�kÞ�
R̂�kðfiÞ A0ðfi;X�kÞð ÞH

 !�1
0
@

1
A

2
4

3
5

�
XJ
i¼1

a0ðfi; akÞ a0ðfi; akÞð ÞH�
l̂2ðfiÞIM þA0ðfi;X�kÞ�
R̂�kðfiÞ A0ðfi;X�kÞð ÞH

 !�1

�R0ðfiÞ
0
@

1
A

0
BB@

1
CCA�

XJ
i¼1

�R0ðfiÞ

l̂2ðfiÞIM þ
A0ðfi;X�kÞR̂�kðfiÞ�
A0ðfi;X�kÞð ÞH

0
B@

1
CA

�1

�

a0ðfi; akÞ a0ðfi; akÞð ÞH

0
BBBB@

1
CCCCA

0
BBBB@

1
CCCCA

2
66664

3
77775

�
XJ
i¼1

l̂2ðfiÞIM þA0ðfi;X�kÞ�
R̂�kðfiÞ A0ðfi;X�kÞð ÞH

 !�1

� @a0ðfi; akÞ
@ak

2
4

3
5

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

9>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>;



















































�1

ð31Þ

Thus, the DOA can be estimated.
We will obtain q2ðfiÞeju2ðfiÞ; � � � ; qMðfiÞejuMðfiÞ according to ŵðfiÞ, thus WðfiÞ can be

calculated by (11) and (12), then a0ðfi; akÞ and A0ðfi;X�kÞ can be acquired, we will get
the accurate estimation based on (31) and the parameters above.

The method is used for wideband signal, and has employed spatial domain sparse
optimization for gain and phase errors, so we can call it WSGP for short.

4 Simulations

Here, some simulations are presented for the method, consider some wideband chirp
signals impinge on a uniform linear array with 8 omnidirectional sensors from
ð16�; 28�; 35�Þ, the center frequency of the signals is 2 GHz, width of the band is 20%
of the center frequency, the band is divided into 10 frequencies, and spacing d between
adjacent sensors is equal to half of the wavelength of the center frequency. Now we
will simplify the generation process of the error, suppose the gain and phase uncer-
tainties are respectively selected between ð0� 2Þ and ð�45� � 45�Þ randomly.
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Table 1. Gain and phase errors estimation

Actual error at f1 Estimated error at f1 Actual error at f2 Estimated error at f2
gp2 −0.185+j0.159 −0.246+j0.106 0.585+j0.079 0.527+j0.031
gp 3 0.189−j0.015 0.122−j0.073 0.635+j0.951 0.584+j1.104
gp 4 0.209+j0.197 0.270+j0.261 −0.451+j0.606 −0.513+j0.661
gp 5 0.665−j0.681 0.719−j0.617 0.855+j0.376 0.798+j0.422
gp 6 0.823+j0.267 0.761+j0.195 0.377+j0.167 0.329+j0.224
gp 7 0.506+j0.343 0.562+j0.402 −0.559−j0.403 −0.615−j0.358
gp 8 0.637+j0.203 0.795+j0.151 0.351+0.195 0.406+j0.249

Actual error at f3 Estimated error at f3 Actual error at f4 Estimated error at f4
gp2 0.529+j0.357 0.486+j0.322 −0.805+j0.227 −0.772+j0.205
gp 3 0.833+j0.228 0.797+j0.262 0.517+j0.201 0.488+j0.183
gp 4 −0.918+j0.219 −0.884+j0.265 0.252+j0.192 0.226+j0.221
gp 5 −0.663−j0.135 −0.616−j0.102 −0.478−j0.220 −0.501−j0.256
gp 6 0.388+j0.276 0.425+j0.238 0.804+j0.184 0.768+j0.204
gp 7 −0.489+j0.535 −0.443+j0.496 −0.566+j0.380 −0.542+j0.346
gp 8 0.742+j0.048 0.708+j0.005 0.309+j0.148 0.279+j0.117

