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Abstract. Electromagnetic spectrum is an indispensable resource in the
current Information Age. Along with the rapid development of integrated
space and terrestrial communication networks, spectrum shortage is one
of the challenges faced by electromagnetic spectrum resource utilization
in both airspace and terrestrial space. In order to realize the effective
supervision and allocation of spectrum resources, a UAV-assisted spec-
trum mapping system based on tensor completion scheme is proposed.
By using a UAV platform, the hardware system can acquire the multi-
dimensional spectrum information, i.e., the geographical location and
spectrum power, quickly and flexibly in the 3D space. The high accu-
racy low rank tensor completion (HaLRTC) algorithm is adopted to pro-
cess the multi-dimensional spectrum data, i.e., data completion and map
construction. The output spectrum map can display the characteristics
of electromagnetic spectrum space more intuitively, and provide a solid
basis for dynamic spectrum management. Finally, the proposed spectrum
map system is tested under campus scenario.

Keywords: Spectrum map · Spectrum visualization · Tensor
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1 Introduction

Spectrum resource is a scarce resource, which is not only the core of wireless com-
munication technology but also national strategy resource [1]. With the devel-
opment and wide application of integrated space and terrestrial communication
networks, spectrum resource is becoming scarcer and scarcer in both the ter-
restrial space and airspace. How to efficiently allocate and utilize the existing
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spectrum resource has always been an important and urgent issue. The first
step of improving spectrum utilization is to cognize the current spectrum usage.
However, it’s difficult to cognize spectrum information from the electromagnetic
environment directly or by traditional instruments. One solution is to obtain the
spectrum map and display the spectrum usage of underlying region intuitively.
Therefore, it is necessary and urgent to develop a spectrum mapping system
that can collect and display the spectrum information in 3D space and then to
improve the efficiency of spectrum utilization.

It should be mentioned that the spectrum map is also referred as radio envi-
ronment map (REM) [2] and radio frequency maps [3], and the process of spec-
trum map construction is termed as spectrum cartography [4] or spectrum visu-
alization. Actually, the spectrum map visually displays the spectrum information
on a map and represents the distribution of different radio parameter over a geo-
graphical area, such as received signal strength, channel gain, and interference [5].
First of all, spectrum map construction needs spectrum measurements to collect
original spectrum data, the mainstream method is to deploy ground spectrum
sensors that can collect the spectrum data from their respective locations in the
region of interest [6]. In [7], the authors builded a distributed spectrum monitor-
ing network to collect data. In [1], the authors used spectrum detection nodes
that can acquire and record received signal strength, the current GPS, temper-
ature, humidity, and other parameters. In [8], the measurements were collected
by multiple distributed radars or radio frequency sensors in the different loca-
tions. Note that the above methods can only acquire the 2D spectrum data,
while the 3D spectrum map is needed for the integrated space and terrestrial
communication networks.

Since the measured data are usually incomplete, spectrum completion based
on measured data is necessary and crucial. In [8,10] and [11], the Kriging spatial
interpolation was adopted to estimate the spectrum information of geographi-
cal locations without measurements. In [12] and [13], the authors adopted the
LIvE method and SNR-aided method, respectively, which utilized transmitter
parameters and radio propagation modeling. It has better performance for the
spectrum map construction than the Kriging spatial interpolation. However, all
aforementioned methods are only suitable to the 2D spectrum map construction.
This paper aims to fill these gaps. The major contributions and novelties of this
paper are summarized as follows:

1) We develop a UAV-assisted spectrum mapping system, which mainly consists
of UAV platform, spectrum monitoring module, data transmission module,
and spectrum data cognition terminal. The system can acquire the multi-
dimensional spectrum information including geographical location informa-
tion and spectrum power quickly and flexibly in 3D space.

