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Abstract. The probability density function (PDF) of the output SNR
(Signal to Noise Ratio) at a receiver operating under Weibull fading
multipath channel is unknown in closed form and exists only as a com-
plicated multiple integrals or approximated by a series of functions, or
recently, by a single function whose evaluation time is not negligible. Our
main result is a new simple approximate closed-form of the SNR PDF
at the output of three types of receivers over Weibull multipath fading
channels. The advantage of this new expression is that its evaluation
time is less compared to all previous results. Based on this expression,
approximate analytical expressions of the outage probability (OP), the
average bit error rate (BER) for several M -ary modulation techniques,
and the average channel capacity (CC) are derived in terms of only one
particular hypergeometric function, known as Fox-H function. Numeri-
cal results have been validated by simulation and compared with recent
results.

Keywords: Fox H-function · Meijer G-function · Maximal ratio com-
bining · Equal gain combining · Weibull fading · Shannon capacity · Bit
error rate

1 Introduction

In wireless digital communication system, the diversity techniques are used to
combine the original signal copies arrived often from different paths, especially
in an urban environment, at the receiver. The choice of a combining method
has a great influence on system performance. Several diversity techniques, such
as maximal-ratio combining (MRC), selection combining (SC), and equal-gain
combining (EGC) are used in many wireless communication system. In MRC
method, all received signals at the input of the receiver are multiplied by their
channel gains conjugates. This receiver is known to be optimal for all multi-
path fading environment. In coherent EGC reception, each received signal on its
branches is weighted with the equal gain. Although the complexity of EGC is
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acceptable, its performances are usually less efficient than the MRC ones. In SC
technique, as long as the receiver select only one branch that having the greatest
SNR, its performances are always lower than those of EGC.

The Weibull distribution is often used for describing the fading amplitude in
both indoor and outdoor communication environments. As the analytical expres-
sion of the SNR PDF at the output of either coherent EGC or MRC receiver
is unknown and difficult or even impossible to find, an another way is to derive
a closed-form approximation. Recently, many papers have been written on the
performance of both MRC, EGC, SC, and GSC (Generalized SC) receivers over
Weibull fading channels. In [1], a closed-form of the moment generating function
(MGF) of the SNR at the output of both MRC and SC receivers was derived
in terms of power and finite series of Meijer G-functions [2] respectively. In [3],
average symbol error rate and MGF of the output SNR at EGC and MRC com-
biners are derived in terms of product and infinite series of Meijer G-functions.
The expression of the SNR at EGC output was investigated in [4]. In [5], joint
PDF, CDF, and MGF of SNR are expressed for SC receiver. In [6], various sta-
tistical characteristics of the output SNR at EGC receiver, and average bit error
rate (BER) for 3-branch MRC are derived as infinite series of Meijer G-function.
In [7], CC for MRC over several types of fading channels comprising Weibull
case was derived as a series of Meijer G-function. In [8]-[10], some other contri-
butions dealing with SNR PDF at the output of the receiver and other system
performance indicators have been presented in close approximation by only one
Fox H-function for MRC, EGC, and GSC respectively. However, to ensure the
convergence of this function and to be close to the exact expression of the per-
formance indicator, the value of the parameter λ, appearing in the denominator
of the first argument of all derived Fox H-functions, should be too big. Although
the evaluation of this function is easy using some mathematical software such
as Mathematica and Maple, it becomes extremely slow when its first argument
is very small (close to 0), and sometimes lead to numerical instabilities and
erroneous results.

Hence, it is highly desirable to find another approximate closed-form that
resolves the problem of evaluation time complexity of the said function when λ
approaches infinity. Thus, in this paper, we present a new, stable and low com-
plexity, approximate closed-form of SNR PDF at the output of MRC, EGC, and
SC receivers over Weibull multipath fading channels, and so other performance
criteria, in terms of only one simple Fox H-function.

The rest of this paper is structured as follows. In section 2, the description
of the studied receiver operating in Weibull multipath fading environment and
some statistical characteristics are presented. Section 3 present a novel formula,
with low evaluation time, for the PDF and the CDF of the SNR at the output of
the receiver. In Sections 4-5, BER for various M -ary modulation techniques and
CC of the studied equivalent channel are derived in terms of only one Fox H-
function and Meijer G-function with small computational complexity. In section
6, the results are illustrated and verified by comparison with the recent results.
Our main conclusions are summarized in the final section.
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2 Receiver Description and Preliminary Statistics

We consider a digital wireless communication system with L-branch MRC, EGC,
or SC receiver operating in a Weibull multipath fading environment. The SNR
of the combined signal at the output of the studied receiver is given by

