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Abstract. Concept lattice has been widely used in machine learning, pattern 
recognition, expert systems, computer networks, data analysis, decision analy-
sis, data mining and other fields. The algorithms of constructing concept lattices 
are introduced. This work proposes a novel concept lattice merging algorithm 
based on collision detection, which can remove the redundant information in 
distributed construction of concept lattice. Further research to distributed con-
cept lattice construction algorithm is needed. 
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1 Introduction 

The concept is the basic unit of human cognition and an important research object of 
artificial intelligence disciplines. German mathematician Wille proposed Formal Con-
cept Analysis(FCA) in 1982 [1]. He systematically studied the hierarchies of con-
cepts, properties of lattice algebra, and the isomorphic nature of concept lattice and 
formal context, which established foundations for the field of Formal Concept Analy-
sis (FCA). 

FCA is a powerful tool for data analysis and rule extraction from the formal con-
text. FCA expresses concepts, attributes, and relationships of the ontology with  
formal context. According to the context, concept lattice is constructed to show the 
structure of the ontology clearly, and describe the generalization and specialization of 
the concept. Concept Lattice, also known as Galois Lattice, is the core data structure 
of FCA. In concept lattice, each node is a formal concept. Formal concept consists of 
extension part and intension part [2]. Extension of the concept is considered as the set 
of all objects belonging to this concept, and intension is considered as the set of the 
common characteristics or attributes of all these objects [3]. Concept lattice essential-
ly describes the affiliation between objects and features, and shows the relationships 
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of generalization and specialization between the concepts. The corresponding Hasse 
diagram contributes to data visualization. 

The basic concepts of FCA include formal context, concept lattice, Hasse diagram, 
senior concept and parental concept, sympatric formal context and sympatric concept 
lattice, independent context and independent concept lattice, and so on [4]. 

(1) Formal context 
Formal context is defined as a triple K (U, A, I), where U is a set of objects, A is a 

set of attributes, and I is a binary relation between object U and attribute A,  
ie. I U A⊆ × . If there is ( , )x a I∈ , then xIa  shows that object x  has attribute 

a . The form of two-dimensional data table is also a type of formal context. The tuple 
represents object or instance, and the column represents attribute. 

When there is 

*

*

{ | , , },

{ | , , },

X a a A x X xIa X U

B x x U a B xIa B A

= ∈ ∀ ∈ ⊆
= ∈ ∀ ∈ ⊆

 

if *X B∃ =  and *B X= , then ( , )X B  is called a formal concept or simply a 

concept. X is defined as the extension of concept ( , )X B . B is defined as the inten-

sion of concept ( , )X B . Extension of the concept indicates the set of all objects 

belonging to this concept, and intension of the concept indicates the set of the com-
mon attributes of all these objects. For example, ((1,5),{ , , })C b c e  indicates that 

concept C covers two objects 1 and 5. The common attribute of these two objects is 
{ , , }b c e . 

(2) Concept lattice 
Concept lattice is used to indicate the relationship between attributes and objects. 

There is a kind of partially ordered relationship between the nodes of concept lattice. 

Given 1 1 1C ( , )X B , 2 2 2C ( , )X B , then 1 2 1 2C C B B< ⇔ < .  

This partially ordered relationship means that 1 1 1C ( , )X B  is a senior concept of 

2 2 2C ( , )X B , or 1 1 1C ( , )X B  is a generalization of 2 2 2C ( , )X B . 

For formal context (U, A, I), there is a unique partially ordered set in relationship I. 
This partially ordered set produces a lattice structure. Lattice L generated from the 
context (U, A, I), is called the concept lattice. The concept lattice of a formal context 
is unique. 

2 Main Construction Algorithms of Concept Lattice 

Algorithm for constructing concept lattice is the basis for the concept lattice research. 
Concept lattice construction is a concept clustering process. The completeness of the 
concept lattice means the concept lattice generated from the same data is unique. The 
current concept lattice construction algorithms can be divided into three categories: batch 
processing algorithm, incremental algorithm and distributed algorithm. The first two 
algorithms are stand-alone construction algorithms, in which the incremental algorithm is 
considered to be more promising. With the rapid growth of data-scale, distributed algo-
rithm for constructing concept lattice has also become an important research content. 
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2.1 Batch Processing Construction Algorithm 

Batch algorithm generates all nodes at a time, then generates edges according to  
the relationship of direct predecessor and direct successor of nodes, and establishes 
the whole concept lattice ultimately. There are many batch processing algorithms of 
constructing the concept lattice, in which only a few algorithms can generate Hasse 
diagram. 

The main idea of Bordat algorithm [5] is top-down construction of the lattice start-
ing from supremum. Firstly the topmost node is established, then all the child nodes 
of the topmost node are generated, and the child nodes are added to the lattice and 
connected to the parent node. Then the processes are executed iteratively for each 
child node. The defect of Bordat algorithm is: the number of repeated emergence of 
each child node (concept) is equal to the number of its parent nodes in the final con-
cept lattice. This method is not suited to the concept lattice construction of large-scale 
formal context. Bordat algorithm can generate the concept lattice and Hasse diagram. 