2) By dividing the three-dimension measurement space into serval 3D grids,
we model the collected multi-dimensional spectrum data used for 3D spec-
trum map construction as a three-order tensor which contains aerial spectrum
information. Based on the tensor completion idea, the 3D spectrum map is
constructed. To our best knowledge, the existing literature hardly studies on
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constructing 3D spectrum map including multi-dimensional spectrum infor-
mation.

The remainder of the paper is organized as follows. Section 2 presents the
hardware system structure. Section 3 introduces the spectrum map construction
based on the tensor completion scheme. The experiment and tested results are
provided in Sect. 4. The conclusions are drawn in Sect. 5.

2 Hardware System

The system is mainly composed of four modules: UAV platform, spectrum mon-
itoring module, data transmission module and spectrum data cognition termi-
nal. Spectrum monitoring module and data transmission module are mounted
on UAV platform. UAV platform, spectrum monitoring module and data trans-
mission module constitute the aerial part of the system, while the spectrum data
cognition terminal constitutes the ground part of the system. The UAV platform
mainly includes the GPS receiving submodule, image capturing submodule and
flight control submodule; the spectrum monitoring module mainly consists of
a spectrum receiver and an omnidirectional antenna; data transmission module
mainly consists of a microcomputer and an airborne data link terminal; the spec-
trum data cognition terminal is mainly comprised of core cognition submodule,
ground data receiving submodule and remote-control submodule. The hardware
system structure is shown in Fig. 1 detailedly.

The UAV platform can provide the strong mobility in airspace for the sys-
tem [14]. The spectrum monitoring module can collect the spectrum informa-
tion around the UAV in real time when the system runs. The data transmission
module can transmit the collected spectrum information and the other infor-
mation such as geographical location information to the spectrum data cogni-
tion terminal and receive the flight control information from the spectrum data
cognition terminal, which uses beamforming technology [15,16] and multiple-
input multiple-output (MIMO) technology [17,18]. The spectrum data cognition
terminal can use tensor completion algorithm to process the collected multi-
dimensional spectrum data, thereby realizing 3D spectrum map construction of
the measurement region. Some system performance parameters are shown in
Table 1.

Table 1. System parameters.

Parameter Value

Spectrum range 9 kHz to 8GHz

Frequency resolution 1 Hz

Sensitivity −155 dBm

The type of antenna Omnidirectional

UAV’s velocity 26 m/s (horizontal); 8 m/s (vertical)
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Fig. 1. Hardware structure of proposed system.

3 Spectrum Data Processing

3.1 Data Model of Spectrum Map

An n-order spectrum tensor can be defined as χ ∈ RI1×I2×...×In , and xi1,i2,...,in

denotes the n-th element of the tensor χ. As shown in Fig. 2, the real-world
spectrum data that the system collects in stereoscopic space can be modeled as
a three-order tensor χ ∈ RI1×I2×I3 . The x-axis, y-axis and z-axis corresponds to
the coordinates x, y and z of the 3D stereoscopic space. Each element xi1,i2,i3 in
this spectrum tensor denotes the received signal strength in the position of the
abscissa i1, the position of the ordinate i2 and the position of vertical coordi-
nate i3. In Fig. 2, different colors are used in denoting different received signal
strength. Note that, the display form of three-order tensor in Fig. 2 can also be
viewed as a 3D spectrum map, and what the spectrum map that our system
constructs displays is the 3D spatial distribution of received signal strength in a
particular area.
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Fig. 2. Model for spectrum map data.

In practical applications, owing to these factors such as the terrain envi-
ronment, the number of spectrum monitoring nodes (i.e. spectrum sensors),
deployment locations, and measurement equipment performance have certain
limitations, which makes the electromagnetic environment observation or spec-
trum measurements can only be incomplete and limited [5]. In other words, it
is impractical to have measurements at each location in the measurement area.
Moreover, when the spectrum tensor acquires a large amount of measurements
for high accuracy of constructed spectrum map, the overhead of time or material
resource will be narrowed down by sampling. Therefore, retrieving the incomplete
spectrum data based on the limited measurements is essential for 3D spectrum
map construction.

