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Abstract. Medical image quality greatly affects the diagnostic process.  Most 
of the tasks of increasing the quality of medical images are deblurring or de-
noising process. These tasks are the difficult problems in medical image 
processing because they must keep edge features. In the cases, the medical im-
ages that have blur combined with noise are a more difficult problem. In this 
paper, we proposed a method for reducing impurities in medical images based 
on curvelet domain. The proposed method uses curvelet coefficient combined 
with augmented lagrangian function to denoising combined with deblurring in 
medical images. For evaluating the results of the proposed method, we have 
compared the results with the other recent methods available in literature. 

Keywords: Deblurring · Denoising · Curvelet transform · Augmented lagrangian 
method · Medical image. 

1 Introduction 

In medical fields, image becomes a useful tool for specialists. For medical images, 
there are many types of medical images such as plain X-ray, computed tomography 
(CT), nuclear medicine imaging, ultrasound, magnetic resonance imaging (MRI), etc. 
Most of medical images have blur, noise or pair because of many reasons such as [4] 
machine specification, surroundings, etc. Noise in images always makes the undesira-
ble appearance, but the noise can cover and reduce or lose the visibility of certain 
features within the image. Increasing the quality of medical images becomes difficult 
problem for image processing.   

In the past, many methods are proposed to improve the quality of images: wavelet 
transform [1], discrete wavelet transform (DWT) [2, 3], … Although DWT is a po-
werful tool signal and image analysis but it has three serious disadvantages [4]: shift 
sensitivity, poor directionality and lack of phase information. Several methods have 
provided solutions for decreasing these disadvantaged such as: contourlet transform 
[5], nonsubsampled contourlet transform [6, 7], ridgelet transform [8, 9], curvelet 
transform [10, 11], etc. The results were significantly improved when using the above 
methods for denosing or deblurring.  

The curvelet transform, a new X-let transform multiscale transforms, is like the 
wavelet transform, but it has directional parameters, and contains elements with a 
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very high degree of directional specificity. The results of curvelet transform for de-
noising are good. In case that the medical images have noise combined with blur, the 
results of the above methods in some cases are not good. 

Stanley [12] proposed augmented lagrangian method for deblurring or denoising. 
This method has given the good results, special for deblurring or denoising, but in 
case of blur and noise pair, this is a difficult problem. To handle this problem, deblur-
ring process with blur and noise pair is applied. 

In this paper, we proposed a method for reducing impurities in medical images 
based on curvelet domain. The proposed method uses curvelet coefficient combined 
with augmented lagrangian function to denoising combined with deblurring in medi-
cal images. For evaluating the results of the proposed method, we have compared the 
results with the other recent methods available in literature such as DWT [2], curvelet 
transform [10] and augmented lagrangian [12]. For performance measure, we have 
used Peak Signal to Noise ratio (PSNR) and Mean Square Error (MSE) and it has 
shown that the present method yields far better results.  

The rest of the paper is organized as follows: in section 2, we described the basic 
of curvelet transform and augmented lagrangian functions; details of the proposed 
method are given in section 3; the results of the proposed method are presented in 
section 4 and our conclusions in section 5. 

2 Background 

2.1 Curvelet Transform 

As the above mentioned, DWT has three serious disadvantages [4]: shift sensitivity, 
poor directionality and lack of phase information. The curvelet transform has pro-
vided solutions for decreasing these disadvantages. 

Curvelets [10] are better than wavelet based transform in case of representing 
edges and other singularities along curves. Curvelets can be translated and dilated, 
similar to wavelet transform. At first decomposing the image into subbands, a curve-
let’s curve is displayed with width  length2

.  After decomposing, each scale is 
analyzed by a local ridgelet transform. 

Similar to ridgelets, curvelets occur at all scales, locations, and orientations. How-
ever, while ridgelets have global length and variable widths, curvelets in addition to a 
variable width have a variable length and so does a variable anisotropy. 

In wavelet transform, dyadic subbands are [2s, 2s+1]. But with discrete curvelet 
transform, the subbands have the nonstandard form [22s, 22s+2]. The basic process of 
the digital realization for curvelet transform is given as follows [10, 11]:  

(i) Subband Decomposition. The image is decomposed into subbands 

  

(ii) Smooth Partitionning. Each subband is smoothly windowed into “squares” of 
an appropriate scale (of sidelength ~2-s) 
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where is a collection of smooth window localized around dyadic squares: 

 

(iii) Renormalization. Each resulting square is renormalized to unit scale 

        

(iv) Ridgelet Analysis. Each square is analyzed via the discrete ridgelet transform. 
In this definition, the two dyadic subbands [22s, 22s+1] and [22s+1, 22s+2] are merged be-

fore applying the ridgelet transform. 