Ganter algorithm [6] uses feature vectors to enumerate the attribute sets of the lat-
tice. The length of each vector is the cardinality of the attribute set. If the value of an 
attribute appears in the vector, then the corresponding bit is set to 1, otherwise it is set 
to 0. This algorithm does not generate Hasse diagram. 

Chein algorithm [7] is a bottom-up lattice construction algorithm. The algorithm starts 
from the first layer l1, which consists of the set of all of the pairs ({ }, ({ }))x f x  of X. 

Then it uses an iterative approach to construct the concept lattice from down to up layer 
by layer. It merges two pairs in layer lk to create a new pair in layer lk+1. The merging 
process is to find the intersection of all pairs in layer lk , and test whether the intersection 
has appeared before. If the intersection has appeared in the upper layer, then the intersec-
tion in the upper layer is not complete pair, and should be marked for remove at the end 
of this layer. Chein algorithm does not generate Hasse diagram. 

2.2 Incremental Construction Algorithm 

The idea of the incrementally constructing concept lattice is: firstly the concept lattice 
is initialized to be the whole concept and the empty concept, and then the concept 
lattice is incrementally constructed using different operations according to the differ-
ence of the intersection of inserted object's attributes and the intension of the concept 
lattice nodes. When the context changes, such as adding an instance, the incremental 
construction method can maximize the use of existing concept lattice to avoid con-
structing the lattice from the beginning each time. 

Godin algorithm [8] is a typical incremental concept lattice construction algorithm. 
This algorithm starts from a single object, and the new object is added into the lattice 
one by one, with only the necessary structural updates each time. This method can 
produce not only complete pair of the concept lattice, but also Hasse diagram.  

Kuznetsov [9] pointed out that Godin algorithm is more suitable for sparse formal 
context. When the formal context becomes dense, the performance of Godin algo-
rithm declines sharply. 

Z. Xie [10] proposed an incremental algorithm for constructing concept lattice 
which organized the concept lattice nodes by tree structure. Y. Jiang [11] proposed an 
incremental concept lattice construction algorithm based on the list structure, which 
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use list structure to organize the lattice nodes, and use the index table to achieve a 
quick update on concept lattice. H. Mao [12] presented a concept lattice incremental 
construction algorithm based on the binary tree structure according to the features of a 
certain kind of concept lattice.  

2.3 Distributed Construction Algorithm 

With the development of distributed systems and database technology, distributed 
computing, parallel computing and cloud computing has become the mainstream 
technologies [13, 14]. In practical applications, mass data distributed storage technol-
ogy has been used very widely. For large databases, batch processing and incremental 
construction method of concept lattice still need to cost a lot of time. It has become a 
hot topic to get the global concept lattice from distributed database and establish the 
whole structure of the concept lattice. 

P. Valtchev [15] proposed a divide and conquer method to construct concept lat-
tice. It forms distributed multiple sub-contexts through the split of the formal context, 
then constructs the corresponding sub-lattices, and combines the sub-lattices to obtain 
a complete concept lattice. Y. Li [16], L. Zhang [17], and W. Wang [18] also studied 
the distributed algorithm for constructing concept lattice. 

3 Concept Lattice Merging and Distributed Construction 

With the development of cloud computing and big data processing technology,  
distributed storage and parallel data processing has become an inevitable trend. For 
concept lattice construction of big data, it is necessary to break the formal context up 
into several sub-sets, and then construct and merge them. 

When a formal context splits into multiple sub-contexts, the corresponding concept 
lattice is called the sub-concept lattice. Concept lattice corresponding to formal context 
can be obtained by merging the sub-context concept lattices. This construction method of 
concept lattice uses the divide and conquer strategy, namely the distributed construction 
model of concept lattice. Concept lattice distributed construction is based on the form 
context merging. For example, when the company establishes workers file (formal con-
text), each employee will fill in some fixed contents (properties) and hand to the depart-
ment manager, then the department manager organizes the sector information (sub formal 
context) and turn them over to the company personnel department. 

For the formal context merging, Wille proposed overlay and juxtaposition [2]. Over-
lay is vertical merging of the formal contexts, which possess the same attribute items and 
the different object domains. Juxtaposition is horizontal merging of the formal contexts, 
which have the different  attribute items and the same objects domains. In distributed 
construction of concept lattice, the formal context is split to construct the corresponding 
sub-lattices, then the generated sub-lattices are merged to obtain the complete concept 
lattice. Overlay and juxtaposition of formal context is based on the consistency of exten-
sion or intension, and the consistent formal contexts need some processing before merg-
ing. Maedche proposed the similarity method in 2002 [19]. 