3.2 Spectrum Map Construction

Given a subset Ω, data in the subset Ω indicate the elements corresponding
to real measurement data in χ, the other elements corresponding to unknown
spectrum data of these locations without measurements would set to be “0”.
The subset tensor χΩ can be defined as:

χΩ =
{

χ, (i1, i2, ..., in) ∈ Ω
0, otherwise (1)

Because of the low-rank property of the real-world spectrum tensor [19], the
spectrum tensor completion for the values of “unknown” elements in χ can be
modeled as an optimization problem, which uses the known subset to complete
the tensor data, specifically implemented as the following problem:

min ‖χ‖∗
s.t.χΩ = ΓΩ

(2)

where ‖·‖∗ originally denotes the tightest convex envelop for the rank of matrices,
and it extends to the tensor in this case, χΩ, ΓΩ are n-mode spectrum tensors
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with the same size in each mode, entries of Γ from the set Ω are given by real
measurement data while the remaining entries are missing and χ is the incom-
plete spectrum tensor to be completed. For low rank tensor completion problem,
computing the rank of a tensor (mode number > 2) is an NP hard problem [20].
So, the following definition for the tensor trace norm is introduced [19],

‖χ‖∗ :=
n∑

i=1

αi

∥∥χ(i)

∥∥
∗ (3)

where χ(i) ∈ RIi×(I1×...×Ii−1×Ii+1×...×In) denotes the matrix unfolded by tensor

χ in the i-th mode, αi > 0 and
n∑

i=1

αi = 1,
∥∥χ(i)

∥∥
∗ denotes the norm of the

unfolded matrix χ(i). The trace norm of a tensor is consistent with all the matri-
ces unfolded along each mode. Under this definition, the optimization problem
can be converted to the following formula,

min
χ

n∑
i=1

αi

∥∥χ(i)

∥∥
∗

s.t.χΩ = ΓΩ

(4)

We adopt an efficient algorithm proposed in [21] to deal with this tensor com-
pletion problem in (4). The algorithm can work even with a small amount of
samples and estimate larger missing regions of the spectrum data. Although its
convergence rate is not the fastest, the convergence of the algorithm is guaran-
teed.

The problem in (4) is difficult to tackle due to the interdependence among
the matrix trace norm terms. In order to simplify the problem in (4), addi-
tional tensors ϕ1, ..., ϕn are introduced [19]. Therefore, the following equivalent
formulation can be obtained:

min
χ,ϕi

n∑
i=1

αi

∥∥ϕi(i)

∥∥
∗

s.t.χ = ϕi for i = 1, ..., n

χΩ = ΓΩ

(5)

The augmented Lagrangian function is defined as follows accordingly:

Lρ(χ,ϕ1, ..., ϕn, γ1, ..., γn)

=
n∑

i=1

αi

∥∥ϕi(i)

∥∥
∗ + 〈χ − ϕi, γi〉 +

ρ

2
‖ϕi − χ‖2

F

(6)

where 〈χ, γ〉 is the inner product of tensor χ and tensor γ, they are two n-
mode tensors with the same size in each mode, it can be also endowed with
〈χ, γ〉 =

∑
i1

∑
i2

...
∑

in
xi1,...,inyi1,...,in ; ‖·‖F is the Frobenius norm; ρ is the

penalty parameter of the penalty function; γi is Lagrangian multiplier.
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According to the framework of ADMM applied by the algorithm, the aug-
mented Lagrangian function is applied to update ϕi, χi and γi iteratively.