2.2 Augmented Lagrangian Method 

Stanley[12] proposed a algorithm which minimizes a total variation optimization 
problem for spatial-temporal data. This algorithm uses an augmented lagrangian me-
thod to solve the constrained problem. A linear shift invariant imaging system is 

modeled as [12]: , where f  is a vector denoting the unknown 

(potentially sharp) image of size M x N, g is a vector denoting the observed 

image, is a vector denoting the noise, and the matrix H is a 

linear transformation representing convolution operation.  
And the goal of image restoration is from the observed image g, algorithms will re-

cover f. Two problems are considered as: 

, which is known as the TV/L2 minimization 

and  
, which is known as the TV/L1 minimization. 

With equations, is a regularization parameter. The idea of the augmented la-

grangian method is to find a saddle point and the alternating direction method (ADM) 
can be used. 

3 The Proposed Method 

Medical images, which have blur combined with noise, are very difficult to increase 
the quality of medical image process. In this section, we propose a new approach for 
image deblurring, with blur combined with noise pair that based on curvelet Trans-
form combined with augmented lagrangian method. 

In the proposed method, we divide image processing with blur combined with 
noise pair into two processes: denoising and deblurring. The proposed method in-
cludes two processes. The proposed method can be summarized as follows: 

Qw

1 1 2 2[ / 2 , ( 1) / 2 ] [ / 2 , ( 1) / 2 ]s s s sQ k k k k= + × +

1( ) ( ),Q Q Q Sg T w f−= Δ SQ Q∈
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Fig. 1. The process of proposed method 

Firstly, medical image denoising. The medical input images are the blur combined 
with noise images, we use curvelet transform for denoising the image, curvelet’s 
process is as follows [10]: 

1) apply the à trous algorithm with scales and set b1=bmin 
2) for j=1, …, j do 

a. partition the subband wj with a block size bj and apply the digital ridgelet 
transform to each block; 

b. if j modulo 2 = 1 then bj+1=2bj; 
c. else bj+1=bj 

The sidelength of the localizing windows is doubled at every other dyadic subband. 
After this step, the input images had become image denoising. 

Secondly, medical image deblurring. The blur combined with noise images have 
removed noise in curvelet domain in the above steps. However, the blur in images are 
not removed more. To remove the blur, we use augmented lagrangian for the output 
images, which output from the previous steps.  

In here, we use augmented lagrangian TV/L2 algorithm [12] to remove the blur. 

The problem that we solve in TV/L2 minimization is  

 The idea of augmented lagrangian [12] is to find a saddle point of L(f, u, y); then, 
they use the alternating direction method (ADM) to solve f-subproblem and u-
subproblem, with f-subproble and u-subproblem are considered as [12]: 

 

 

where is a regularization parameter, y is the Lagrange multiplier, u = Df. Algo-

rithm of TV/L2 can be summarized as follows [12]: 

(i) Input: vector denoting the observed image and convolution matrix. 
(ii) Input: regularization parameter, the isotropic total variation. 

(iii) Set parameter with value default for  = 2. 

(iv) Compute the matrices of the first-order forward finite difference operators 
along the horizontal, vertical and temporal directions. 

(v) With not coverge do: 

• Solve the f-subproblem. 
• Solve the u-subproblem. 

2
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• Update the Lagrange multiplier. 

• Update . 

• Check convergence, if false is continue. 

4 Experiments and Results 

In this section, we apply the procedure described in section 3 and achieving superior 
performance in our deblurring experiments as demonstrated in this section. For per-
formance evaluation, we compare the results of the proposed method based on the 
curvelet transform combined with Augmented Lagrangian (CT-AL) with the other 
methods such as Discrete Wavelet Transform (DWT), Curvelet Transform (CT) and 
Augmented Lagrangian method (AL).  

We test the above methods in a medical image dataset. This dataset includes differ-
ent images of the sizes: 256 x 256, 512 x 512. The types of blurs are used Gaussian 
and Motion combined with Gaussian or Speckle noises which were added to these 
medical images. Hard thresholding is applied to the coefficients after decomposition 
in curvelet domain. All of the above methods are done on the same images at similar 
scale. 