Distributed construction of concept lattice requires a lot of comparisons in the 
merging of sub-lattices. Some useless comparisons are redundant information, and 
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can not affect the structure of concept lattice. The redundant comparisons will reduce 
the performance of the algorithm. The larger scale data will result in the more lattice 
nodes, and the more redundant information. Elimination of redundant information can 
significantly improve the distributed construction efficiency of concept lattice. 

4 Concept Lattice Merging Algorithm Based on Collision 
Detection 

Because of completeness of concept lattice, the distributed concept lattice construction 
algorithm often need to search for a large number of irrelevant concepts, which will in-
crease the number of comparisons in the construction process, and reduce construction 
efficiency, but will not affect the structure of concept lattice. These irrelevant concepts 
are called redundant information. The formal context of distributed concept lattice is 
usually constructed by the massive high-dimensional data, which will generate a lot of 
redundant information. It is necessary to improve the distributed construction algorithm 
of concept lattice to remove redundant information and improve construction efficiency. 
This paper presents the method of removing redundant information in distributed merg-
ing of concept lattice. The collision detection technology is used to eliminate redundant 
information generated in the sub-lattice merging, and reduce the duplicate comparison of 
concept intension, in order to improve the construction efficiency of concept lattice. 

The basic unit of the collision is concept C1, C2, ..., Cn. If there is an association 
between the two concepts, such as a common property, then a collision will occur. For 
example, if two concepts Ci = (Ui, Ai) and Ci' = (Ui', Ai ') comprise at least one 
common attribute, then the collision between Ci and Ci' will occur. 

In the merging of concept lattice, the detection sub-process is executed step by 
step, and the time interval between adjacent detection steps is a constant which is set 
as t. Meanwhile, the collision weight from concept Ci to Ci' is denoted by w(Ci, Ci', t) 
in step t, and the merging probability of concept Ci and Ci' is denoted by P(Ci, t) and 
P (Ci ', t). In step t, the change rate of P(Ci, t) is the accumulation result of collision 
between concept Ci and other related concepts as shown in Figure 1. 

As Figure 1 shown, the collision effect of the concept Ci' to Ci is defined as the prod-
uct of collision weight of the concept Ci' to Ci and the merging probability of the concept 
Ci', i.e., w(Ci', Ci, t)p(Ci', t). For concept Ci, the collision effect of the concept  
 

 

Fig. 1. Collision between concept Ci and other association concepts 
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Ci' to Ci is positive, which can enhance the merging probability of concept Ci, while 
the collision effect of the concept Ci to Ci' is negative, which can reduce the merging 
probability of concept Ci. The difference of positive effect and negative effect is the 
integrated effect. For the concept Ci, the integrated collision effect between concept 
Ci' and Ci is w(Ci' , Ci, t) p(Ci' , t)- w(Ci , Ci', t) p(Ci , t). The change rate of p(Ci, t) 
is the accumulation result of collision effect between concept Ci and other related 
concepts. If the collision directions between concepts are not considered, then the 
collision reaction equation of concept Ci is defined as follows: 

' ' '
' 1

( , )
[ ( , , ) ( , ) ( , , ) ( , )]

n
i

i i i i i i
i

p c t
w c c t p c t w c c t p c t

t =

∂ = −
∂              (1) 

( , ) /ip c t t∂ ∂  is the change rate of ( , )ip c t . According to Euler equation, the 

merging collision reaction equation of concept lattice can be expressed as follows: 

' ' '
' 1

( , 1) ( , ) [ ( , , ) ( , ) ( , , ) ( , )]
n

i i i i i i i i
i

p c t p c t h w c c t p c t w c c t p c t
=

+ = + −     (2) 

According to equation (2), ( , 1)ip c t +  can be calculated by iteration pattern: 

'( , 1) ( , ) ( , )i i t ip c t p c t h p c t+ = + ⋅                        (3) 

' ( , )= ( , ) /t i ip c t p c t t∂ ∂ , wherein, h is the iteration step length and is set to be 1. 

The target of collision reaction is expanding the difference between the merging 
probabilities of the concepts. When the change of the merging probability of the con-
cept is small, the collision reaction ends and the final result of the collision reaction is 
obtained. Based on the collision reaction result, the concept lattice can be effectively 
merged. 

5 Conclusions 

Concept lattice is gaining more and more attention of the researchers because of its 
unique advantages. It has been widely used in machine learning, pattern recognition, 
expert systems, computer networks, data analysis, decision analysis, data mining and 
other fields. However, it is still a young and rapidly developing field. There are many 
problems on concept lattice needed to study deeply, such as distributed concept lattice 
construction algorithm, concept lattice merging algorithm, and so on. This work pro-
poses a novel concept lattice merging algorithm based on collision detection, which 
can remove the redundant information in distributed construction of concept lattice. 
Further research to distributed concept lattice construction algorithm is needed. 
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