γ = δ

(
L∑

i=1

γα
i

) 1
α

(1)

where

– 1/α is a positive integer,
– γi = Es

N0
R2

i is the instantaneous SNR per symbol on the ith branch,
– Es denotes the average energy per symbol and N0 denotes the power spectral

density of thermal noise,
– L denotes the number of combined diversity branches,
– Ri denotes the fading amplitude corresponding to the ith received signal at

the combiner, assumed to be Weibull distributed with the shape parameter
βi and the scale parameter ωi:

Ri =
(
N2

1i + N2
2i

) 1
βi (2)

where N1i and N2i are two normally distributed variates with mean and

variance 0 and ω
βi
i

2 , respectively. The values of parameters δ and α vs. receiver
are summarized in Table 1.

Table 1. Values of δ and α for some known receivers

Receiver MRC EGC SC

δ 1 1/L 1

α 1 1/2 +∞

In the following, the Weibull distribution is denoted W (ωi, βi). Its PDF is

fRi
(r) =

βi

ωi

(
r

ωi

)βi−1

exp

[
−

(
r

ωi

)βi
]

, r ≥ 0 (3)

so, the nth moment of Ri is given by

μ(Ri)
n = ωn

i dn (βi) (4)

where dk (βi) = Γ (1 + k/βi) , and Γ (·) is the gamma function. Accordingly, the
scale parameter of Ri is

ωi =

√
μ
(Ri)
2

d2 (βi)
(5)
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and the average of the ith SNR is then

γi =
Es

N0
ω2

i d1

(
βi

2

)
(6)

Since the square of a Weibull RV is a Weibull RV, and according to (4) and (6),
γi is a Weibull distribution W

(
Es

N0
ω2

i , βi

2

)
.

3 On the Sum of Weibull RVs

In this section, based on the recently derived expressions for the sum of Weibull
distributed RVs [9]-[10], a new closed-form approximation of the output SNR
PDF having low evaluation time is presented.

Lemma 1. If X is a Weibull distribution W (ω, β) , then its PDF can be
expressed as a Fox H-function

fX(x) =
1
ω

H1,0
0,1

(
x

ω

∣∣∣∣ .
(1 − 1

β , 1
β )

)
, x ≥ 0 (7)

Proof. See Appendix A.

Lemma 2. Let Zα,i = γα
i . Then Zα,i is aWeibull distribution W

([
γi

d2(βi)

]α

, βi

2α

)
Proof. See Appendix A.

3.1 PDF of the Output SNR γ

As the exact expression of the SNR PDF at the output of both MRC and coher-
ent EGC receivers operating under Weibull fading channel is unknown or even
impossible to find explicitly, the main idea is to derive, as much as possible, a
closed-form approximation with low evaluation time.

Theorem 1. Let Z(α) =
∑L

i=1 Zα,i. The SNR PDF at the output of the studied
receiver can be approximated by a Fox H-function

fγ(γ) ≈ α
(
Ψα,L

(
γ
δ

)α)Φα,L

γΓ (Φα,L)
exp

(
−Ψα,L

(γ

δ

)α)
(8)

where Φα,L =

(
μ
(Z(α))
1

)2

μ
(Z(α))
2 −

(
μ
(Z(α))
1

)2 and Ψα,L = μ
(Z(α))
1

μ
(Z(α))
2 −

(
μ
(Z(α))
1

)2 .
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Proof. A very tight closed-form approximation of the PDF of Z(α) was derived
in terms of Meijer G-function as [8]-[10]

fZ(α)(z) ≈ Γ (a + 1)
λΓ (b + 1)

G1,0
1,1

(
z

λ

∣∣∣∣ab
)

, z ≥ 0 (9)

where

a =

⎛
⎝λ − μ

(Z(α))
2

μ
(Z(α))
1

⎞
⎠ Ψα,L − 1, b = Φα,L − μ

(Z(α))
2 Ψα,L

λ
− 1, (10)

and λ is a real number.
Now, using the Jacobian of the transformation, the PDF of γ = δ

[
Z(α)

] 1
α is

fγ(γ) =
αγα−1

δα
fZ(α)

[(γ

δ

)α]
(11)

Substituting (9) into (11), we get

fγ(γ) ≈ Γ (a + 1)
γΓ (b + 1)

1
2πj

∫
C

Γ
(
b + 1 + s

α

)
Γ

(
a + 1 + s

α

) (
γ

λ
1
α δ

)−s

ds (12)

where C denotes an infinite complex contour of integration, and j is an imaginary
number such that j2 = −1.