The quality of images is inproved by comparison with the value of Mean Square 
Error (MSE) and Peak Signal-to-Noise Ratio (PSNR). The MSE is defined as:  

 

where x is the image which has blur and noise; y is the image result and N x N is 
the size of the image. The PSNR is used as the measure of the quality of the recon-
struction of the image deblurring or denoising, defined as: 

 

where MAX1 is the maximum pixel value of the image. The proposed method  
compared with DWT, CT, and AL method by the MSE and PSNR values. The smaller 
the value of MSE is, the better it is. The higher the value of PSNR is, the better it is. 
The images dataset includes more than 1000 medical images. In here, we show some 
test cases. 

Figure 2 shows the deblurring of blur combined with noise image by Gaussian blur 
and Gaussian noise with our proposed method. Figure 3 shows the deblurring of blur 
combined with noise image by Gaussian blur and Speckle noise with our proposed 
method. 

From Figure 2 and Figure 3 we see that the result of the proposed method is better 
than the other methods. Figure 4 and Figure 5 show the plot of PSNR, MSE values of 
different image deblurring methods corrupted with Gaussian blur combined with 
Gaussian noise.  
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(a) (b) (c) (d) (e) 

Fig. 2. Blur and noise image with Gaussian blur with Gaussian noise and deblurred images 
by different methods.  
(a) Blur and noise image (PSNR = 21.6304 db). (b) Deblurred image by DWT (PSNR = 
28.7178 db). (c) Deblurred image by CT (PSNR =  29.5102 db). (d) Deblurred image by 
AL (PSNR = 21.8365 db). (e) Deblurred image by CT-AL (PSNR = 30.1838 db). 

 

(a) (b) (c) (d) (e) 

Fig. 3. Blur and noise image with Gaussian blur with Speckle noise and deblurred images by 
different methods.  
(a) Blur and noise image (PSNR = 23.3928 db). (b) Deblurred image by DWT (PSNR = 
24.8552 db). (c) Deblurred image by CT (PSNR = 25.6510 db). (d) Deblurred image by AL 
(PSNR = 23.9808 db). (e) Deblurred image by CT-AL (PSNR = 26.1718 db). 
 

 

Fig. 4. Plot of PSNR values of deblurred images corrupted with Gaussian blur combined with 
Gaussian noise using different methods 
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Fig. 5. Plot of MSE values of deblurred images corrupted with Gaussian blur and Gaussian 
noise using different methods 

Figure 6 and Figure 7 show the plot of PSNR, MSE values of different image deb-
lurring methods corrupted with Gaussian blur combined with Speckle noise. 

 

Fig. 6. Plot of PSNR values of deblurred images corrupted with Gaussian blur combined with 
Speckle noise using different methods 
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Fig. 7. Plot of MSE values of deblurred images corrupted with Gaussian blur combined with 
Speckle noise using different methods 

(a) (b) (c) (d) (e) 

Fig. 8. Blur and noise image with Motion blur corrupted with Gaussian noise and deblurred 
images by different methods.  

(a) Blur and noise image (PSNR = 17.7757 db). (b) Deblurred image by DWT (PSNR = 
20.0554 db). (c) Deblurred image by CT (PSNR = 20.2554 db). (d) Deblurred image by AL 
(PSNR = 16.9942 db). (e) Deblurred image by CT-AL (PSNR = 20.5285db). 

 

(a) (b) (c) (d) (e) 

Fig. 9. Blur and noise image with Motion blur corrupted with Speckle noise and deblurred 
images by different methods. 

(a) Blur and noise image (PSNR = 19.8879 db). (b) Deblurred image by DWT (PSNR = 
19.8937 db). (c) Deblurred image by CT (PSNR = 19.9248 db). (d) Deblurred image by AL 
(PSNR = 24.3089 db). (e) Deblurred image by CT-AL (PSNR = 24.7597 db). 
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Figure 8 shows the deblurring of blur combined with noise image by Motion blur 
and Gaussian noise with our proposed method. Figure 9 shows the deblurring of blur 
and noise image by Motion blur and Speckle noise with our proposed method. 

From Figure 8 and Figure 9 we see that the result of the proposed method is better 
than the other methods. Figure 10 and Figure 11 show the plot of PSNR, MSE values 
of different image deblurring methods corrupted with Motion blur and Gaussian 
noise.  