{
ϕk+1

1 , ..., ϕk+1
n

}
= arg min

ϕ1,...,ϕn

Lρ(χk, ϕ1, ..., ϕn, γk
1 , ...γk

n)
(7)

χk+1 = arg min
χ∈Q

Lρ(χ,ϕk+1
1 , ..., ϕk+1

n , γk
1 , ..., γk

n) (8)

γk+1
i = γk

i − ρ(ϕk+1
i − χk+1) (9)

where Q =
{
χ ∈ RI1×I2×...×In |χΩ = ΓΩ

}
in (8), and superscript k represents

the k-th iteration.
This specific algorithm is summarized in Algorithm 1, where foldi

[
χ(i)

]
denotes the operation of folding the matrix χ(i) to the tensor χ in i-th mode;
Dτ (X) represents the “shrinkage” operator of the matrix X , which is defined
as

Dτ (X) = UΣτVT (10)

where U and V are the unitary matrices in the singular value decomposition
X = U

∑
VT for X, and

∑
τ = diag (max (σi − τ, 0)), σ’s are the singular

values.

4 Measurements Under Campus Scenario

4.1 Experiment Setup

The measurement campaigns were carried out in Jiangning campus of Nanjing
University of Aeronautics and Astronautics. As shown in Fig. 3(a), the mea-
surement region is divided into 20 × 20 grids. In order to acquire the real-world
multi-dimensional spectrum data containing aerial spectrum data, we operated
the aerial part of the system to fly randomly in the measurement region and
measure the received signal strength in 20 m, 25 m and 30 m high above the

Algorithm 1. HaLRTC: High Accuracy Low Rank Tensor Completion
Input: The number of iterations K, χ with χΩ = ΓΩ and ρ.
Output: The completed spectrum data used for spectrum map construction χ.
1: Set χΩ = ΓΩ, χΩ̄ = 0, γi = 0 and ϕi = 0 (i = 1, ..., n).
2: for k = 0 to K do
3: for i = 1 to n do

4: ϕi = foldi

[
Dαi

ρ

(
χi + 1

ρ
γi(i)

)]
.

5: end for

6: χΩ = 1
n

(
n∑

i=1

(
ϕi − 1

ρ
γi

))
Ω̄

;

7: γi = γi − ρ (ϕi − χ).
8: end for
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ground respectively. The frequency band between 470 MHz and 700 MHz was
chosen as the observation frequency band. For simplicity, it is assumed that the
received signal strength of each grid is almost consistent during the experiment.
Hence, the real-world measurement data used for spectrum map construction
in the experiment can be modeled as a tensor whose size is 20 × 20 × 3 by
corresponding the measurement locations to the divided grids. The proposed
spectrum mapping system used for measurement is shown in Fig. 3(b).

(a) (b)

Fig. 3. (a) The measurement region under campus scenario; (b) The proposed spectrum
mapping system.

4.2 Measured Results

After the real-world measured spectrum data (see Fig. 4(a)) is complemented by
the adopted tensor completion algorithm, the 3D spectrum map of the measure-
ment region is constructed (see Fig. 4(b)), where different colors denote different
received signal strength. The darker the color, the lower received signal strength
of the location marked with the color in the observation frequency band. The
divisiory 20 × 20 × 3 3D grids in our spectrum map are the equal of the pixels
of 2D spectrum map. Through the constructed spectrum map, the situation of
3D spectrum usage in the measurement region is displayed intuitively.
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(a) (b)

Fig. 4. The real-world measured spectrum data (a) before completion, (b) after com-
pletion.

5 Conclusions

The UAV-assisted spectrum mapping system based on tensor completion scheme
has been developed in this paper. The system can collect the multi-dimensional
spectrum information quickly and intelligently in 3D space. The tensor comple-
tion algorithm HaLRTC has been adopted in the multi-dimensional spectrum
data completion to construct the 3D spectrum map. Thus, the invisible spectrum
space can be visualized to intuitively show the usage of regional spectrum, which
is convenient for discovering spectrum holes and managing spectrum dynami-
cally. The spectrum map construction effectiveness of the system has been ver-
ified under campus scenario. For the future work, we would take the frequency
and time information into the collected spectrum data and obtain the spectrum
map including more information.
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