The PDF of the output SNR given in (9) can be expressed either as a sum
of LHP (Left Half-Plane) or RHP (Left Right-Plane) residues if λ > μ

(Z)
2 /μ

(Z)
1

[9]. In addition, this expression becomes closer to the exact one for large values
of λ. However, the evaluation time of the Meijer G-function takes a lot of time
if its first argument is close to zero. Hence, to get a close approximation with
low evaluation time complexity of this function, we will eliminate the λ-term in
this expression by finding the limit of this PDF as λ approaches +∞.

We have from (10)

Γ (b + 1 + s
α )

Γ (b + 1)
∼ Γ (Φα,L + s

α )
Γ (Φα,L)

as λ → +∞ (13)

On the other hand, using the stirling’s formula [15, 6.1.39], we get from (10)

Γ (a + 1)λ
s
α

Γ (a + 1 + s
α )

∼ Ψα,L
− s

α as λ → +∞ (14)

Substituting (13) and (14) into (12), yields

fγ(γ) ≈ 1
γΓ (Φα,L)

1
2πj

∫
C

Γ (Φα,L +
s

α
)
(
Ψ

1/α
α,L

γ

δ

)−s

ds (15)

=
1

γΓ (Φα,L)
H1,0

0,1

(
Ψ

1/α
α,L γ

δ

∣∣∣∣ .(
Φα,L , 1

α

) )

Now, using [11, eq.(07.34.03.0228.01)] and the change of variable s′ = Φα,L +
s
α , we get (8) which concludes the proof of the theorem.
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Remark 1. The terms Φα,L and Ψα,L are explicitly expressed for i.i.d Weibull
fading channel as

Φα,L =

(∑L
i=1 γα

i

)2

∑L
i=1 γ2α

i

d21

(
β
2α

)
d2

(
β
2α

)
− d21

(
β
2α

) , Ψα,L =
∑L

i=1 γα
i∑L

i=1 γ2α
i

d1

(
β
2α

)
dα
2 (β)

d2

(
β
2α

)
− d21

(
β
2α

)

and for the same average SNR of the signal at each input branch (γi = γ1 for all i)

Φα,L =
Ld21

(
β
2α

)
d2

(
β
2α

)
− d21

(
β
2α

) , Ψα,L =
d1

(
β
2α

)
dα
2 (β) γ−α

1

d2

(
β
2α

)
− d21

(
β
2α

)
Remark 2. In uncorrelated fading channel, the exact value of the average SNR
at the output of the receiver is expressed using the multinomial theorem, lemma
2, and (4) as

γ ≡ δμ
(Z(α))
1/α = δ

∑
∑L

j=1 ij=1/α

(1/α)!∏L
j=1 ij !

L∏
j=1

(
γij

d2
(
βij

)
)αij

d2αij

(
βij

)
(16)

On the other side, it can be approximated by placing (15) into [12, eq. (2.8)]

γ ≈ δΓ (Φα,L + 1
α )

Ψ
1/α
α,L Γ (Φα,L)

(17)

3.2 Outage Probability

The outage probability is the key metric to characterize the performance limits
of wireless communication systems. It’s defined in terms of SNR CDF as [13]

Pout = Fγ(γmin) (18)

where γmin is the minimum SNR threshold that ensure a reliable communi-
cation and the equivalent channel is not in outage.

Proposition 1. The Outage probability for the studied receiver is expressed as

Pout ≈ 1
Γ (Φα,L)

H1,1
1,2

(
Ψ

1/α
α,L

γmin

δ

∣∣∣∣ (1, 1)(
Φα,L, 1

α

)
, (0, 1)

)
(19)

Proof. Using (15) and [11, eq.(06.05.16.0002.01)], the CDF of γ is given by

Fγ(γ) ≈ 1
2πjΓ (Φα,L)

∫
C

Γ (Φα,L +
s

α
)

(
Ψ

1/α
α,L

δ

)−s ∫ γ

0

t−s−1dtds (20)

=
1

2πjΓ (Φα,L)

∫
C

Γ (Φα,L + s
α )Γ (−s)

Γ (1 − s)

(
Ψ

1/α
α,L

γ

δ

)−s

ds

Which completes the proof of the proposition.
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Remark 3. by applying the relation [15, q.(6.1.20)]

Γ (Φα,L +
s

α
) = (2π)

1−1/α
2

∏ 1
α −1

k=0 Γ (α (Φα,L + k) + s)
αΦα,L+ s

α − 1
2

(21)

furthermore, OP can be rewritten in terms of Meijer G-function as

Pout ≈
(2π)