 

Fig. 10. Plot of PSNR values of deblurred images corrupted with Motion blur combined with 
Gaussian noise using different methods 

 

Fig. 11. Plot of MSE values of deblurred images corrupted with Motion blur combined with 
Gaussian noise using different methods 

 



Reducing Impurities in Medical Images Based on Curvelet Domain     315 

 

Fig. 12. Plot of PSNR values of deblurred images corrupted with Motion blur combined with 
Speckle noise using different methods 

 

Fig. 13. Plot of MSE values of deblurred images corrupted with Motion blur combined with 
Speckle noise using different methods 

Figure 12 and Figure 13 show the plot of PSNR, MSE values of different image 
deblurring methods corrupted with Motion blur and Speckle noise. 

In the above figures, it is well observed that the proposed method performs better 
than Discrete Wavelet Transform, Curvelet Transform and Augmented Lagrangian 
method. We show some results in appendix.  
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5 Conclusions 

In this paper, we propose deblurring for medical images in case that image has blur 
combined with noise. The proposed method is to divide into two processes: denoising 
and deblurring. In here, we use curvelet transform for denoising process; then, we 
apply augmented lagrangian method to remove blur into the result of image denois-
ing. We test this proposed method in medical images. The results are very good in 
pairs: Gaussian blur combined with Gaussian noise, Gaussian blur combined with 
Speckle noise, Motion blur combined with Gaussian noise, Motion blur combined 
with Speckle noise.  

From the results of the above section, we conclude that the proposed method works 
well and better than the other recent methods available in literature. With these re-
sults, we think the division of deblurring image pairs into two steps, and the attempt 
to improve the quality in every step will give the good results. 

Appendix 

Table A1. PSNR values (dB) of different denoised images using the image sizes with Gaussian 
blur combined with Gaussian noise 

Test 
Image 

Image 
Size 

Blur & 
Noisy  
Image 

DWT[2] 
Augmented 
Lagrangian 

[12] 

Curvelet 
Transform 

[10] 

Proposed 
Method 

1 

256 x 256 

22.9244 25.8099 23.7983 25.5685 26.5559 
2 22.2133 24.2929 22.9969 24.3754 25.3269 
3 21.0976 24.8965 21.6440 25.2272 26.1492 
4 19.4362 23.7983 19.9117 23.9008 25.0569 
5 18.2394 25.1596 18.1658 25.1750 25.6090 
6 16.9048 20.9809 17.3390 20.7117 21.6296 
7 17.5342 23.6197 17.7768 23.5211 24.5133 
8 17.0701 23.7615 17.2127 23.5877 24.3908 
9 19.9343 27.0370 20.0527 28.4109 28.8235 
10 20.0474 26.0461 20.2580 26.2711 27.2532 
11 

512 x 512 

29.1889 34.1455 30.3814 33.7877 35.4287 
12 24.5894 25.868 26.4690 25.5396 27.5126 
13 23.1588 24.3679 25.1043 24.0030 26.1835 
14 26.6912 32.1044 27.6333 31.6351 33.7255 
15 26.2812 32.2987 27.0246 31.8528 33.6101 
16 22.9881 24.8190 24.7584 24.4512 26.7523 
17 22.8137 24.9043 24.3170 24.5046 26.5185 
18 24.0391 28.3583 25.1259 27.9272 30.4065 
19 23.5482 29.3542 24.1043 29.0079 30.3145 
20 20.5393 29.0540 20.6704 29.2314 30.0370 
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Table A2. PSNR values (dB) of different denoised images using the image sizes with Gaussian 
blur combined with Speckle noise 

Test 
Image 

Image 
Size 

Blur & 
Noisy  
Image 

DWT 
[2] 

Augmented 
Lagrangian 

[12] 

Curvelet 
Transform 

[10] 

Proposed 
Method 

1 
256 x 256 

25.3317 26.2724 26.9356 25.9678 27.3101 
2 23.6729 23.8157 24.7394 24.5437 25.4935 
3 26.5841 26.5859 28.6510 26.5935 28.7674 
4 23.0049 23.2379 23.9696 24.0989 25.1103 
5 22.3268 24.3122 22.7326 25.5115 25.8778 
6 19.1728 20.1243 19.9501 20.9859 21.8423 
7 21.7705 22.4099 22.7529 24.5911 25.5676 
8 20.7059 21.9209 21.3406 24.7097 25.5628 
9 25.5202 25.6334 25.7726 25.8730 25.9703 