Actual error at f5 Estimated error at f5 Actual error at f6 Estimated error at f6
gp2 0.391+j0.742 0.372+j0.763 0.703+j0.443 0.726+j0.429
gp 3 −0.836−j0.568 −0.821−j0.589 0.492+j0.562 0.478+j0.539
gp 4 0.185+j0.477 0.206+j0.455 0.678+j0.360 0.658+j0.345
gp 5 −0.516−j0.344 −0.541−j0.357 0.291+j0.124 0.267+j0.143
gp 6 −0.348−j0.342 −0.352−j0.291 0.599+j0.549 0.623+j0.537
gp 7 0.571+j0.464 0.543+j0.447 0.410+j0.166 0.392+j0.183
gp 8 0.293+j0.255 0.274+j0.273 0.231+j0.197 0.219+j0.215

Actual error at f7 Estimated error at f7 Actual error at f8 Estimated error at f8
gp2 0.331+j0.290 0.348+j0.317 0.663+j0.991 0.625+j0.959
gp 3 0.669+j0.212 0.643+j0.186 0.888+j0.612 0.846+j0.570
gp 4 −0.578+j0.619 −0.605+j0.645 0.292+j0.157 0.321+j0.206
gp 5 0.243+j0.517 0.272+j0.546 −0.701+j0.447 −0.660+j0.409
gp 6 0.490+j0.318 0.518+j0.353 0.479+0.686 0.426+j0.649
gp 7 0.547+j0.202 0.512+j0.233 −0.147+j0.413 −0.186+j0.372
gp 8 0.479+j0.114 0.511+j0.148 0.958+j0.391 0.906+j0.369

Actual error at f9 Estimated error at f9 Actual error at f10 Estimated error at f10
gp2 −0.421+j0.879 −0.372+j0.937 0.471-j0.763 0.525-j0.707
gp 3 0.597+j0.430 0.548+j0.382 0.751+j0.116 0.697+j0.053
gp 4 0.554+j0.169 0.605+j0.123 −0.585-j0.224 −0.642-j0.166
gp 5 0.667+j0.297 0.624+j0.232 −0.195-j0.524 −0.266-j0.463
gp 6 −0.234+j0.212 −0.285+j0.266 0.461+j0.288 0.409+j0.343
gp 7 0.716+0.330 0.658+0.287 0.352+j0.662 0.427+j0.703
gp 8 −0.502-j0.249 −0.456-j0.305 0.727+j0.165 0.668+j0.225
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4.1 Gain and Phase Errors Estimation

Suppose SNR is 10dB, the number of samples at every frequency is 30, WSGP is
employed for estimating gain and phase errors, 200 Monte-Carlo simulations are
repeated, their average is deemed as the final results, the estimation errors of every
frequency are shown in Table 1.

Table 1 shows the method can effectively estimate the gain and phase errors
existing in the array, especially when the frequency is near to the center bin, we can use
these results to calibrate the array and obtain the DOA.

4.2 DOA Estimation

First, traditional two-sided correlation transformation (TCT) [17] and WSGP methods
are employed for estimating DOA of wideband signals along with the gain and phase
errors above, here, TCT is performed without correction, the estimation error of DOA

is defined as
PK
k¼1

jak�âkj. 200 Monte-Carlo simulations are repeated, their average

values are deemed as the final results. Suppose samples of every frequency is 30, other
conditions are the same with 4.1, estimation error versus SNR are shown in Fig. 2; then
suppose SNR is 10dB, that versus number of samples are shown in Fig. 3.

Figures 2 and 3 show that WSGP can effectively estimate the DOA of wideband
signals along with the gain and phase errors, the estimation error approximately con-
verges to 0:7� at last, but that of the traditional TCT method without correction con-
verges to 1:6� under the same condition.
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Fig. 2. Calibration Accuracy versus SNR
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5 Conclusion

The paper proposed a novel array calibration method in super-resolution direction
finding for wideband signals based on spatial domain sparse optimization to the gain
and phase errors existing in the array, it can calibrate the array and estimate the DOA
relatively accurately.
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