1−1/α
2 G

1
α ,1

1, 1
α+1

(
(αΨα,L)1/α γmin

δ

∣∣∣∣ 1
Δα,L; 0

)
Γ (Φα,L)αΦα,L− 1

2
(22)

with Δα,L = {αΦα,L, α (Φα,L + 1) , ..., α
(
Φα,L + 1

α − 1
)}

4 Average Bit Error Probability

Proposition 2. The BER of several M -ary modulation techniques using the
studied combiner in Weibull multipath fading environment

P e ≈ 1
2Γ (
) Γ (Φα,L)

H1,2
2,2

(
Ψ

1/α
α,L

δθ

∣∣∣∣ (1, 1), (1 − 
, 1)
(Φα,L, 1

α ); (0, 1)

)
(23)

where 
 and θ are parameters depending on modulation scheme [9].

Proof. The BER for several M -ary modulation scheme over fading channel is
given by [14, eq.(13)]

P e =
θ�

2Γ (
)

∫ ∞

0

γ�−1e−θγFγ(γ) dγ (24)

Substituting (20) into (24), yielding

P e ≈ θ�

4πjΓ (
) Γ (Φα,L)

∫
C

Γ (Φα,L + s
α )Γ (−s)

Γ (1 − s)
(

Ψ
1/α
α,L

δ

)s

∫ ∞

0

γ�−s−1e−θγ dγds (25)

=
1

4πjΓ (
) Γ (Φα,L)

∫
C

Γ (Φα,L + s
α )Γ (−s)Γ (
 − s)

Γ (1 − s)

(
Ψ

1/α
α,L

δθ

)−s

ds

That concludes the proof of the proposition.

Remark 4. Replacing (21) into (25), we get

P e ≈ (2π)
1− 1

α
2 α

1
2−Φα,L

2Γ (
) Γ (Φα,L)
G

1
α ,2

2, 1
α+1

(
(αΨα,L)

1
α

δθ

∣∣∣∣1, 1 − 

Δα,L; 0

)
(26)
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5 Average Shannon Capacity

Proposition 3. Let Bw be the channel bandwidth. The CC for the studied
receiver in the case of Weibull multipath fading channels is close to

C ≈ Bw

Γ (ΦL) ln 2
H3,1

2,3

⎛
⎝Ψ

1
α

α,L

δ

∣∣∣∣ (0, 1) ; (1, 1)(
Φα,L, 1

α

)
, (0, 1) , (0, 1)

⎞
⎠ (27)

Proof. The average capacity of the studied channel is given by

C = Bw

∫ ∞

0

log2 (1 + γ) fγ(γ) dγ (28)

Using [11, eq.(07.34.03.0456.01)], it can be rewritten using a Mellin-Barnes
contour integral

C ≈ Bw

2πjΓ (Φα,L) ln 2

∫
C

Γ (Φα,L +
s

α
)

(
Ψ

1/α
α,L

δ

)−s(∫ ∞

0

γ−s−1G1,2
2,2

[
γ

∣∣∣∣ 1, 1
1, 0

]
dγ

)
ds

(29)

The Mellin transform in (29) can be evaluated using [11, eq.
(07.34.21.0009.01)]∫ ∞

0

γ−s−1G1,2
2,2

[
γ

∣∣∣∣1, 1
1, 0

]
dγ =

Γ (1 − s)Γ 2(s)
Γ (1 + s)

(30)

Substituting (30) into (29), concludes the proof of the proposition.

Remark 5. Replacing (21) into (29), the CC can also be expressed in terms of
Meijer G-function

C ≈ Bw (2π)
1− 1

α
2 α

1
2−Φα,L

Γ (Φα,L) ln 2
G

1
α+2,1

2, 1
α+2

(
(αΨα,L)

1
α

δ

∣∣∣∣ 0; 1
0, 0,Δα,L

)
(31)

6 Performance Evaluation Results

In this section, the results containing the Meijer G-function were evaluated using
Mathematica software. All the Monte Carlo simulations are established by gen-
erating 108L Weibull distributed random numbers over the studied SNR range,
subdivided into 104 subintervals of equal length. We have assumed an exponen-
tially decaying power delay profile (PDP) γi/γ1 = exp [−ϕ(i − 1)] where ϕ is
the average fading power decay factor [16], and γ1 = 1 except for figure 4 and 5.