10 27.7495 28.0029 30.0571 28.6791 31.0672 
11 

512 x 512 

27.5376 28.2788 27.8823 29.6975 29.9848 
12 23.3779 24.9436 24.6555 25.3136 26.8313 
13 22.6507 22.8481 24.2205 23.1493 24.5772 
14 27.0762 27.5978 27.5625 28.5009 28.7954 
15 31.1310 31.4597 33.0762 32.0104 34.0305 
16 24.0044 24.1745 26.1215 24.3156 26.4488 
17 24.0804 24.2322 26.0170 24.4191 26.2889 
18 26.3336 26.7466 27.9941 27.0914 28.7282 
19 26.8237 27.1567 27.5356 27.8142 28.5943 
20 25.7610 26.0674 26.0722 26.9874 27.2278 

Table A3. PSNR values (dB) of different denoised images using the image sizes with Motion 
blur combined with Gaussian noise 

Test 
Image 

Image 
Size 

Blur & 
Noisy 
Image 

DWT 
[2] 

Augmented 
Lagrangian 

[12] 

Curvelet 
Transform 

[10] 

Proposed 
Method 

1 

256 x 256 

20.6283 24.5833 18.3993 24.5046 25.1109 
2 19.6985 21.8751 18.4899 22.0335 23.2947 
3 16.6634 20.1343 14.3206 20.7545 21.3162 
4 18.7020 21.3746 17.4078 21.4380 23.5657 
5 20.0156 24.5744 17.3834 24.5559 25.2453 
6 17.3715 18.8926 17.0862 18.8816 20.5954 
7 18.3267 19.8430 18.1566 19.8492 22.7888 
8 19.1747 20.6569 19.8055 20.6399 23.7520 
9 23.7832 27.1146 22.1617 27.1975 29.1118 

10 22.7712 24.2517 23.3973 24.2842 27.2143 
11 

512 x 512 

24.3067 28.8253 22.3026 28.7308 31.1969 
12 20.0452 21.5405 20.5063 21.5046 24.4124 
13 18.2509 19.2933 19.7132 19.2843 22.7128 
14 21.8895 25.3906 20.4410 25.3813 28.6708 
15 22.0630 26.7441 19.8375 26.7041 29.1133 
16 17.9709 19.4733 18.5724 19.4318 23.0173 
17 17.9843 19.5816 18.2576 19.5591 22.7241 
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Table A3. continued 

18 19.7384 22.9871 18.1821 22.9640 25.9907 
19 20.4899 24.5673 18.4405 24.5432 26.5373 
20 21.0241 26.4155 18.2516 26.4521 28.0329 

Table A4. PSNR values (dB) of different denoised images using the image sizes with Motion 
blur combined with Speckle noise 

Test 
Image 

Image 
Size 

Blur & 
Noisy 
Image 

DWT 
[2] 

Augmented 
Lagrangian 

[12] 

Curvelet 
Transform 

[10] 

Proposed 
Method 

1 

256 x 256 

23.2239 23.9372 24.6089 23.9313 25.5673 
2 21.0064 21.0957 22.2576 21.5293 23.1924 
3 21.7457 21.8367 23.0025 22.2514 24.1839 
4 19.2673 19.4222 20.8222 19.9200 22.0299 
5 17.8965 20.0387 16.1796 20.9946 21.9860 
6 13.1633 15.0743 10.8040 16.0336 16.5820 
7 12.5757 14.4820 10.8717 16.3005 17.3208 
8 16.0558 16.5649 18.7345 16.8521 21.2138 
9 24.7997 24.8311 27.6666 24.9057 28.0803 

10 20.5104 21.0270 20.3254 22.1575 23.3486 
11 

512 x 512 

25.3272 25.6067 26.4289 26.0485 28.0667 
12 19.5076 19.8676 22.7892 19.9695 24.0304 
13 17.6062 17.6547 22.0296 17.7410 22.2915 
14 23.1467 23.2775 25.7503 23.4773 26.6989 
15 23.8223 24.1072 24.8569 24.6375 26.1031 
16 17.5181 17.5862 22.1037 17.6776 22.5206 
17 17.7036 17.7615 22.0898 17.8653 22.4803 
18 21.1085 21.2521 24.0262 21.3906 24.7144 
19 22.2176 22.3451 24.3521 22.5821 25.2422 
20 23.0288 23.2136 22.5770 23.7427 23.7650 
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