In Fig. 1, the analytical expression (8) and the simulated PDF versus γ are
plotted, for the L-branch EGC and dual-branch MRC. It can be seen that the
MRC curves are closer to the simulated ones than those of EGC.
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EGC�Β�2, e�� � 0.25, L � 2�

EGC�Β�2, e�� � 0.25, L � 3�

MRC�Β�3.3, e�� � 0.2, L � 2�

MRC�Β�2.8, e�� � 0.2, L � 2�

Simulation �8�9, Fig.1�

New analytical expression

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5
Γ0.0

0.2

0.4

0.6

0.8

1.0

fΓ�Γ�

Fig. 1. PDF of the output SNR at both L-branch EGC and 2-branch MRC receiver

Fig. 2. Outage probability of dual-branch EGC/MRC receiver

Fig. 2 depicts the OP for dual-branch MRC/EGC receiver, given by (31) for
i.i.d. Weibull fading channels. The plotted curves are compared for EGC and
MRC with those plotted from [8, eq.(28)] and [9, eq.(13)], respectively. It can be
observed that the new derived expression is very close to the previous one for
great values of λ.

In Fig. 3, the normalized CC, given by (31), versus the diversity order L,
is plotted and compared with the previous result [8, eq.(37)] for EGC receiver.
The new analytical expression of capacity is very close to the recent one (plotted
in dashed line). Besides, the evaluation time of this new expression is very low
since the λ-term, sufficiently large, is eliminated.

Fig. 4 compares the new expression of BER for both BPSK and BFSK modu-
lation with 4-branch MRC receiver, plotted from (16) and (26), with the previous
one [9, eq.(20)]. It can be seen that the new approximate expression becomes
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Β�3, e�� � 1.5

Β�2.5, e�� � 1.25

New analytical expression

Analytical expression �8, Eq. �37��,Λ�100

4 6 8 10 12 14
L

2

3

4

5

6

7

8

C

Bw

Fig. 3. Nomalized average Shannon capacity of L-branch EGC receiver

Β�3, e�� � 1.5, Λ � 1500

Β�2.3, e�� � 1.25,Λ�1750

BFSK

BPSK

New analytical expression

Previous analytical expression �9�

5 10 15 20
Γ�dB�

10�7

10�5

0.001

0.1

P

Fig. 4. Analytical expression of BER for BPSK/BFSK modulation with MRC receiver

New expression

�8, Eq.�44��, Λ�100

�8, Eq.�44��, Λ�200

�8, Eq.�44��, Λ�300

�10 �5 0 5
Γ�dB�

0.01

0.1

1

10

100

Eval. time �in second�

Fig. 5. Evaluation time of the BER for BPSK modulation with EGC receiver
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closer to the previous ones [8]-[9], computed for great values of λ in the case of
small values of both β and e−ϕ.

In Fig. 5, the evaluation time of the BER, in second, is plotted for BPSK
modulation with 4-branch EGC combiner, β = 3, and e−ϕ = 1.5. It can be seen
that the evaluation time of the new expression (26) is less than the one of the
previous result [8], and is almost constant over a range of average SNR. Besides,
the greater is the parameter λ (appearing as a denominator in the first argument
of the Meijer G-function [8, eq.(44)]), the higher is the evaluation time.

7 Conclusion

In this article, we have derived a novel form of PDF, CDF, BER, and CC for a
generalized diversity system including MRC, EGC and SC receivers operating in
Weibull multipath fading environment. All analytical expressions were derived
in terms of only one Meijer G-function. Our main result is that the evaluation
time of all this expressions is low compared with those given in previous work.
On the other side, the numerical evaluation, by Mathematica software, of the
derived Fox H-functions is more stable since its arguments are not close to 0.

A Proofs of Lemmas

Proof of lemma 1. Using [11, eq.(07.34.03.0228.01)], the PDF of X can be
expressed from (3)

fX(x) =
β

ω

1
2πj

∫
C

Γ (s)
(x

ω

)β−1−βs

ds (A.1)

=
1
ω

1
2πj

∫
C

Γ

(
1 − 1

β
+

s

β

)(x

ω

)−s

ds

which concludes the proof of lemma 1.

Proof of lemma 2. According to (2) and (6), it can be seen that Zα,i is a Weibull

RV with shape parameter βi

2α :

Zα,i =
(

γi

ω2
i d2 (βi)

)α (
N2

1i + N2
2i

) 2α
βi (A.2)

Its expectation is expressed in terms of 2αth-moment of Ri using (4) and (A.2)

μ
(Zα,i)
1 =

(
γi

d2 (βi)

)α

d1

(
βi

2α

)

It follows that the scale parameter of Zα,i is
(

γi

d2(βi)

)α

, and its second moment
is then expressed from (4) and (A.2) as

μ
(Zα,i)
2 =

(
γi

d2 (βi)

)2α

d2

(
βi

2α

)
(A.3)

that concludes the proof of the lemma 2.
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